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PREFACE. 

The  immediate  incentive  to  the  present  work  was  the  hope  of  explaining  by 
gravitational  theory  the  observed  variations  in  the  mean  longitude  of  the  Moon, 
shown  by  more  than  two  centuries  of  observation  to  exist,  but  not  yet  satisfactorily 
accounted  for.  The  author  has  published  a  number  of  papers  and  memoirs  on  this 
subject  during  the  last  forty  years,  terminating  with  a  summary  of  the  case,  which 
appeared  in  the  Monthly  Notices  of  the  Royal  Astronomical  Society  for  March, 
1904.  The  deviations  in  question  offer  the  greatest  enigma  yet  encountered  in 
explaining  the  motions  of  the  heavenly  bodies,  and  the  present  paper  may  be 
regarded  as  a  contribution  to  the  study  of  the  problem  thus  offered. 

While  the  work  was  in  progress  the  completing  chapter  of  Professor  Brown's 
Theory  of  the  Mooris  Motion  appeared.  The  actual  work  being  based  on  De- 
launay's theory,  it  seemed  to  be  desirable  to  revise  and  correct  it  by  Brown's 
results.  In  doing  this  the  imperfections  of  Delaunay's  theory  as  a  basis  became  so 
evident,  and  the  later  theory  proved  to  be  so  much  better  adapted  to  the  purpose 
of  the  investigation,  that  the  completed  work  gradually  became  step  by  step  prac- 
tically based  upon  Brown's  theory,  except  in  those  parts  requiring  derivatives 
which  could  not  be  readily  obtained  except  from  Delaunay's  literal  expressions. 
Acknowledgment  is  due  to  Professor  Brown  for  courteous  advice  and  assistance 
which  facilitated  the  use  of  his  work  for  the  purpose. 

The  theory  of  the  action  of  the  planets  on  the  Moon  being,  in  several  points,  the 
most  intricate  with  which  the  mathematical  astronomer  has  to  deal,  it  is  important 
that  its  development  should  be  presented  in  a  form  to  render  as  easy  as  possible  the 
detection  of  errors  or  imperfections.  In  the  arrangement  of  the  work  this  end  has 
been  kept  constantly  in  view.  It  is  hoped  that  any  investigator  desiring  to  test  the 
processes  will  find  few  difficulties  except  those  necessarily  inherent  in  the  nature 
of  the  work. 

To  form  a  general  conception  of  the  arrangement  it  may  be  stated  that  the  work 
naturally  divides  itself  into  four  parts.  One  of  these  treats  of  the  theory  of  the 
subject,  including  under  this  head  not  only  the  general  equations,  but  the  numerical 
details  on  which  all  the  computations  are  based.  In  this  part  the  fundamental 
quantities  are  reduced  to  products  of  two  factors,  one  of  which  depends  upon  the 
coordinates  of  the  planet;  the  other  upon  the  geocentric  coordinates  of  the  Moon. 
The  first  factors,  termed  planetary,  are  numerically  developed  in  Part  II.  This 
development  falls  into  two  parts,  one  treating  the  direct  action  of  the  planet,  the 
other  the  indirect  action  through  the   Sun.     In  Part  III  is  found  the  numerical 
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development  of  the  factors  depending  upon  the  Moon  alone,  and  of  their  partial 
derivatives  as  to  the  lunar  elements.  In  Part  IV  is  presented  the  combinations  of 
these  two  factors  and  the  final  results  of  the  work. 

A  more  complete  summary  in  detail  is  found  in  the  table  of  contents.  An  effort 
has  been  made  to  lessen  the  trouble  of  finding  the  definitions  of  the  symbols  used 
by  collecting  in  the  introduction  definitions  or  references  to  these  symbols  as  to 
the  meaning  of  which  doubt  might  be  felt. 

A  word  may  be  added  as  to  the  part  taken  by  the  author's  assistant.  At  an 
early  stage  in  the  work  Dr.  Ross  made  a  practically  independent  computation  of 
the  principal  periodic  inequalities,  using  the  methods  of  Hill  and  Radau.  In  doing 
this  he  discovered  the  error  of  the  Jovian  evection  as  computed  by  them,  which 
arose  from  the  omission  of  what  we  may  call  the  side-terms  in  the  indirect  action. 
His  result  for  the  coefficient  was  i".i6,  in  exact  agreement  with  that  originally 
found  by  Mr.  Neville.  In  this  early  stage  of  the  work  the  writer  did  not  intend  to 
do  much  more  than  revise  these  computations,  and  make  a  thorough  investigation 
of  the  terms  of  long  period.  But  he  found  the  theory  of  the  subject  so  interesting 
and  the  opportunity  for  recasting  the  methods  so  attractive,  that  he  was  led  to 
carry  the  work  through,  with  Dr.  Ross's  assistance,  on  the  basis  of  his  own 
developments. 

The  next  step  in  logical  order  is  the  rediscussion  of  the  moon's  mean  longitude 
since  1650,  as  derived  from  occultations  of  stars,  with  a  view  of  learning  what 
modifications  will  be  produced  by  the  use  of  the  more  rigorous  data  now  available, 
and  the  addition  of  thirty  years  to  the  period  of  available  observations.  This  redis- 
cussion will,  the  writer  hopes,  be  his  next  contribution  to  the  subject  of  the  motion 
of  the  Moon. 

It  remains  to  add  that  the  work  has  been  prosecuted  under  the  auspices  of  the 
Carnegie  Institution  of  Washington,  without  the  help  of  which  it  could  not  have 
been  undertaken. 

Simon  Newcomb. 
Washington,  May,  1907. 


ACTION  OF  THE  PLANETS  ON  THE  MOON. 

INTRODUCTION. 

More  than  thirty  years  ago  the  author  proposed  to  treat  the  action  of  the 
planets  on  the  Moon  by  using  the  Lagrangian  differential  equations  for  the  variation 
of  the  elements  by  considering  as  simultaneously  variable,  not  only  what  are  com- 
monly called  the  elements  of  the  Moon,  but  those  of  the  orbit  of  the  centre  of  mass 
of  the  Earth-Moon  around  the  Sun  also.*  Twelve  elements  would  thus  come  in, 
and  the  coordinates  both  of  the  Moon  and  of  the  Sun  would  be  expressed  in  terms 
of  the  osculating  values  of  all  these  elements. 

Notwithstanding  the  favorable  opinion  of  this  method  expressed  at  the  time  by 
Professor  Cayley,  and  later,  as  to  some  of  its  processes,  by  Professor  E.  W.  Brown, 
the  author  found  that,  in  applying  it  unmodified,  which  he  did  during  the  years 
1872-77,  very  long  and  complex  computations  were  required  in  its  application. 
The  result  was  that  the  work,  so  far  as  it  was  carried,  remained  unpublished  for 
nearly  twenty  years.  Hoping  that  the  general  developments  of  the  work  and  some 
of  the  details  might  be  of  use  to  subsequent  investigators,  the  incomplete  work 
was  finally  published  in  1895. 

About  the  same  time  with  the  publication  of  this  work  appeared  the  very  elabo- 
rate one  of  Radau.f  This  work  contains  a  seemingly  exhaustive  enumeration  of 
possible  inequalities  of  long  period,  and  the  numerical  computation  of  a  great  num- 
ber of  lunar  inequalities  due  to  the  action  of  the  planets  which  had  not  previously 
been  suspected. 

On  recommencing  the  work  in  1904  it  became  very  clear  to  the  author  that  its 
completion  by  his  former  method,  unmodified,  would  be  impracticable,  and  that 
satisfactory  results  could  best  be  reached  by  regarding  the  solar  elements  as  con- 
stants, or  known  variables  from  the  beginning.  In  the  present  investigation,  there- 
fore, the  method  has  been  modified  so  that  the  final  values  of  the  coordinates  of 
the  Moon,  instead  of  being  expressed  as  functions  of  the  instantaneous  elements 
of  the  Earth's  disturbed  motion,  are  expressed  as  functions  of  the  mean  elements. 
As  thus  modified  it  is  substantially  a  continuation  oi  that  of  Delaunay,  as  applied 

*  Liouville,  Journal  des  Mathimatiques,  1871,  March. 

f  Annates  de  V  Observatoire  de  Paris,  Memoires,  vol.  xxi. 
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first  by  Hill  and  then  by  Radau.  In  this  method  the  coordinates  of  the  Sun, 
relative  to  the  centre  of  gravity  of  the  Earth  and  Moon,  are  regarded  as  known 
functions  of  the  time.  Then,  when  the  action  of  the  Sun  alone  is  considered, 
the  coordinates  of  the  Moon  relative  to  the  Earth  are  found  by  the  method  of 
Delaunay,  completed  if  necessary,  as  functions  of  six  purely  arbitrary  constants. 

This  solution  of  the  problem  of  three  bodies  is  supposed  to  be  complete  in 
advance.  When  the  action  of  the  planets  is  then  taken  into  consideration,  the 
only  elements  whose  variations  are  to  be  determined  by  the  Lagrangian  equations 
are  the  six  final  elements  of  the  Moon's  motion.  The  variations  in  the  coordinates 
of  the  Sun,  due  to  the  same  action,  are  derived  with  great  ease,  and  enter  into  the 
differential  equations.  In  this  way  a  system  of  six  differential  equations  for  the 
determination  of  the  changes  in  the  lunar  elements  is  all  that  is  necessary. 

In  setting  forth  the  subject  it  is  deemed  unnecessary  to  repeat  the  derivation  of 
the  equations  already  found  in  astronomical  literature.  For  this  branch  of  the 
subject,  reference  may  be  had  to  Hill's  paper  in  the  American  Journal  of  Mathe- 
matics, Vol.  VI,  and  to  Chapter  XIII  of  the  Treatise  on  the  Lunar  Theory  by 
E.  W.  Brown.  It  is  deemed  necessary  only  to  explain  fully,  at  each  point,  the 
application  of  the  method,  and  the  meaning  of  the  symbols  introduced. 


PART  I. 

DEVELOPMENT  OF  THE  THEORY. 


CHAPTER    I. 

FUNDAMENTAL   DIFFERENTIAL   EQUATIONS. 

§  i.  Notation.     The  following  notation  is  mostly  used  in  this  work: 
G,  when  designating  a  point,  centre  of  mass  of  Earth  and  Moon;  »',  mass  of  the 
Sun;  m2,  mass  of  the  Earth;  m3,  mass  of  the  Moon;  m4,  mass  of  the  Planet. 

fi  =  m2  -f  m3  yJ  =  m'  +  ft 

x,  y,  z,  r,  geocentric  coordinates  and  radius  vector  of  the  Moon,  referred 
to  the  moving  ecliptic; 

x'f  y'f  z' i  r'y  coordinates  and  radius  vector  of  the  Sun,  referred  to  the  point 
G  and  the  moving  ecliptic; 

£,  77,  £,  and  p,  the  ratios  of  x,  y,  z,  and  r  of  the  Moon  to  the  mean  dis- 
tance of  the  latter:  x  =  ag,  etc.  When  unmarked  the  coordinates 
are  referred  to  a  moving  JT-axis  directed  toward  the  mean  Sun; 

xx,  yx,  Moon  coordinates  referred  to  the  mean  Moon  as  the  ^T-axis; 

A,  distance  of  the  Planet  from  G; 

S,  cosine  of  angle  between  rand  r'\ 

Sf,  cosine  of  angle  between  r  and  A  ; 

JP0y  potential  function  of  mutual  action  of  Earth  and  Moon; 

H,  potential  function  for  action  of  Sun  on  Moon; 

R,  potential  function  for  action  of  Planet  on  Moon; 

/,  7r,  0,  mean  longitude,  longitude  of  perigee,  longitude  of  node  of  Moon; 

7Ti,  0i,  motions  of  it  and  0  in  unit  of  time  (quantities  of  dimensions  T~ *); 

N,  motion  of  argument  in  unit  of  time; 

n,  ratio  of  motion  of  an  argument  to  n,  the  mean  motion  of  the  Moon; 

v,  the  integrating  factor,  generally  =»/n; 

a,  e,  g,  defined  in  (43),  §22; 

K,  C,  D,  planetary  coefficients  for  the  direct  action,  defined  in  §  20; 

p,  q,  k4,  lunar  coefficients,  §  20  Eq.  (36) ; 

G,J,  I,  planetary  coefficients  for  the  indirect  action,  defined  in  §  24; 

G  is  also  used  for  a  combined  lunar  and  planetary  argument; 

a,  logarithm  of  a,  the  Moon's  mean  distance; 

v,  m,  j,  s,  the  mean  longitudes  of  the  respective  planets,  Venus,  Mars, 
Jupiter,  and  Saturn  measured,  in  each  case,  from  the  Earth's  peri- 
helion: n'  for  1 800  =  99.° 5, 
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The  abbreviation  "  Action  "  has  been  used  to  designate  the  previous  work  of 
the  author  on  this  subject  —  "  Theory  of  the  Inequalities  in  the  motion  of  the  Moon 
produced  by  the  Action  of  the  Planets";  forming  Part  III  of  Astronomical  Papers 
of  the  American  Ephemeris,  Vol.  V. 

§  2.  Dimensions  of  quantities.  In  this  subject  it  will  be  found  helpful  to  the 
reader  and  investigator  to  have,  in  the  case  of  the  principal  equations,  a  statement 
of  their  dimensions  in  terms  of  the  fundamental  units  of  Mass,  Time,  and  Length. 
In  strictness  an  independent  unit  of  mass  is  not  necessary  in  gravitational  astronomy, 
because  the  most  convenient  unit  is  that  mass  which,  on  an  equal  mass  at  unit 
distance,  exerts  a  unit  force  of  gravitation.  But  it  is  still  sometimes  convenient  to 
use  this  unit  in  the  equations,  although  it  is  a  derived  one. 

In  the  case  of  each  system  of  equations  which  are  regarded  as  fundamental  will 

be  found  the  dimensions  of  the  terms  which  form  its  members,  the  signification 

being  as  follows: 

T,  Time  ;         Z,  Length  ;         M,  Mass. 

The  definition  of  the  unit  of  mass  just  given  leads  to  the  relation 

M=L*T~2 

In  this  way  it  will  be  much  easier  than  it  would  be  without  this  help  to  appreciate 
the  degree  of  magnitude  of  small  quantities.  Considered  by  itself,  no  concrete 
quantity  can  be  regarded  as  small  or  great;  it  is  so  only  when  compared  with  other 
quantities  of  the  same  kind,  or,  to  speak  more  accurately,  of  the  same  dimensions 
in  fundamental  quantities.  The  ratios  of  two  fundamental  quantities  of  the  same 
kind  are  pure  numbers,  and  these  may  be  large  or  small  to  any  extent. 

§  3.    Fundamental  differential  equations. 
Putting 

xn  yu  zi>  tne  geocentric  coordinates  of  the  Moon  referred  to  any  system 

of  fixed  axes, 
P,  the  total  potential 

the  differential  equations  to  be  integrated  may  be  written 

dP  dP  8P 

J>X-g;        ^"SF,        ^-'Ei    [Dimension8  =  ^-J-^7,-2]    tt 

§  4.  Transformation  to  the  moving  ecliptic.  In  the  preceding  equations  the 
coordinates  are  referred  to  fixed  axes.  In  astronomical  practice  the  coordinates 
of  the  heavenly  bodies  are  referred  to  the  moving  ecliptic.  The  latter  carries  the 
plane  of  the  Moon's  orbit  with  it  in  its  motion.  It  therefore  seems  desirable  to 
refer  the  motion,  in  the  first  place,  to  the  moving  ecliptic. 
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To  do  this  let  us  put 

x,  y,  z,  coordinates  referred  to  the  moving  ecliptic; 
k,  the  speed  of  motion  of  the  plane  of  the  ecliptic; 

II,  the  longitude  of  the  ascending  node  of  the  moving  on  the  fixed  ecliptic, 
or  of  the  instantaneous  axis  of  rotation  of  the  ecliptic.  At  the 
present  time  we  have  II  =  1730,  nearly. 

Then,  regarding  K.t  as  infinitesimal,  the  expression  for  the  moving  coordinates  in 
terms  of  the  fixed  ones  will  be 

x  =  xx  —  zxtic  sin  II 
y  =  yx  +  zxtK  cos  II 
z  =  zx  +  xxtK  sin  II  —  yxtK  cos  II 

ft  =  K  sin  II  q  =  K  COS  II  [Dim.  of  p,  q,  and  n—  T~x  ], 


Putting  for  brevity 
these  expressions  become 


x  =  xx  —  ftzxl 

y=yx  +  qzxt  (2) 


z=zx+  ftxxt  —  qyxt 

Differentiating  them  twice  as  to  the  time,  regarding  ft  and  q  as  constant,  we  have 

D?x  =  £>t*xx  -fttD?zx  -  2ft  D^x 

Dh  =  D?yx  +  qtD?zx  +  2qDtzx  (3) 

D?z  =  D*Mt  +  fttD?xx  -  qtD?yx  +  2ftDtxx  -  2qDtyx 

Regarding  P,  originally  a  function  of  xl9  yJ9  and  zl9  as  becoming  a  function  of  x,  y, 
and  z  through  the  substitution  (2)  we  have 

dP  _3P  dP  dP  _dP         dP  dP_dP  dP         dP 

dxx  ~  dx      "  dz  dyx  ~~  dy      ^  dz  dzx  ~~  dz      ■?  dx       ^  dy 

Substituting  these  expressions  for  D}xx,  D\yx^  and  D\zx  in  (3)  and  dropping  terms 
of  the  second  order  in  ftt  and  qt  we  find 

DP 

Dh  =  d-£y  +  nD?x  (4) 

dP 

D?z  -  Tz  +  2ftDtxx  -  2qDtyx 

Equations  of  this  form  were  used  by  Hill  for  the  same  purpose.* 

*  Annals  of  Mathematics,  vol.  1,  1890. 
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It  follows  that  if  we  add  to  P  the  terms 

AR  =  2p  {zDtxx  -  xDtzx)  +  2q  (yDtzx  -  zDt yx)  (5) 

so  that  the  potential  shall  become 

P  -f  AR  [Dim.  =  il/Z,->  =  L1  r-2] 

the  fundamental  differential  equations  in  x,  y,  and  z,  will  retain  the  form  (1) 
unchanged,  and  the  coordinates  referred  to  the  moving  ecliptic  will  be  determined 
by  the  general  equations 

dP  DP  dP 

*>.'«-!£  W-gj  D?*--^  (6) 

In  AR  the  symbols  xly  yly  and  zx  have  the  same  meanings  as  x,  y,  and  2,  but  they 
are  to  be  regarded  as  constant  when  AR  is  differentiated  as  to  the  lunar  elements. 

§5.    Preliminary  form  of  the  potential  function. 

We  put  H  for  the  part  of  the  potential  P  due  to  the  action  of  the  Sun.  This 
part  is  developed  in  a  series  proceeding  according  to  the  powers  of  r\r'  in  the 
well-known  form 

n  =  ^(3^-I)  +  ^-^H-3(5^-3^)+-  (7) 

ir  2r  /* 

where  Sy  the  cosine  of  the  angle  between  the  radii  vectores  of  the  Moon  and  Sun 
from  the  point  G,  is  determined  by  the  equation 

rr' S  =  xx'  -f  yy'  -f  zz' 

When  we  assign  to  x\  y\  z\  and  /  their  elliptic  values,  we  have  what  may  be 
called  the  Delaunay  part  of  the  potential.     We  put 

Il0,  the  Delaunay  part  of  £1. 

ilp,  the  increment  of  fl0  produced  by  the  action  of  the  planets  on  the  Earth. 

The  part  R  of  P,  due  to  the  direct  action  of  the  planet  in  changing  the  coordi- 
nates of  the  Earth  relative  to  the  Moon,  may  be  formed  from  fl  in  (7)  by  replacing 

m't  r',  xft  y't  and  z' 
by 

mv  A,  X,  Y,  and  Z 

where  m4  is  the  mass  of  the  planet,  and  A,  X,  F,  and  Z  its  distance  and  coordi- 
nates relative  to  the  point  G.     Putting  R  for  this  part  we  have  for  its  principal  term 

*-^(35"'-i)  (7«) 
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where  S'  is  determined  by  the  equation 

rAS'  =  (*'  +  xt)x  +  (/  +  yt)y  +  (zf  +  zjz 

xif  yA,  and  z±  being  the  heliocentric  coordinates  of  the  planet. 

We  have  thus  separated  the  potential  of  all  the  actions  changing  the  coordinates 
of  the  Moon  relative  to  the  Earth  into  the  following  five  parts. 

A.  The  part  generated  by  the  mutual  action  of  the  Earth  and  Moon,  P0  =  y^Jr, 
which  taken  alone  would  give  rise  to  an  undisturbed  elliptic  motion  of  the  Moon 
around  the  Earth. 

B.  The  part  fl0  generated  by  the  action  of  the  Sun,  assuming  the  point  G  to  move 
in  an  elliptic  orbit. 

C.  The  part  Hp,  the  increment  of  fl0  due  to  the  action  of  the  planets  on  the 
point  G. 

D.  The  part  R  due  to  the  direct  action  of  the  planet.  Developed  in  the  same 
way  as  the  highest  term  of  £1  the  principal  term  of  this  part  is  formed  from  XI  by 
replacing  «•',  x',  y',  and  z'  by  the  mass  and  G-coordinates  of  the  planet.  The  value 
of  its  principal  term  is  given  in  (7#). 

E.  The  part  AR  arising  from  the  reference  of  the  coordinates  to  the  moving 
ecliptic. 

The  complete  value  of  P  thus  becomes 

p=  p0  +  n0  +  np  +  r  +  at?  (8) 

and  we  are  to  consider  this  expression  as  replacing  P  in  the  equations  (6). 

§  6.  Reduction  of  the  terms  of  the -potential  function  for  the  indirect  action. 

By  substituting  tor  S  in  (7)  its  value,  the  first  and  principal  term  of  Q,  becomes  a 
linear  Junction  of  the  six  squares  and  products  of  the  lunar  coordinates  x,  yy  and  z, 
which  we  may  write 

H=  7>2+  T2y2+  T^+2Tscy  +  2T&xz+2T6yz  (9) 

Moreover,  since  we  form  the  part  flp  of  the  potential  by  assigning  increments  to 
T,  and  the  part  R  by  making  T  a  function  of  the  elements  of  the  planet,  it  follows 
that  both  of  these  parts  as  well  as  II  are  of  this  same  form. 

For  the  first  and  principal  term  of  Xl0  in  which  the  higher  powers  of  rfr'  are 
dropped  we  have 

T  — —  ($  —  —  l\ 

Jl~rf3\2rn      2) 

T-*(l£-l\  t=*—.—         [w».=itt-*]    (10) 

2      r'3  V2  r'2      2/  6      2  r'3     r'2 


3      r'  \2  r       2/ 


rp            O 

J*~2 

mf 
r' 

x'y' 
r>* 

rp              J 

6_2 

m' 

x'z' 

3*' 

/2 
r 

rp             3 

6~  2 

m! 
r 

y'z' 

r2 

r' 
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The  study  of  the  second  term,  which  it  may  be  advisable  to  examine  for  sensible 

results,  is  postponed,  and  XI  is  taken  as  equal  to  its  principal  part.     The  value  of  Xlp 

is  then  found  by  adding  to  the  preceding  values  of    T{  their  increments  produced 

by  the  action  of  the  planets  upon  the  coordinates  x'9  y',  and  z'  of  the  Sun.     If  we 

put 

vf,  the  longitude  of  the  Sun 

and   take  the  moving  ecliptic  as   the  plane  of  reference,  we   may  regard  z',  the 
periodic  perturbations  of  the  latitude,  as  infinitesimal  and  write 

x'  =  r'  cos  v'  y'  =  r'  sin  v'  z'  =  rr  sin  /3' 

where  £'  is  the  Sun's  latitude,  a  minute  purely  periodic  quantity. 

Substituting  these  values  in  (io),  the  expressions  for  the  coefficients  T  become 

jii'  fyi*  fj'i' 

ri-^i(i  +  I cos  2*')  T*  =  p  ft  "  i  cos  2V')  T*=-~^ 

(ioa) 

_      3  mf   ,.        ,                        _,      3  m'  sin  &'  cos  v'               _,      3»/'  sin  fi'  sin  v' 
T.  = i  sin  2vf  T.  = a ■/6  =  ~ ^ 

If  we  assign  to  these  quantities  their  elliptic  values,  (7)  will  become  il0  for  which 
the  integration  is  assumed  in  advance.  We  have  now  to  assign  to  v'  and  /'  the 
increments  hv'  and  r'hp',  p'  being  the  Naperian  logarithm  of  r'.  The  resulting 
increments  of  the  coefficients  are 

BTl=  ~3  {-2  sin  2v'h>'-2  cos  2v'hp'—*p'}    S7>=  —3  {2  sin  2v'8v'+3  cos  lv'Sp'-Sp'} 

V  («) 

8  r,=  ^—3  V  B  T.=  *— y  {2  cos  2v,&/'  -  3  sin  2z>' 8p' } 

2r'  4^' 

The  values  ot  8  7^  and  87"6  will  be  the  original  values  (9)  of  Tb  and  T6  as  they 
are  due  wholly  to  the  action  of  the  planet.  With  them  the  expression  for  ilp 
derived  from  (9)  becomes 

n#  -  87>2  +  8T2y2  +  8T/-  +  2lTKxy  +  2  Tbxz  +  2  Ttyz  (12) 

§  7.     Reduction  of  R,  the  potential  of  direct  action. 

By  substituting  for  £'  in  the  principal  term  (7a)  of  R  its  expression  in  terms  of 
the  G-coordinates  of  the  planet  we  shall  have 

R=imtR2  (13) 

where 

R2  =  Ax1  +  By2  +  Cz%  +  2Dxy  +  2.£xz  +  2/^2  [Dim.  =  z-'j 
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D={x[  +  xi){y'+yi) 


A5 

_     (x' +  x.)(z' +  z.)  ,     . 

E~  A8  [Wm. -£.-•]    (14) 

^= A* 

It  should  be  noted  that  these  coefficients  require  the  factor  §  to  make  them  directly 
comparable  with  Tl9  T2,  etc.,  in  (10). 

§  8.    Complete  form  of  the  fundamental  equations. 

Comparing  the  expressions  (12)  to  (14)  we  see  that  D,p  and  R  are  of  the 
same  form,  and  that  the  principal  terms  of  each  are  products  of  two  factors,  of 
which  one  depends  solely  on  the  heliocentric  coordinates  of  the  Sun  and  planet, 
and  the  other  is  a  square  or  product  of  the  coordinates  of  the  Moon.  Moreover,  if 
we  put,  for  brevity, 

/>-n#  +  j?  +  A/?  (15) 

the  fundamental  differential  equations  may  be  written 

j>-fflfcfl»+S     *»-^+?     ^-s^+S  M> 

where  x,  y9  and  z  are  coordinates  referred  to  the  moving  ecliptic  as  the  fundamental 
plane. 

We  shall  now  consider  these  differential  equations  as  solved  for  the  case  when 
Px  is  dropped  from  the  second  members.  The  problem  will  then  be  that  of  the 
solution  when  Px  is  included;  and  this  problem  will  be  attacked  by  the  Lagrangian 
method  of  variation  of  elements. 


CHAPTER    II. 

DEVELOPMENT  AND   INTEGRATION  OF  THE  DIFFERENTIAL  EQUATIONS 
FOR  THE   VARIATION   OF  THE   ELEMENTS. 

§  9.  The  problem  being  to  integrate  equations  (16),  we  shall  regard  as  known 
quantities  the  coordinates  x',  y',  z'  of  the  Sun,  which  enter  implicitly  into  the  equa- 
tions, as  well  as  those  of  the  planets  relative  to  the  Sun.  The  problem  then  is  to 
express  the  values  of  x,  y,  and  z  in  terms  of  the  fundamental  constants  implicitly 
contained  in  the  differential  equations,  and  six  other  arbitrary  constants  which  we 
regard  as  elements  of  the  Moon's  motion. 

The  solution  of  the  equations  is  separated  into  two  parts  by  applying  the  La- 
grangian  method  of  the  variation  of  elements.  We  have  first  the  Delaunay  solu- 
tion, in  which  Px  is  dropped.  This  solution  gives  the  orbit  of  the  Moon  around 
the  Earth  under  the  influence  of  the  Sun's  and  Earth's  attraction  alone.  From  it 
we  are  to  pass,  by  the  method  of  variation  of  elements,  to  a  solution  when  J\  is 
taken  account  of. 

We  accept  the  results  of  Delaunay,  as  found  in  his  work,  as  forming  the  basis  of 
the  first  solution,  the  results  needing  only  certain  modifications  in  the  terms  depend- 
ing on  the  Sun's  parallax,  arising  from  the  tact  that  he  did  not  take  into  account 
the  mass  of  the  Moon,  and  certain  reductions,  to  reduce  them  to  the  required  form. 
This  being  done  we  have  values  of  the  Moon's  coordinates  satisfying  the  differential 
equations  in  the  case  P=fi/r-\-  il0  and  expressed  as  functions  of  six  arbitrary 
constants 

«>  e,  7>  h  «"<,»  0O 

and  of  the  time  t.     The  latter  enters  only  through  the  quantities  /,  ir,  and  0,  named 
and  defined  thus 

Mean  longitude  :  /=/0-f«/     Long,  of  perigee  :  ir=irQ+irxt     Long,  of  node  :  6=0^+6^  (17) 

where  n,  tj-j,  and  6X  are  functions  of  a,  e,  and  y. 

I  use  the  quantities  /,  ir,  and  6  instead  of  Delaunay's  /,  gy  and  hy  which  are  the 
mean  anomaly,  the  angle  node  to  perigee,  and  the  longitude  of  the  node.  The 
expressions  for  the  symbols  used  here  in  terms  of  those  used  by  Delaunay  are 
therefore 

/  ==  Delaunay's  h  -f  g  +  /         tt  =  Delaunay's  h  -f  g         0  ==  Delaunay's  h         (18) 
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The  fundamental  idea  of  the  Lagrangian  method,  which  we  propose  to  apply 
to  the  present  problem,  is  that  the  six  arbitrary  elements  are  to  become  such 
functions  of  the  time  that  the  solution  which  satisfies  (16)  when  Pl  =  o  shall  still 
satisfy  it  when  the  variable  values  of  the  elements  are  substituted  for  the  constant 
values  in  the  expressions  for  the  coordinates.  The  derivatives  of  the  elements  as  to 
the  time  may  be  formed  by  known  processes,  but  the  details  of  these  processes  are 
unnecessary,  because  Delaunay  gives  their  results  in  a  form  most  convenient  for 
our  purpose. 

§  10.   Canonical  form  of  the  differential  equations. 

We  see  from  (5),  (12),  (13),  and  (15)  thati^  is  a  function  of  given  quantities  and  of 
the  Moon's  coordinates.  By  substituting  for  the  latter  their  expressions  in  terms  of 
the  six  arbitrary  constants  of  the  first  integration,  Px  becomes  a  function  of  a,  e,  y,  /, 
7r,  and  6.  The  differential  variations  of  the  elements  are  then  expressed  in  the  most 
condensed  form  by  replacing  a,  e,  and  y  by  three  other  quantities  cly  c2,  and  c3,  func- 
tions of  a,  e,  y,  so  chosen  that  the  differential  equations  to  be  solved  shall  be 

dP  dP 

*><***-£  Dr»=-df2  [Din,  =  MZ->j        (19) 

The  variable  elements  cXi  c2,  and  c3  are  functions  of  Delaunay's  Z,  G,  H. 

Cl  =  L  c2=G-L  c.6  =  H-  G  (20) 

[Dim.  =  ISM*  =  L*T->] 

§  11.    Transformation  of  the  canonical  elements. 

The  canonical  elements  cx,  c2,  and  c3  can  not  be  used  explicitly  in  the  processes 
of  solution.  We  have  therefore  to  express  them  in  terms  of  a,  e,  and  y.  The 
values  of  Z,  G,  and  H  are  not  given  by  Delaunay  in  terms  of  the  final  a,  e,  and  y, 
but  of  preliminary  ones  from  which  the  required  expressions  are  to  be  derived  as 
follows : 

1.  In  Vol.  II,  pp.  235-236,  Delaunay  gives  the  expressions  for  Z,  G,  and  H  in 
terms  of  the  ay  e,  and  y  which  resulted  immediately  from  his  processes  of 
integration. 

2.  On  p.  800  he  gives  the  transformation  of  these  a,  e,  y,  into  the  final  values  of 
these  quantities  which  appear  in  the  expression  for  the  Moon's  coordinates,  which 
are  those  we  are  to  use. 
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To  find  from  these  data  the  expressions  for  the  derivatives  of  Z,  G,  H  in  terms 
of  the  final  a,  e,  y,  I  shall  write  a,  e,  g,  n,  for  the  quantities  a,  e,  y,  n,  as  found  on 
pp.  235-236  of  Delaunay,  Vol.  II,  and  shall  also  put 

n' 

m  =  — 

n 

The  forms  which  we  have  to  use  are: 

Z,  G,  7/=/(a,  e,  g,  m)  a,  e,  g  =f(a,  e,  7,  m)  (21) 

Noticing  that  m  is  a  function  of  a  and  m  of  a,  we  shall  then  have 

dL_(dL      dL  dm\da      dL  de      dL  dg 

with  similar  forms  for  G  and  H. 

§  12.  Form  of  the  partial  derivatives.  Two  points  in  the  use  of  the  partial 
derivatives  are  these: 

a.  In  taking  the  partial  derivatives  I  use  the  logarithm  of  a  and  of  a  instead  of 
these  quantities  as  the  variables  with  respect  to  which  derivatives  are  to  be  formed. 
Homogeneity  in  the  equations  is  thus  secured,  the  variables  being  all  pure  numbers, 
or  quantities  of  dimensions  o.     We  put 

a  =  log  a  whence  a  =  ea 

ft.  The  quantities  n  and  n  are  defined  as  functions  of  a  and  of  a  respectively  by 
the  equations 

a8n2  =  a3w2  =  ft 

It  follows  that  if  we  have  an  expression  M  developed  in  powers  of  m  or  w, 

M=  a*(M0  +  Mxm  +  M2m2  H ) 

we  shall  have 

dM 

-fc  =  «'  (iM0  +  (i  + 1)  Mxm  +  (1  +  f )  M#fi  +  •  •  •)  (23) 

§  13.    Numerical  values  of  the  fundamental  quantities. 

Instead  of  effecting  the  preceding  transformations  analytically,  to  put  the  equa- 
tions (21)  into  numbers,  we  use  the  numerical  values  of  e,  y,  and  m  given  by 
Delaunay  in  his  Vol.  II,  pp.  801-802,  namely 

e  =  .054  8993  7  =  .044  8866  m  =  .074  8013  (24) 
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We  then  find  from  his  expressions  on  p.  800 

a  =  0.996  493a  =  fo-998  474] a 
an  =  1. 001  75807/  =  [0.000  763]  an 
a2n  =  0.998  245«2«  =  [9.999  237] ahi 
m  =  0.994  743W  =  [9'997  711]*1  =  °'°74  4082 
e  -  0.054  867  g  =  °-°44  993 

We  also  find,  from  these  numbers,  the  following  values  of  the  required  partial 
derivatives  for  the  numerical  transformation 

da  de  dg 

■sr  =  O.986  6gia  =r  =  —  O.OO7  Vle  =  —  O-OOO  404       5?  =  +  O.O06  857  =  O.OOO  308 

da  de  -  dg 

^  =  -  0.001  3750   ^  -  +  0.999  6l  ^  =  +  °-000  2°2 

da  de  ,       dg 

j-  =  4-  0.001  3530      g-  =  —  0.001  22^=  —0.000067     ^-=4-1.002324 

Then,  from  Delaunay,  II,  p.  236,  we  find 

L  =  1. 000  197 a2n  G  =  0.998  586a2n  //"=  0.994  549a2n 

a  a—  =  0.500  i58a2n  a  -g-  =  0.499  697a2n  a-^-  =0.497  696a2n 

—  =  —  0.000  088 a2n  -g-  =  —  0.052  4ioa2n  ^-  =  — 0.052  i85a2n 

az  as  dH 

-=-  =  —0.000  007  a2n  ^— = —0.000  035  azn  ^—  =  —0.1794743^ 

§  14.  Formation  of  the  transformed  differential  equations. 
Let  us  now  return  to  the  equations  (19),  in  which  we  have  to  replace  cly  c2, 
and  cz  by  a,  e,  and  y.     We  have,  for  any  c, 

dc      dc  da  dc  de  dc  dg 

dt  ~  da  dt  de  dt  dg  dt 
and 

dc       dc  da  dc  de  dc  dg 

da  .  .  da.  da  de  da  dg  da 


In  the  case  of  cx  we  have  from  (20) 


dcx     dL 
da       da 
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so  that  the  numerical  expressions  need  not  be  repeated.     For  the  derivatives  of 
c2  and  cs  we  find 

dc~  s    »  dc_  dc2  . 

a~r  —  —  0.000  46ia2n  =-?=  —  0.052  322a2n  --?  =  —  0.000  02»a2n 

a^-?=  —  0.002  ooia2n  ~  =  +  0.000  225 a2n  -—  =  —  0.179  43oazn 

By  substitution  in  the  form  (22)  we  now  find 

dc,  ,     ->  dcx  .  dc'  ,       , 

~  =  0.494  3690  «  s    =  ~  0-°°0  lllan  ~fT  =  0.000  6jia2n 

-~  =  —  0.000  435 dr«  -^-  =  —  0.052  2oga2n  a        ~  °'000  °25au       (2S) 

<^\  9  ^t  2  ^C3  02 

_ -S-  =  —  0.002  033«2#  -^  =  0.000  igia27i  -^  =  —  0.179  53°a  n 

We  now  have  the  data  for  transforming  the  equations  (19),  p.  14,  so  as  to  express 
the  differential  variations  of  a,  e,  and  y  instead  of  cXl  c2,  and  c3,  and  to  express  those 
of  /0,  7r0,  and  0O  in  terms  of  the  partial  derivatives  of  E  as  to  a,  e,  and  y.  For  this 
purpose  we  need  the  nine  partial  derivatives  of  a,  e,  and  y  as  to  cu  c2,  and  c3.  We 
shall  express  these  nine  derivatives  by  means  of  the  nine  numerical  factors 

a<»  ei>  7i»  •  •  •  (*"  =  1 : 2  : 3 ) 

defined  by  the  equations 

.    da  de  dy 

a.  =  crn  •=—  e.  —  arn  ^—  7.  =  crn  -5- 

•  dc.  *  5c.  *  dc. 


The  numerical  values  of  these  coefficients  are  most  expeditiously  found  in  the 
following  way.     Multiplying  the  first  three  equations  (19)  in  order  by  the  respective 

factors 

da  da  da 

dc?       dc2>        and       ^3 
we  have 

da  dPx      da  dPx      da  dPx 

D*a '-  dc~x~dl 4 'dc^  "  4 dc~3~dS 
with  similar  equations  in  Dte  and  Dty.    From  the  same  three  equations  we  have 

dc,  dc.  dc.  dP 

^Dp  +  ^VS  +  ^Dfl.-gf 

dC2    n  dC2     7-t  &C2    n  3P 

^Dp  +  ^Df  +  ^Dn—^ 

dc.  dc.  _         dc,  _         dP 

It  follows  that  if  we  solve  these  three  equations  for  Dta,  Dte,  and  Dty  the  nine 
partial  derivatives  required  will  be  the  coefficients  of  the  second  members  in  the 
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solution.      Replacing  the  coefficients  of  the  unknowns  by  their  numerical  values 
(25),  we  may  reduce  the  solution  to  that  of  three  numerical  equations 

0.494369X—  .000777  F  4-  -00067  iZ=P 

—  .000435X—  .052209F—  .oooo25Z=  Q 

—  .002033^4-  .000191 Y—  .i79538Z=  R 

The  solution  of  these  equations  so  as  to  express  2f,  Y,  and  2Tas  linear  functions 
of  P,  Q,  and  R  gives  the  following  values  of  the  factors  which  we  seek.  Along 
with  these  values  is  given  for  comparison  the  values  found  in  Action  of  Planets , 

cin 

p.  iq6,  where  the  numbers  are  the  coefficients  of .     The  two  determinations 

r      *  m2mz 

are  completely  independent,  in  that  the   earlier  one  is   derived  from  the  analytic 

expressions  for  the  coordinates  of  the  Moon,  while  these  last  have  been  obtained 

from  Delaunay's  expressions  of  the  canonical  elements  L  G  H  in  terms  of  a,  e,  y. 

ocj  =  4-  2.0228         Former  value  :     4-  2.0225 

a2  =  —  0.0301  —  0.0293 

a3  =  4-  O.O075  +  O.O075 

ex  —  —  0.0168  —  0.0169 

*2=- 19.1534  -19.151  (26) 

£3=4-  0.0026  4-  0.0017 

7j  =  —  0.0229  —0.0233 

72  =  —  0.0200  —0.0216 

73  =  - S-5700  -5-5704 

The  fundamental  differential  equations  for  the  variations  of  the  elements  now 
become 

a  nDta  =  a,  -^  4-  «2~^  +  «3  w 
.    _  BPl  dPx         dPx 

.    n  dPx  dPx         dPx 

a2«^7  =  71-W-+73^+73-M 

(27) 
2   nj  BPX         dPx         dPt 

ahiDte9=-a^-eJ^-%-^ 
[Dim.  =  il/Z-i] 
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In  order  that  we  may,  so  far  as  possible,  handle  only  pure  numbers,  with  speci- 
fications of  the  units  as  concrete  quantities,  we  shall  substitute  nt,  the  total  motion 
of  the  Moon  in  mean  longitude,  and  therefore  a  pure  number,  as  the  independent 
variable.     The  first  numbers  will  then  take  the  form  a2nzDnta,  etc. 

Since 

a2n2  =  - 
a 

the  equations  will  now  give 

a(     dP.  dP.         dP\ 

^-^w+v^+Wj  (*8) 

[Dim.  =  o] 

with  five  others  formed  in  the  same  way  from  (27)  which  need  not  be  written. 

§  15.  Elimination  of  t  from  the  -partial  derivatives  of  /,  n,  and  0. 

An  important  remark  at  this  point  is  that  since  Px  is  a  function  of  /,  7r,  and  0, 
the  three  quantities  a,  e,  and  y  enter  into  Px  not  only  explicitly  but  implicitly 
through  ny  it,  and  0,  so  that  the  complete  differential  variations  of  these  functions 
are 

dl      dl0  dn  dir      dirQ  dirl  dO      d0o  ddl 

Jt  =  dt+1lJrtdt  dt=~dt  +  7ri  +  l~di  dt  =  ~dt  +0l  +  *~di 

Px  being  a  function  of  the  six  quantities 

a,  e,  7,  /0  +  nt,  ir0  -f  r,/,  0q  +  0xt 

its  complete  derivatives  as  to  a,  £,  and  y  are 

da~\da)'rt\dl  da^  dir  da^  d0   da) 

with  similar  expressions  for  dPjde  and  dPJdy.     Thus  we  have  for  any  canonical 
element  c 

dc  ~\dc  )^    \dl  dc~*~  dir  dc  "*"  d0  dc  J 


20  ACTION  OF  THE  PLANETS  ON  THE  MOON. 

The  complete  derivatives  of  /,  n,  and  6  are  therefore 

dl     dl 
dt 


dtr 
dt 


_dl0  (dn      dJF\dn      dPx  djt^      dPx  d0x\ 

-~di+n  +  *\di~~~dl  ~fcx~~~fa  Wx~~dBfcJ 

~  dt  "*"     *  "* \dt         dl  dc2       dtr  dc2        60   dcj 
~  dt  ^ » "* \dt        dl  dc3       dir  dcz        d0  dcj 


It  is  a  fundamental  theorem  of  the  development  of  the  planetary  coordinates  in 
periodic  series  that  the  terms  of  these  equations  containing  /  as  a  factor  all  vanish.* 
The  values  of  /,  tt,  and  6  are  therefore 

/  =  l0  -f  fndt  7T  =  tt0  +  firxdt  0  =  eo  -f  j'0xdt  (29) 

*  A  demonstration  of  this  theorem  in  the  most  general  case  is  found  in  the  author'6  paper  On  the  General  Inte- 
grals of  Planetary  Motion  :  Smithsonian  Contributions  to  Knowledge,  1874. 


CHAPTER  III. 

DEFINITIVE  FORM  OF  THE  DIFFERENTIAL  VARIATIONS 
OF  THE  ELEMENTS. 

§  16.  The  differential  equations  (27)  in  the  form  (28)  are  the  fundamental  ones 
of  our  problem,  the  integration  of  which  is  to  be  effected.  This  need  be  done  only 
to  terms  of  the  first  order  as  to  the  disturbing  function.  This  amounts  to  saying  that 
we  regard  the  second  members  of  the  equation  as  known  functions  of  the  time,  and 
that  the  required  integration  is  to  be  performed  by  simple  quadrature. 

We  begin  by  studying  the  general  form  of  the  function  J\.  Besides  A/?,  this 
function  consists  of  two  parts,  one,  i?,  arising  from  the  direct  action  shown  in  §  7, 
and  the  other  fip  arising  from  the  indirect  action.  We  have  reduced  both  these 
parts  to  the  general  form 

Ax2  +  By2  +  Cz2  +  2Dxy  -f  2Exz  +  iFyz 

The  coefficients,  A,  B,  etc.,  are  functions  of  the  heliocentric  coordinates  of  two 
points:  the  centre  of  gravity  G  of  the  Earth  and  Moon,  and  that  of  the  planet. 
They  are,  therefore,  regarded  as  independent  of  the  elements  of  the  Moon's  orbit. 
The  variables  x2,  y2,  etc.,  being  functions  of  the  geocentric  coordinates  of  the  Moon, 
are  independent  of  the  position  of  the  planet,  and  contain,  besides  the  six  lunar  ele- 
ments proper,  the  major  axis  and  eccentricity  of  the  Earth's  orbit  around  the  Sun. 
The  arguments  on  which  the  coefficients  A,  B,  etc.,  depend  are  gA  and  g' .  The 
coordinates  x2,  y2,  etc.,  depend  on  the  four  arguments  /,  n,  0,  and^*'.  It  follows 
that  the  terms  of  Px  depend  on  the  five  arguments 

1%  *•»  0>  g',  g, 

Although  the  two  actions,  the  direct  and  indirect,  admit  of  being  treated  together 
by  combining  the  corresponding  coefficients  of  x2,  y2,  etc.,  yet  the  coefficients  are 
so  different  in  their  form  and  origin  that  it  will  be  better  to  treat  them  separately. 

§  17.    Reduction  of  the  equations  for  the  direct  action. 

We  begin  with  the  development  of  7?,  as  given  by  (13)  and  (14).     Since 

xty  y2,  etc.,  each  =  a  pure  number  x  a2 

A,  B,  C,  etc.,  each  =  a  pure  number  -*-  a' 

21 


22  ACTION  OF  THE  PLANETS  ON  THE  MOON. 

it  follows  that  R  may  be  developed  in  the  form 


R  =  \mJ^%H  (30) 

H  being  a  pure  number. 

When  the  fundamental  equations  are  taken  in  the  form  (28),  and  Px  is  replaced 

by  R  expressed  in  terms  of  H,  the  second  members  will  all  take  the  common 

constant  numerical  factor 

3  mi  rt3 

This  factor  may  be  simplified  by  the  fundamental  relations 

as#2  =  (i  a'  n'  =  m'  -f  fi 

where  fi  and  m'  are  the  respective  masses  of  Earth  -f-  Moon  and  of  the  Sun. 

Owing  to  the  minuteness  of  fx  relative  to  m'  (1 1330000  -j-)  we  may  drop  it  from 
the  quotient,  thus  obtaining 

m'  cr       n'  „ 

H  a'3      «T 

The  factor  thus  reduces  to  the  pure  number 

3  m*  -* 
2  m' 

The  ratio  /»4:  m'  is  what  is  commonly  taken  as  the  numerical  expression  of  the 
mass  of  the  planet.     We  shall  write 

M=-—*m2=  0.008  392  86  —J 

The  numerical  values  of  M  for  the  four  planets  whose  action  is  to  be  determined 

are  as  follows: 

m' 


m 

M 

Venus 

408000 

o".oo4  242 

Mars 

3  093  500 

0  .000560 

Jupiter 

I047-35 

1  -653 

Saturn 

3SOO 

0  .4947 

We  have  next  to  consider  H  and  its  derivatives.     As  this  quantity  has  been 
above  introduced  we  have 


H=  a'%A  -2  +  a'3B  £  +  a'3C-  +  2a'3 D^  (31) 

ar  a2  a  a  vo  ' 

The  terms  in  E  and  F ^are  omitted  here,  owing  to  their  minuteness. 


DIFFERENTIAL  VARIATIONS  OF  ELEMENTS.  23 


We  have  now  to  deal  with  two  sets  of  factors : 

1.  The  planetary  fac 

2.  The  lunar  factors 


1.  The  planetary  factors,  a'  A,  a'  B,  etc. 


x2   y2  z2    2xy 

tf'  ~tf'tf'~tf>  etC* 


for  which  we  use 

f2,  rf,  £2,  2^77,  respectively 

§  18.  Notation  of  the  Planetary  Factors.  The  development  of  these  requires 
numerical  processes  which,  owing  to  their  length  and  their  distinctive  character, 
are  given  in  Part  II.  We  shall  therefore  assume  this  development  to  be  effected, 
referring  to  Part  II  for  the  methods  and  numerical  results.  Considering  the  latter 
in  their  general  form,  we  remark  that  these  coefficients  being  of  dimensions  Z-3, 
if  we  compute  their  values,  taking  the  Earth's  mean  distance  as  unity,  the  numbers 
obtained  for  the  several  coefficients  A,  B,  etc.,  will  readily  be  the  values  of  a'  A, 
a'  B,  etc.     We  shall  therefore  put 

a'3 A  -  2  (Ae  cos  N,  +  A,  sin  N,) 

a'zB  =  2  (Bc  cos  Nt  +  B,  sin  N)  (33) 

a'3C  =  2 (Cc  cos  JV4  +  C,  sin  JV4) 

where  each  argument  is  of  the  general  form 

N^kl^k'g' 

l±  being  the  mean  longitude  of  the  planet,  measured  from  a  point  which  we  shall 
take  as  that  corresponding  to  the  earth's  perihelion. 

§  19.  Notation  of  the  lunar  factors.  We  have  shown  in  Action,  Chapter  II, 
how,  from  Delaunay's  results,  the  squares  and  products  of  the  Moon's  coordinates 
may  be  developed  in  the  general  form 

2  2  2 

— 2  =  f 2  =  2/Cj  cos  N  ^-2  =  7]2  =  2*2  cos  N  — 2  =  ^  =  2*3  cos  N  (34) 

2 £9  =  2*4  sin  N  2%%=  2/c5  sin  N  2t]K  =  2/c6  cos  N 

Here  the  k  are  functions  of  «,  e,  y,  a',  and  e',  and  the   arguments  N  may  be 
expressed  in  the  general  form 

N=  il  +  i'ir  -f  i"0  +jg' 

These  developments  comprise  all  the  quantities  necessary  to  the  formation  of  R 
and  its  derivatives. 
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§  20.   Nu7nerical  form  of  the  fundamental  coefficients.     The  condition 

A+ B  + C=o 

enables  us  to  reduce  by  one  the  number  of  terms  in  //,  and  at  the  same  time  to 
simplify  the  computation.     We  have  the  identity 

A?  +  Bff  -  l(A  +  B)(?  +  v*)  +  i(A-  S)(?  -  f) 
Replacing  A  -f-  B  by  —  C  there  results 

AJt  +  Bv*  +  C?  -  \(A  -  2?Xf  -  v2)  -  \C(?  +  v2-  2?) 
Putting,  for  brevity, 

K=\a'\A-B)  Cx  =  a'zC  p>  =  ^  =  ?  +  v>  +  ?  D^a'D 

which  will  make  K,  C^  and  Dx  pure  numbers,  we  shall  have 

H-  Ktg  -  v2)  -  hCtf  -  3C2)  +  iDfa 

The  planetary  factors,  A,  C\,  and  Dx  are  taken  as  developed  in  a  double  trigo- 
nometric series  from  the  equations  (33),  by  putting 

K  =  \(A-B)  K  =  l{A,-B) 

We  shall  then  have  for  H  the  double  trigonometric  series 
H=L(Kc  cos  JVt  +  K,  sin  JVt) (*,  -  *2)  cos  /V 

-  2  (J  Ce  cos  7V4  +  I C,  sin  JVJ («,  +  *,  -  2*3)  cos  JV  (35) 

+  2  (Z>c  cos  JVt  +  Z>,  sin  JVt)/ct  sin  iT 
Introducing,  for  brevity, 

t  —  K*i  —  *J  fr  —  1  (*i  +  "2)  -  *3  (36) 

the  terms  of  the  lunar  factors  will  be  expressed  by 

(£2  —  rf)  =  2^  cos  JV  p2  —  3?2  —  2^  cos  iV  2^  =  /c4  sin  JV. 

Every  combination  of  a  planetary  argument  JV4  with  a  lunar  argument  iV  will  give 
rise  to  a  set  of  terms  in  //of  the  form 

H=  ht  cos  (7V^+  7VQ  +  h,  sin  (/V+  /VJ  +  hj  cos  (/V-  7VJ  +  */  sin  (JV-  JV4)       (37) 

where 

K  =  Kel-\  Ceq  -  \Dk4  hj  =-Kcf-\  Ccq  +  \Dk4 

(38) 
*.  =  *>  "  \  C.q  +  \Dk,  h,'  =  -Kj  +  \  C.q  +  \Djc, 
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The  partial  derivatives  of  77  as  to  a,  e,  and  y  are  to  be  found  from 

Dhc  =  KJDf  -  J  CcDq  -  \DfiK, 

—'-K^-lC^-hD-*  ho) 

de~"ede       ^<de      tIJ' de  ^9) 

dy  e  dy       A     c  cy       *     '  cy 

with  three  other  sets  formed  by  replacing  p,  q,  and  kx  in  (38)  by  their  partial  deriva- 
tives. These  derivatives  of  hn  hs,  kc',  and  ks'  being  substituted  in  (37)  give  the 
required  partial  derivatives  of  H.  In  forming  the  derivatives  as  to  /,  7r,  and  6  we 
note  that  these  quantities  enter  only  through  the  arguments  JV9  in  which  they  have 

the  respective  coefficients 

1;     V ;     i" 

Their  formation  is  therefore  a  simple  algebraic  process  after  H  is  developed. 

The  elements  e  and  y  also  enter  R  only  through  H.    But  a  appears  both  in  H, 
which  is  a  function  of//*,  and  in  the  factor  a2 1  a' .     We  therefore  have  from  (30) 

dR  a2  (  dH\ 

For  consistency  in  form  and  notation  we  shall  put 

D'H=  2H+  ■£  (40) 

It  may  be  remarked  that  the  formation  of  D'H  may  be  effected  by  the  general 
operation  indicated  in  (23),  by  supposing  H  developed  in  powers  of  m  and  putting 


so  that 

We  then  have 
and 


M=a2H 

t'=  2 

If=M0  +  Mxm  +  M2m2  + 

dH 

-^  =  \M,m  +  f  M2m2  +  • 


The  sum  of  this  -\-2H  gives  D' H  as  above  expressed.     In  forming  this  sum  we 
need  not  use  the  analytic  development  of  2//,  which  is  necessary  to  form  d///da> 
but  may  use  the  numerical  development  when  it  is  more  accurate. 
The  partial  derivatives  of  R  as  to  a,  e,  and  y  are 

dR         3  "*    TV  TT  BR  .  a*   dH  dR  2  <*    dH 
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§  21.  The  fundamental  equations  in  the  form  (28)  for  the  direct  action  now 
become 

,./     dH        dH        dH\ 

/    dH        dH        dH\  ,    . 

Dnte  =  J^Vy  +  Hj*  +  e>-d9)  (41) 

__/     dH        dH        dH\ 

Dnn  =  M{ylW  +  7,^  +  7.-^  J 

/  a//       a/A 

-  0J*.  =  M{ *J*H +  e^  +  ^)  (42) 

-HJ0  =  M^B'H 


dH         dH\ 

"*  de  +  y*~dy  ) 


§  22.  We  have  next  to  show  how  the  second  members  of  these  equations  may  be 
most  readily  reduced  to  numbers.  There  being  a  certain  number  of  lunar  argu- 
ments N  and  also  a  certain  number  of  planetary  arguments  JVA,  it  will  conduce  to 
simplicity  to  carry  forward  the  quantities  depending  on  the  argument  of  each  class 
as  far  as  possible  before  making  the  combination. 

Each  lunar  argument  being  of  the  general  form 

JV=  il  +  i'-n  +  i"0  +jg' 
and  each  planetary  one  of  the  form 

N^k'g'  +  klt 

it  follows  that  by  putting  G  for  the  general  value  of  the  combined  final  argument, 

N±NA, 

G=il+  i'nr  +  i"B  +  (j±  k')g'  ±  klt 

the  general  torm  (37)  of  //may  be  written 

H=  1{he  cos  G  +  ht  sin  G) 

The  derivatives  of  H  as  to  /,  ir,  and  0  are 

dH  .  .  dH 

-—-  =  2 (—  ihe  sin  G  4-  iht  cos  G)  ~~—  =  2(—  i'hc  sin  G  4-  *7^#  cos  £) 

^=  2(-  M,  sin  £  +  i"ht  cos  £) 
Substituting  these  values  in  (41)  and  putting 

a  =  iax  4-  i'a2  4-  *"<z3  e  =  iex  4-  /V2  4-  «'"*3  g  =  *t\  +  *'72  +  *"%  (43) 
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the  equations  (41)  become 

Djx  =  M{a.ht  cos  G  —  a./ic  sin  G) 

Dnle  =  M (e/i,  cos  G  —  zhc  sin  G)  (44) 

Dnty  =  M{ght  cos  £  -  ghe  sin  £) 

Every  combination  of  a  lunar  argument  iVwith  a  planetary  argument  7V4  gives 
rise  in  each  derivative  of  an  element  to  four  terms,  which  we  shall  express  in  the 
form 

Dnta  =  h^  cos{JY+  JV4)  +  hayi  sin  (JV+  iV4)  4-  *„.'  cos  {IV-  JVJ  +  *«,,'  sin  (JV-  TV,)    (45) 
Replacing  //,  and  hc  in  (44)  by  their  values  (38)  we  have  for  each  combination 

ha< ,  =  +  MK&  -  \MCpq  +  %MDc2lk4 

K  /  -  -  ^*>/  +  \MCM  +  \MDjucA 

ha< ,  =  -  MK&  +  \MCM  +  \MVfi*4  (46) 

hj  =  -  MKpp  4-  \  MCcM  -  \MDt*Kk 

htt  .  =  4-  MK&  -  \MC?q  +  \MDc^ 
htt  /  =  -  MKtf  +  \MC<tq  4-  \MDtw^ 

he< ,  =  -  jl//rBe£  4-  WCfiq  +  I^Ae^  ^ 

A.,  /  =  -  MK&  4-  pfC.e?  -  \MD<tK4 

^,  .  =  4-  MK&f  -  \MC,gq  4-  i^Ag*, 

K  '  =  -  MK&1  +  P^.g?  +  \MD&k, 

(48) 
\ .  =  -  MK&p  4-  ^C£g?  4-  WDjgK, 

hy<  ,'  =  -  MKgp  +  *^Ceg?  -  ^Z>,g*4 

§  23.  We  now  reduce  in  a  similar  way  the  group  (42).      We  have  for  each 
argument, 

D'H  =  D'hc  cos  G  +  Z>'/;,  sin  £       ~  =  S  cos  £  +  ^  sin  £     ~  -  §*-<  cos  £  4-  ^  sin  G 

c  '  oe        oe  Oe  oy       oy  oy 

Replacing  kc  and  hs  by  their  values   (38)   and  substituting  the  resulting  partial 
derivatives  in  (42)  we  have  results  which  we  may  write  in  the  form 

-  A/o  =  K  c  cos  (N  +  .AQ  4-  h .  sin  (2V+  JV4)  +  kh  /  cos  (JV-  JV4)  4-  hj  sin  {IV-  JVJ 

-  A^o=  *., .  cos  (IV +  IV4)  +  hni ,  sin  (IV +  JVt)  +  kWi  J  cos  (IV  -  N4)  +  *„, ,'  sin  (iV-  7VJ  (49) 
-I)JQ  =  //,, ,  cos  (IV +  N4)  4-  *#1 ,  sin  (N+  JVt)  4-  //<,,  /  cos  (TV-  iTJ  4-  h,t .'  sin  (JV-  iV4) 
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where  the  values  of  the  coefficients  are  found  by  the  following  computation.     For 
each  lunar  argument  we  form 


L'—iD't  +  'xTe  +»•!?      W—J>t++i  +  *£, 


dp  dp 


P'=^D>p  +  etfe  +  % 


dq  dq 


dy 


P'^a^'q  +  e^  +  y 


dy 


dp  dp 


R>=azD>p+e,-fe+y 


dq  dq 


dy 


R"=a3D>q+ezl±  +  y 


de 


dy 


P4  =  a2Z>X+,2—*+72_*      (5o) 


Then  for  each  pair  of  arguments 

hh ,  =  MKCL>  -  \MCeL"  -  \MD$L, 

hh ,  =  MK,L'  -  \MCtL"  +  \MDJLL 

*„,.-  MK0P'  -  \MCeP"  -  \MDtP, 
hVit  =  MK,P>  -  \MC,P"  +  \MDCP, 


hj  =  +  MKCL>  -  \MCCL"  +  p/Z>,Z4 

hj  =  -  MK,L'  +  \MCtL"  +  \MDeLk 

kmJ  =  +  MKeP'  -  \MCeP"  +  IMD,PA 
K.S  =  -  MK,P>  +  \MC,P"  +  \MDcP, 


(5i) 


he<c  =  MKcR'-  \MCcR"-\MDtRA       hj  =  +  MKcR>  -  \MCCR"  +  \MD,R, 
k9i,  =  MKtR>  -  \MCR"  +  \MDJR,       KJ  =  -  MKtR>  +  \MCtR"  +  \MDCRK 

§  24.  Development  of  the  indirect  action. 

The  fundamental  equations  for  the  indirect  action  are  found  from  (28)  by  replac- 
ing Px  by  the  function  Xlp  defined  in  (12).  We  first  replace  the  coefficients  SZ'by 
the  following: 


A* -artT* 


B'  =  af3hT„  etc. 


Taking,  as  we  do  throughout  this  work,  the  mean  Sun  as  the  origin  of  longi- 
tudes, the  true  longitude,  v',  will  be  replaced  by  the  Sun's  equation  of  the  centre 

=  E.     We  also  put 

r' 
r,  =  -j 


With  these  substitutions  the  equations  (11)  will  be  replaced  by  others  which  may 
be  written  thus:     Put 


Then 


G  =  I r~s  sin  2E8vf  -f  %r~3  cos  2ESpf 

/=  §  r~s  cos  2Ehv'-\r~*  sin  2EBpf 

A'  =  -G-J  B'=G-J  C'  =  2j  D'  =  I 

E'  =  \r~%  cos  E  sin  £'  F'  -  \r~%  sin  E  sin  /3' 


(52) 


(S3) 
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These  substitutions  lead  to  the  replacement  of  expression  (12)  by 


where 


m!  a2 

p         a'3 


H'  =  A'?  +  B'rf  +  C'f  +  iD'fr  + 
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(54) 


(55) 


This  Junction  //',  a  pure  number  in  dimensions,  will  hereafter  be  used  as  a  fun- 
damental quantity  instead  of  Op. 

By  replacing  Px  by  this  value  ot  Q,p  in  (27)  the  second  members  in  the  form  (28) 
take  the  common  factor 


as  m* 


fxa' 


and  the  differential  variations  of  the  elements  become 

J      dH'  dH'  dH'\ 

dH'  dH'  dH'\ 

Dnff  =  m* 


-DJ,   =™* 


~  Al^O   -   ™2 


-  AA  =  ™% 


"1        Ql       T-    -2 

dH' 


(56) 


:) 


a2Z?'^'  +  e< 


dH 

de 


(57) 


_,__,  dH'  dH'\ 

azD'H'  +  e,^+%-w) 


We  have  next  to  develop  the  values  (52)  of  G,J,  and  /  in  terms  of  the  mean 
anomaly^'.  This  may  be  done  by  means  of  Cayley's  tables  in  the  Memoirs  of 
the  Royal  Astronomical  Society,  Vol.  XXIX,  or  the  development  given  by 
Leverrier  in  Annates  de  P  Obseivatoire  de  Paris,  Vol.  I.  Dropping  unnecessary 
terms  and  powers  of  e'  we  have 

r~3  cos  2E  =  1  —  §e'2  +  (32'  —  \V3)  cos  g'  +  tye'2  cos  2g' 
r~*  sin  2 E  =  (4^  —  *fie'*)  sin  £■'  -f  J^V*  sin  2£-' 

r^3  =i+|/+  (3*'  +  \V5)  cos  g'  +  f*'2  cos  2^  (58) 

Ty'cos  E=  1  -f  ^e'  cosg' 

r~*  sin  i£  =  2e'  sin^-' 
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The  expressions  for   G,j,  and  /thus  become 

G  -  {(6ef  -  -9-jV3)  sing-'  +  ^V2  sin  2g'}hv' 

+  {|  _  is_e'*  +  (2?v  -  ffie'3)  cosg'  +  if  A*'8  COS  2g'}hp' 

/--{♦  +  f  *''  +  (f  «'  +  W«")  cos£"'  +  -V"*'2  cos  2£"W  (59) 

/=  {|  _  _yv2  +  (f  <?'  -  -V^V3)  cosg-'  -f  ^V2  cos  2g'}hv' 

_  {(9^  _  iff**)  sing-'  +  ±§1*'2  sin  2g'}hp' 

In  reducing  these  expressions  to  numbers  I  take,  with  Delaunay  and  Brown,  the 

value  of  e'  for  1850 

e'  =  .016  771 

With  this  datum  the  expressions  for  G,J,  etc.,  become 

G  —  (o.  10058  sing-'  +  0.00359  sin  2g')hv' 

-f  (2.24842  +  0.1 13 13  cosg*'  4-  0.00538  COS  2g')hp' 

J=  (o-75°32  +  0.03775  cosg-'  +  0.00095  cos  2g')hp'  (60) 

/=  (1.49895  +  O.O7542  COSg*'  +  O.OO359  COS  2g')hv' 

—  (0.15087  sing-'  +  0.00538  sin  2g')8p' 

§  25.  Abbreviated  coefficients  for  the  indirect  action.     Since 

A>  +  B'  +  C  =  o 
we  have,  as  in  the  direct  action, 

Replacing  A',  B' ',  and  C  by  their  values  (53) 

H'  =  -  G{?  -  v2)  -  J(F  +  v2  -  2?»)  +  %IU  +  iE'K  +  iF'rt 

As  the  last  two  terms  of  H'  are  important  only  in  some  exceptional  cases,  we 
postpone  their  development  to  Part  IV. 

With  the  notation  of  (36),  we  have  for  each  lunar  argument 

H'  =  (—  2  Gf  cos  N—  2jq  cos  JV+  Ik4  sin  JV)  (61 ) 

The  planetary  factors,  G,  J,  and  /  are  to  be  developed  in  a  periodic  series  of  the 
same  form  as  that  for  A,  B,  and  C,  so  that,  for  each  planetary  argument  JVt  we 
shall  have 

G  =  Ge  cos  iV4  +  G,  sin  iV4        / = Je  cos  7V4  +  /,  sin  JV4        I  =  Ie  cos  JVt  +  It  sin  JVt    (62) 
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With  these  values  we  shall  have  H'  developed  in  a  double  series  in  which  for 
each  pair  of  arguments  N  and  N±,  H'  will  have  the  four  terms 

H'  =  hc  cos  (N+  JV4)  +  hc'  cos  (N-  JVt)  +  ht  sin  (JV+  7V4)  +  ///  sin  (JV-  iVQ      (63) 
where 

Expressing  the  differential  variations  of  the  elements  in  the  same  form  as  before 
we  shall  find 

(64) 
*M  =  ™2(£ca/  +  /ca?  +  K«*J  V  =  ™'(G,a/  +  «/,a?  -  KwJ 

with  two  other  sets  of  equations  found  by  replacing  a  and  a  by  e  and  e  for  the  set 
in  e,  and  by  y  and  g  for  the  set  in  y.     Also, 

hl>c  =  m\-  GeL>  -JCL"  -  KA)        V  -  ■*(-  ^  -/£"  +  */A) 

(65) 
*,,.  =  *>(-  S.Z'  -/,//'  +  KA)        V  =  f*(G/J  +  J.L"  +  \IJL) 

with  two  other  sets  formed  by  replacing  /  and  L  by  n  and  P9  for  the  set  in  it,  and 
by  6  and  i?  for  the  set  in  6. 

Comparing  these  with  the  corresponding  coefficients  (51)  for  the  direct  action 
we  see  that  the  equations  for  the  indirect  action  may  be  formed  from  those  of  the 
direct  action  by  replacing 

K,  \C  and  D  by  —  G,  J,  and  7;  and  also  M by  m2 

It  also  follows  that  the  two  actions  may  be  combined  by  replacing  in  the  expressions 
tor  the  coefficients  k,  given  in  (46),  (47),  (48)  and  (51), 

MK  by  MK-  m2G;  \MC  by  \MC  +  m2J;  MB  by  MB  +  m2I     (66) 

We  shall  make  this  combination  to  save  labor  in  the  formation  of  the  products,  but 
shall  give  the  separate  parts  of  the  coefficients,  so  that  the  parts  of  each  term  due 
to  the  respective  actions  may  be  readily  found. 

§  26.  Integration  of  the  equations.  The  integration  is  effected  by  multiplying 
each  coefficient  by  the  quotient  of  the  mean  motion  of  the  Moon  by  the  motion  of 
the  argument  itself,  which  factor  is 

V  =  in  4-  i'TTx  +  i"6x  db  (/  4-  k')n'  d=  knA  ^ 
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The  reciprocal  of  this  factor,  which  we  may  use  as  a  divisor,  is 

i        .      ..7T,  0.  ...  n*      .  n. 

-  =  t  +  i'-i  +  t"  -1  ±  ( /  +k')  —  ±k-4 
v  n  n       vy  '  n  n 

a  form  most  convenient  for  numerical  computation. 

We  shall  thus  have  for  the  perturbations  of  the  elements  corresponding  to  each 
pair  of  lunar  and  planetary  arguments 

8a  =  vhae  sin  (JV±  JV4 )  -  v/ia>,  cos  (JV±  JV4 ) 

he  =  vhe<e  sin  (JV±  JVt )  -  vhe>,  cos  (JV±  NK )  (68) 

g7  =  vhy<c  sin  (JV±  JVt )  -  v/iyi,  cos  (N±  7V4 ) 
8lQ  =  -  vhhc  sin  (JV±  JV4 )  +  v/il<t  cos  (iT±  iV4 ) 

g7r0  =  -  **.„  sin  (JVdb  iV4 )  +  v/in<>  cos  (iVdb  7V4 )  (69) 

B0O  =  -  vh6%c  sin  (JV±  JV4 )  +  vh6<s  cos  (jVdb  iV4  ) 

Practically  we  use  the  perturbation  of  n,  the  mean  motion,  instead  of  a.  From 
the  relation  of  §  12,  y3,  we  have 

Dtn  =  -  \nDta 

Thus  the  first  equation  (68)  is  replaced  by 

In  =  —  |w^a>c  sin  (JV=b  7V4)  +  f^a>,  cos  (TV^db  JVt)  (70) 

§  27.  We  pass  next  to  the  inequalities  of  the  actual  mean  longitude,  /,  and  of  the 
perigee  and  node,  it  and  0.     Taking  the  equations  (29)  for  these  quantities 

/  =  /0  +  Jndt  it  =  tt0  +  JV^/  0  =  #g  +  J0xdt 

the  complete  expressions  are 

81  =  a/0  +  Jhndl  Stt  =  8tt0  +  fhwxdt  80  =  80o  +  /&,<&  (7 1) 

The  motions  n,  ir^  and  0X  are  functions  of  the  elements  a  (or  a),  e,  and  y.  n  is 
given  by  the  relation  a*n2  =  //,,  while  irx  and  ft  have  been  developed  by  Delaunay, 
whose  results  are  found  in  Comptes  Rendus,  Vol.  LXXIV,  1872,  I,  and  are  repro- 
duced in  part  in  Action,  p.  190. 

.  dir.  .         dn.  .         dir,  fc  _;        30.  .         30,  .         30,  . 

*■  =  tf  *■  +  e7&  +  e^  S0'  ~  «?■*.  +  «?*  +  e^ 

From  (70)  and  (71)  we  thus  have,  in  the  variation  of/,  the  terms 

DJU-  -  lvha>e  sin  (JV±  7V4)  +  f  **.,.  cos  (iV±  JVt)  (72) 
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arising  from  the  variation  of  n.     Integrating  and  including  the  value   of  o70  we 
shall  have  for  the  complete  perturbation  of  the  mean  longitude 

81  =  /  cos  (IV  ±  IV4)  +  /  sin  (IV  ±  IV4) 
where 

K  =  VKc  +  «**,.-  KR.+  *<..)         K  =  t*K*  -  vh>  =  "(R.-  K.)      (73) 

From  the  Delaunay  developments  in  powers  of  m  are  found 

Bit  ,       dir.  8tt. 

— i  =  —  .01480      tt*  =  —  .OOIO42W      ^  =  —  .00433 1« 

(74) 

a^  ael  eel 

-^  =  +  .00377  ^ l  =  -  .001292;/  ^7  =  +  -ooo665« 

Substituting  these  values  and  the  values  (68)  and  (70)  we  find  that  by  putting 

7Tlc  =  .02220//a)C—  .OOI04/^)C  —  .OO433/&  7T1)S  =  ,02220ll       -  .OOIO4/S       —  .OO433/& 

(75) 
0hc  =  —  .oo$66hac—  .00129/^  +  .ooo66/iye    0M  =  -.00566/^ -.001 29/^, +  .ooo66/;yi, 

we  shall  have 

StTj  =  w{tt,iC  sin  (7T±  iV4)  -  irls  cos  (iTrb  i\Q} 

B0l  =  wi{0Msin  (TTdb  7V4)  -  0M  cos  (7V=b  .A^)} 
Then  by  integrating  we  have  the  terms 

8tt  =  -  ^Vj  ,  cos  (IV  ±  JVt)  -  **r,  ,  sin  (IV  ±  IVA) 

(76) 
86  =  -  i^  c  cos  (7V=b  7VJ  -  ^1§ ,  sin  (IV  ±  JVQ 

Adding  the  values  (69)  we  have  the  complete   periodic  perturbations  of  it  and  0 
expressed  in  the  form 

Sir  =  ttc  cos  (IV±  IVt)  +  trt  sin  (IV ±  IV4)  86  =  0e  cos  (N±  IV,)  +  0,  sin  (IV±  IV,) 

where 

(77) 

§  28.    Treatment  of  the  non-periodic  terms  in  R. 

In  the  preceding  integration  we  have  supposed  all  the  arguments  to  be  of  the 
form  G0  +  n/.  We  have  now  to  consider  the  special  case  in  which  n  vanishes. 
In  the  case  of  the  direct  action  this  occurs  when,  in  the  pair  of  arguments  which 
form  G, 

i  =  i'  =  i '  =  k  =  o  j  db  k'  =  o 

We  shall  then  have  in  H  a  term,  H=  thc,  which  we  shall  call  hc  simply.     It  will 
be  affected  by  a  minute  secular  variation  which  we  need  not  consider  at  present. 
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In  the  case  of  the  indirect  action  we  note  that  the  coefficients  of  8V,  8/>',  and  8/3', 
as  found  in  (59),  are  developed  in  the  general  form  %ki  sin  ig'  or  kt  cos  ig',  in 
which  kQ,  being  a  function  of  the  eccentricity  of  the  Earth's  orbit,  is  a  function 
of  the  time.  The  coefficients  of  all  the  terms  arising  from  the  indirect  action  are 
therefore  arlected  by  a  secular  variation. 

The  perturbations  Sv'  and  §p'  contain  terms  independent  of  the  mean  longitude 
of  the  disturbing  planet,  which  may  be  treated  separately,  namely: 

(1)  A  constant  term  in  S/>'. 

(2)  Terms  of  the  form  c  Jjjj  ig'  in  Sv'  and  Sp. 

(3)  The  secular  variation  of  e'  and  of  p'. 

Omitting  for  the  present  the  powers  of  /  above  the  first,  we  shall  have  in  Sv'  and 
hp'  terms  of  the  general  form 

The  product  of  these  into  (59)  gives  rise  to  terms  of  G,  J,  and  /of  the  same  form. 

When  we  form  the  products  of  these  terms  by  £2,  rj2,  etc.,  we  shall  have  in  H'  terms 

of  the  form 

h  +  h'nt  +]•  •  • 

Substituting  the  derivatives  of  the  non-periodic  direct  term  in  (41)  and  (42),  and  of 
the  indirect  term  in  (56)  and  (57),  omitting  terms  in  t,  and  putting  for  brevity 

P0  =  Mhc  +  mVi 
we  find 

(78) 
dPK  dPn 

-  DJ.  =  ajyp%  +  *3^°  +  7a  ^  ^  k? 
Adding  in  the  terms  multiplied  by  nt,  these  three  equations  may  be  written 

DJ,  =  -  K  -  *4*  A*  =  -  K  -  V"  *>J%  =  -  K  -  K«*     (78') 

The  integration  of  (78)  and  (78')  will  give 

U  =  V ;  K  =  Vo  -  K'*t  ~  W**  (78") 

h  =  «07 ;  «*0  =  8A  -  *,'**  -  WW 

80  designating,  in  each  case,  the  arbitrary  constant  of  integration. 
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The  completed  expressions  for  /,  tt,  and  0  are  to  be  found  by  the  equations 

*        dn  *  »         d7rt  c        d7rx »       a?ri  cs  ™       30,  *        ^,  „        d0.  . 

fa.-25-fa  ^-^  +  7^  +  ^*      .     ^-3^  +  ^  +  ^(79) 

81  =  8l0  +  f  8ndt  Sir  =  8ir0 -\- f  Bir^t  80  =  80o  +  f  Bd^t  (80) 

In  these  equations  the  perturbations  (78")  are  to  be  substituted.  In  doing  this 
the  arbitrary  constants  S/0,  S07r0,  and  SO0O>  being  merely  constant  corrections  to  /,  ir, 
and  0,  may  be  dropped  as  unimportant  to  the  theory.  We  shall  then  have  from 
(78")  and  (80) 

8l=l^8Qa-  hQn\  t  —  \hxnHx 
87r=(ira  **"  +  ^e  V  +  %  S«>7  -  */*)  < -  IV«V  (81) 

**  -  (  ^  *•"  + 11  V  +  ~l  so7  -  v)  <  -  WW 

§  29.  Adjustment  of  the  arbitrary  constants.  Values  are  next  to  be  assigned  to 
the  arbitrary  constants  S0a,  S0e,  and  S0y.  We  shall  do  this  so  as  to  satisfy  the  condi- 
tions that  the  coefficient  of  t  in  S/,  of  sin  g  in  the  mean  longitude,  and  of  sin  {1—6) 
in  the  latitude,  shall  all  remain  unchanged.     The  first  of  these  conditions  gives 

-%n80a  =  /ion  or  80a  =  -  §  At  (82) 

We  thus  have 

8l=-\hxnH2 

The  determination  of  \e  and  B0y  must  await  the  computation  of  the  periodic 
terms  depending  on  the  arguments  ^  and  l—d,  which  is  found  in  Part  IV.  The 
increments  in  the  motions  of  it  and  0  now  become 


(83) 


§  30.  Opposite  secular  effects  of  the  direct  and  itidirect  action  of  a  planet 
near  the  Sun. 

An  important  theorem  of  the  planetary  action  on  the  Moon  is  that  as  the  planet 
is  nearer  the  Sun,  not  only  does  each  form  of  action  become  smaller,  but  the  two 
forms  tend  to  cancel  each  other,  so  that  when  the  mass  of  the  planet  can  be  con- 
sidered as  simply  added  to  that  of  the  Sun,  the  non-parallactic  perturbations  vanish. 
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To  find  the  effect  of  the  direct  action  in  this  case,  let  the  values  of  x49  y4,  and  z± 
in  (14)  be  so  small  that  they  may  be  neglected  in  comparison  with  x',  y',  and  z'. 
Then  A  will  merge  into  r'  and  we  shall  have 


*-=?("■-») 


For  the  indirect  action  we  remark  that  the  only  effect  of  the  action  of  the  planet 
on  the  position  of  the  Earth,  after  so  adjusting  the  constants  of  integration  that  the 
mean  motion  shall  remain  unaltered,  is  to   increase  the    mean  distance,  so   that 

instead  of 

a'  tv   —  nv 
we  shall  have 

a'  tv   =  nv  +  w4 

This  gives,  for  the  perturbation  of  a' 

$ann2ha'  =  m4 

and  the  eccentricity  e'  being  unaltered 

The  corresponding  part  of  €ip  is  found  from  (7)  by  assigning  the  increment  r'hp' 
to  r'.     We  thus  have 

ir'  2rr 

This  cancels  the  value  of  R  found  above. 


PART  II. 

NUMERICAL   DEVELOPMENT   OF  THE   PLANETARY 

COEFFICIENTS. 


CHAPTER    IV. 

COEFFICIENTS   FOR   THE   DIRECT   ACTION. 

§  31.  In  order  to  complete  the  expression  for  the  disturbing  forces,  it  is  necessary 
to  determine  the  numerical  values  of  the  coefficients  A,  B,  etc.,  found  in  equation 
(14).  I  shall  hereafter  term  these  planetary  coefficients.  In  all  the  investigations 
of  the  subject  heretofore  made  the  coordinates  of  the  Sun  and  planets  used  in  form- 
ing these  coefficients  have  been  taken  as  equal  to  their  elliptic  values,  the  effect 
of  perturbations  being  neglected.  In  this  case  the  methods  of  numerical  devel- 
opment worked  out  by  Hansen  are  in  principle  complete  and  satisfactory  so  far 
as  purely  elliptical  values  are  concerned.  They  require  the  development  of  the 
inverse  odd  powers  of  the  distance  of  the  planet  from  the  centre  G,  in  a  series  pro- 
ceeding according  to  the  sines  and  cosines  of  multiples  of  the  two  mean  longitudes. 
This  being  done,  the  formation  of  the  powers  and  products  of  the  planetary  coordi- 
nates and  their  multiplication  into  the  quantities  A~3,  A-5,  etc.,  are  mere  matters  of 
mechanical  computation.  It  was  in  this  way  that  the  developments  given  in  my 
former  paper  on  the  "  Action  of  the  Planets  on  the  Moon  "  was  effected. 

A  serious  practical  difficulty  was,  however,  found  in  the  fact  that  in  the  case  of 
Venus  and  Mars  the  numerical  products  of  the  higher  orders  whose  sums  express 
A,  B,  etc.,  are  far  smaller  than  those  which  express  A-3,  etc.  Thus  the  final  values 
of  the  quantities  required  come  out  as  small  differences  between  large  numbers. 
An  example  is  given  on  page  263  of  the  work  referred  to,  where  it  is  shown  that 
the  numerical  sums  of  the  positive  and  negative  quantities,  which  form  the  coeffi- 
cients lor  the  planetary  coefficients  in  the  term  of  long  period  due  to  the  action  of 
Venus  are  more  than  400  times  as  large  as  their  difference,  which  is  the  coefficient 
finally  to  be  used.  The  result  is  that  long  and  intricate  computations  with  large 
numbers  have  to  be  carried  through  in  order  to  obtain  a  comparatively  minute 
result. 

The  difficulty  is  lessened  when,  with  Delaunay  and  Radau,  the  coefficients  are 
found  by  algebraic  formulae  through  a  development  in  powers  of  the  eccentricities 
and  inclination.  But  it  is  difficult  to  make  sure  that  such  a  development  is  carried 
tar  enough,  unless  by  the  employment  of  very  complex  formulae. 

The  difficulty  is  magnified  many  fold,  in  forming  these  perturbations,  if  account 
is  taken  of  the  mutual  perturbations  of  the  planets.  While  it  might  seem  at  first 
sight  that  these  must  be  too  small  to  affect  the  result,  I  showed  in  the  former  paper 
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that  we  could  not  be  sure  of  this  point  without  actual  computation.  In  the  case 
of  the  Hansenian  inequality  of  long  period  due  to  the  action  of  Venus  it  was  shown 
that  the  perturbations  in  question,  considered  individually,  were  nearly  of  the 
same  order  of  magnitude  as  the  coefficients  to  be  determined.  This  proceeded 
from  the  fact  that,  even  when  we  consider  only  the  formulae  of  the  elliptic  motion, 
the  coefficients  of  the  term  in  question  are  in  the  nature  of  minute  residual  differences 
of  large  quantities.  In  view  of  the  undoubted  fact  of  some  apparent  inequalities 
of  long  period  in  the  motion  of  the  Moon  of  which  theory  has  yet  given  no  expla- 
nation, it  seems  necessary  to  exhaustively  discuss  every  possible  mode  of  action 
which  might  affect  the  result. 

The  most  effective  and  certain  way  which  the  author  could  devise  to  over- 
come this  difficulty  was  to  employ  the  purely  numerical  development  sometimes 
called  "  mechanical  quadratures,"  but,  more  exactly,  that  of  induction  of  general 
formulas  from  special  values.  It  is  true  that  the  numerical  computations  required 
by  this  method  would  be  very  voluminous,  possibly  more  so  than  those  by  other 
methods.  But  the  use  of  the  method  has  the  great  advantage  that  the  computations 
are  made  on  a  simple  and  uniform  plan,  which  can  be  executed  by  routine  com- 
puters, and  in  which  the  complexity  incident  to  the  analytic  treatment  does  not  enter 
at  all.  Another  important  advantage  of  this  purely  numerical  method  is  that  the 
mutual  periodic  perturbations  of  Venus  and  the  Earth  can  be  taken  account  of  from 
the  beginning.      This  will  readily  be  seen  by  a  statement  of  the  method. 

The  values  of  the  planetary  coefficients  A,  B,  etc.,  being  functions  of  the  geocen- 
tric coordinates  of  Venus,  can  be  computed  for  any  assigned  mean  longitude  of  the 
Earth  and  Venus.  They  are  therefore  to  be  computed  for  a  certain  number  of  equi- 
distant values  of  the  mean  longitude  of  each  planet.  For  each  of  these  values 
there  will  be  a  definite  perturbation  of  the  coordinates  of  each  planet,  which  may 
be  computed  and  applied  in  advance.  Thus  the  first  computation  gives  at  once 
numerical  values  of  the  coefficients  in  which  the  effect  of  periodic  perturbation  is 
included.  From  these  are  developed  by  well-known  formulae  the  coefficients  of  the 
sines  and  cosines  of  the  multiples  of  the  mean  longitudes. 

The  perturbations  of  Mars  are  so  small  that  it  was  assumed  that  undisturbed 
values  of  the  coefficients  would  suffice.  But  the  same  method  was  used  owing  to 
its  simplicity  in  theory. 

In  the  case  of  Jupiter  the  analytic  development  would  not  have  involved  the 
difficulty  which  I  have  pointed  out.  But  it  was  so  convenient  to  apply  the  numer- 
ical method  that  it  was  adopted  for  this  planet  also. 

The  action  of  Saturn  is  so  minute  that  a  very  simple  development  suffices.  It 
was  therefore  unnecessary  to  employ  the  numerical  method  in  this  case. 
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A.  Action  of  Venus. 

§  32.  We  shall  now  show  how  the  computations  were  arranged  in  the  case  of 
Venus.  Let  us  first  suppose  that  the  orbits  of  both  planets  are  circular.  Then 
assume  the  Earth  to  be  in  zero  of  longitude.  We  assign  in  succession  60  equidistant 
longitudes  to  Venus,  6°  apart.  For  each  of  these  positions  we  compute  the  values 
of  the  four  principal  coefficients.  Numerical  induction  from  these  special  values 
will  then  give  the  values  pfA,  £,  etc.,  in  a  series  proceeding  according  to  the  cosines 
of  the  multiples  of  the  differences  of  the  mean  longitudes. 

Now  assign  to  the  Earth  a  mean 
longitude  equal  to  any  multiple  of  6°. 
If  we  start  with  Venus  at  inferior  con- 
junction we  shall  have  the  same  series 
of  values  of  the  coefficients  as  before, 
provided  that  we  now  take  the  line 
joining  the  Sun  and  Earth  as  the  axis  of 
X.  Supposing  all  our  coordinates  re- 
ferred to  this  axis  we  should  then  have 
A,  B,  etc.,  developed  according  to 
cosines  of  multiples  of  the  difference 
of  the  mean  longitudes. 

It  follows  that  in  the  actual  case  of 
the  two  orbits  having  a  small  eccen- 
tricity and  inclination  the  other  terms 
which  we  require  will  be  of  the  order  of 
magnitude  of  these  quantities  and  will  therefore  be  smaller  than  these  principal 
terms.  It  is  therefore  not  necessary  to  divide  the  circle  into  so  many  parts  in  order 
to  obtain  them. 

The  actual  process  was  to  take  the  direction  of  the  solar  perigee  for  1800  as  the 
initial  line,  or  axis  of  X.  The  way  in  which  the  coordinates  were  defined  will  then 
be  seen  by  the  diagram.  Here  on  the  left,  ir'  marks  the  position  of  the  Earth's 
perihelion.  The  positive  direction  of  X  passes  through  the  Sun  and  is  therefore 
directed  toward  the  solar  perigee.  The  Earth  being  in  this  fixed  position,  the 
coordinates  of  Venus  are  computed  for  60  equidistant  values  of  the  mean  longitude 
of  Venus  differing  by  increments  of  6°.  The  initial  or  zero  value  corresponds  to 
the  mean  inferior  conjunction  of  Venus,  marked  o  in  the  figure,  which  determines 
all  the  other  values;  a  few  of  the  others  are  numbered  in  order. 

For  each  of  these  mean  longitudes,  the  actual  coordinates  of  Venus,  including 
the  effect  of  perturbations  by  the  Earth,  were  computed.  The  position  of  the  Earth 
at  77',  corresponding  to  the  6°  positions  of  Venus,  was  then  corrected  in  each  of  the 
60  cases  by  the  periodic  perturbations  due  to  each  position  of  Venus.  With 
these  coordinates    60    numerical    values  of   the  ^-coefficients  are   computed.     I 


Arrangement  of  Coordinate  Axes,  in  Systems  o,  I,  etc. 
for  Venus. 
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designate  this  system  of  60  values,  corresponding,  perturbations  aside,  to  one 
position  of  the  Earth,  by  the  number  o;  and  I  distinguish  the  values  by  60  indices 
o,  1,  2,  .  .  .  59. 

In  the  next  system,  called  system  1,  the  Earth  has  moved  through  300  of  mean 
longitude,  or  mean  anomaly,  to  the  position  Ex.  The  set  of  60  heliocentric  coordi- 
nates of  Venus  to  be  used  will  be  the  same  as  before,  except  tor  the  perturbations, 
which  will  now  be  those  for  Ely  or  for  £-=30°.  But  the  position  corresponding 
to  the  inferior  conjunction  in  this  system  will  be  that  corresponding  to  the  index  5 
in  system  o.  A  new  axis  of  ^  is  now  adopted,  again  passing  through  the  mean 
Sun,  and  therefore  making  an  angle  of  300  with  the  initial  axis.  The  coordinates 
of  Venus  are  all  transformed  to  this  axis,  and  another  set  of  60  values  of  the 
yl-coefficients  are  computed. 

The  remainder  of  the  process  consists  in  assigning  to  the  mean  longitude  of  the 
Earth  successive  increments  of  300  until  it  is  brought  around  to  the  position  E1V 
in  mean  anomaly  3300.  In  each  case  the  axis  of  X  is  taken  to  pass  through  the 
mean  Sun. 

From  these  720  special  values  of  the  ./4 -coefficients  the  general  values  are  sepa- 
rately developed  for  each  of  the  12  systems.  Then  the  general  development  for  any 
system  is  effected  by  a  second  quadrature.  The  final  result  will  be  the  values  of 
A,  B,  etc.,  referred  to  an  axis  always  passing  through  the  mean  Sun. 

Were  we  to  adopt  a  fixed  system  of  coordinate  axes,  it  would  now  be  necessary 
to  transform  these  values  referred  to  the  moving  axis,  to  the  adopted  fixed  system. 
But  the  necessity  of  this  transformation  is  avoided  by  referring  all  the  coordinates, 
those  of  the  Moon  as  well  as  of  the  planet,  to  the  mean  Sun  from  the  beginning. 
This  is  fully  as  simple  as,  perhaps  even  simpler  than,  referring  them  to  a  fixed  axis. 
The  ease  of  doing  it  is  all  the  greater  from  the  fact  that,  in  the  actual  computation  of 
the  lunar  coordinates,  they  are  first  referred  to  the  mean  Moon.  The  transformation 
from  the  mean  Moon  to  the  mean  Sun  is  probably  simpler  than  the  transformation 
to  a  fixed  axis. 

§  33.  Development  of  the  A-coefficients  for  Venus. 

The  computations  relating  to  Venus  are  shown  in  tabular  form  in  Tables  I- VIII, 
and  will  now  be  explained.  To  obtain  the  12  undisturbed  values  of  the  Sun's 
coordinates,  we  derive  the  equation  of  the  centre  and  the  logarithm  of  the  radius 
vector  from  the  tables  of  the  Sun  found  in  Astronomical  Papers,  Vol.  VI. 

For  the  argument  of  mean  anomaly  of  the  Sun  the  initial  value  is 

^0  =  5-370*8 
corresponding  to  g'  =  o°.     The  increment  for  each  300  is 

AM =30.43830 
resulting  in  the  value  188.0000  for^-'  =  1800. 
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With  the  12  values  of  M  thus  found  are  taken  the  equation  of  the  centre,  E,  for 
1800,  and  log  r'.     Then 

x'  =  r'  cos  E  y'  =  r'  sin  E 

The  resulting  values  of  x'  and  y'  are  shown  in  Table  I. 
For  Venus,  we  have 

Initial  mean  longitude  =  99°30'  7" 

this  being  the  longitude  of  the  Earth's  perihelion  for  1800.     For  the  same  epoch 

we  have 

Longitude  of  perihelion  of  Venus  =  I28°45'  17". 4 

Initial  mean  anomaly  of  Venus      =  330°44'5o".2 

To  find  the  tabular  argument  corresponding  to  this  mean  anomaly  we  proceed  thus: 
Adding  5  increments  of  6°,  we  have 

Mean  anomaly  of  Venus  for  index  5  =  o°44' 50". 25 

For  this  mean  anomaly  the  precepts  of  Tables  of  Venus,  pp.  278-279,  give 

Tabular  Arg.  K  ;    A0  =  1.11601 
Increment  of  K  for  6°  =  3.745014 

We  now  add  one  period  to  /iTand  subtract  5  increments 

A5  =        1.11601 

P  =    224.70084 

225.81685 

5  increments     18.72507 

Initial  A,        207.09178 

which  corresponds  to  the  inferior  conjunction  of  Venus  in  system  o. 

The  resulting  values  of  A' are  found  in  Table  II.  With  the  values  of  A"  thus 
formed  the  equation  of  the  centre  and  log  r  in  the  elliptic  orbit  of  1800  are  taken 
from  the  tables. 

The  data  for  the  rectangular  coordinates  are: 

Node  of  Venus,  1800  H  =    740  52' 48". 75 

Perihelion  of  Earth  tt  =    99   30     7   .6 

Node  referred  to  Perihelion    0=335    22  41   .2 
Inclination  for  1800  7  =      3    23  33   .45 

The  values  of  the  coordinates  x,  y,  and  z  in  the  initial  system  are  now  computed 
by  the  formulae 

u  =  Eq.  Cent.  4-  240  37'  18". 80  m  sin  M=  cos  7  sin  0  m  cos  M=  cos  6 

m'  sin  M'  =  sin  0  m'  cos  M'  =  cos  7  cos  0 
leading  to 

M=*  240  35'  i".84  M'  =  240  39'  35".9i 

log  m  =  9.9998680  log  m'  =  9.9993706 

x  on  mr  cos  {M  +  u)  y  =  m'r  sin  (AP  4-  «)  z  =  r  sin  7  sin  u 
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Designating  the  systems  by  suffixes,,  and  putting  c  =  cos  300,  these  coordinates 
were  transformed  to  the  axes  of  the  other  1 1  systems  by  the  formulae 

*i  =  ex*  +  £y„  7\  =  <9%  ~  K 

*2  =  K  +  Wo  y2  =  ho  -  cxo 


and  then,  in  general, 


§  34.  Explanation  of  the  tables.  The  periodic  perturbations  of  the  longitudes 
of  the  Earth  and  Venus,  and  of  the  logarithms  of  their  radii  vectores,  omitting 
terms  of  long  period,  are  now  to  be  found. 

Table  III :  Mutual  -periodic  perturbations. 

For  the  perturbations  of  Venus  by  the  Earth,  hu  and  8p,  the  arguments  of  the 
double  entry  Tables  VIII  and  XVII  are: 

Hor.  Arg.  g  =  K—  0^.650  =  206^.44  +  3.745*' 
Vert.  Arg.  II  for  System  o  and  i=  o,  104.35 
Increment  of  II  for  each  system  All  =  20 

"  "  "    "     "      index  A2II=  —  2.461 

For  the  single  entry  Tables  XI  and  XX  we  have 

Arg.  A  =  i.62203(£--£-') 

For  the  index  $         g  =  330°.75  4-  6°/ 
For  the/th  system  g'  =  30 °j 

Hence,  for  i  =  o,  j  =  o,   Arg.  A  =  536.49 
Increment  for  each  unit  of  i,    AA  —  +  9.732 
"  "       "       "     "  J,  A! A  =  —  48.661 

With  the  values  of  the  arguments  thus  formed  the  periodic  perturbations  of  Venus 
by  the  Earth  are  taken  from  the  Tables  VIII,  XVII,  XI,  and  XX. 

For  the  corresponding  perturbations  of  the  Earth  by  Venus,  we  have 

Hor.  Arg.  £-=30.4383/ 
Vert.  Arg.  II  for/ =  o  ;  i  =  o  •  •  •  165.375 
Increment  for  each  unit  of  i;  %&g=  3 
"  "      "       M     "  /*;   —  24.383 

Argument  A  has  the  same  value  as  in  the  Tables  of  Venus. 
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The  perturbations  of  the  longitude  and  log.  radius  vector  of  the  Earth  found  with 
these  values  of  the  arguments  are  given  in  the  columns  $v'  and  8p. 

Table  IVa  and  YVb.  The  perturbations  in  Table  III  are  transformed  into 
increments  of  the  rectangular  coordinates  of  Venus  and  the  Earth. 

Neglecting  the  cosine  of  the  inclination  we  have  for  Venus  when  referred  to  the 
initial  system  of  axes 

Ax0  =  —  y  sin  i"hu  +  xSp  Ay0  —  x  sin  i"8u  -f  ySp 

the  tabular  8/>  being  multiplied  by  the  modulus  of  logarithms.  For  the  other 
systems  the  transformation  is  made  by  the  formulae  for  the  transformation  of  the 
coordinates  themselves.  The  results  are  given  in  full,  in  units  of  the  8th  place  of 
decimals,  in  Table  IV.  Applying  them  to  the  undisturbed  coordinates,  we  have 
the  coordinates  of  Venus  for  each  position  of  the  two  bodies. 

Table  V.  The  values  of  the  solar  coordinates  in  Table  I,  of  the  Venus  coor- 
dinates in  Table  II,  after  being  transformed  to  the  axis  of  the  system,  and  of  the 
increments  in  Table  IV,  are  added  so  as  to  form  the  disturbed  geocentric  coordi- 
nates of  Venus  in  each  system  for  each  position  of  Venus. 

Table  VI.  With  the  perturbations  of  latitude  in  the  different  systems  the  dis- 
turbed geocentric  coordinate  Z  was  computed  and  tabulated. 

With  these  geocentric  coordinates  are  computed  the  720  values  of  the  four 
coefficients  A,  B,  C,  and  D  defined  in  §  7.     Since 

A+B+ C=o 

the  computation  of  C  might  have  been  dispensed  with.  It  was,  however,  carried 
through  as  an  additional  check  on  the  accuracy  of  the  work.  The  latter  was,  how- 
ever, done  in  duplicate,  the  check  being  incomplete. 

Table  VII  gives  the  values  of  the  coefficients  thus  computed. 

The  coefficients  E  and  F  lead  to  appreciable  inequalities  only  in  the  case  of  the 
argument  6,  and  have  been  treated  separately.  Their  special  values  were  computed 
for  six  systems  and  thirty  indices  only,  and  are  found  in  Table  VIII. 

§  35.  The  process  of  developing  the  general  value  of  each  coefficient  in  a  periodic 
series  is  given  by  Briinnow  in  his  S-pharischen  Astronomic  Taking  A  as  an 
example  we  first  develop  the  value  for  each  system  in  the  form 

Ah  =  2  (ak  cos  iL  +  bk  sin  iL) 

where  k  is  the  number  of  the  system  and  L  the  difference  of  the  mean  longitudes 
of  Venus  and  the  Earth, 

L  =  v-g' 

We  thus  have  12  values  of  each  of  the  coefficients  ak  and  bk,  one  corresponding 
to  each  value  of  g' .     These  values  are  then  again  developed  in  the  form 

au  =  2K/  cosjg'  +  bh<J  sin/£')  bh  =  2(«*,/  cos  ig'  +  bhJ  sin/£-') 


46  ACTION  OF  THE  PLANETS  ON  THE  MOON. 

These  being  substituted  in  the  general  expression  given  above  for  Ak  gives  the 
value  of  A  itself  in  the  form 

A  =  22  [a  cos  {iL  +jg')  +  h  sin  {iL  +jg')~\ 

The  development  was  effected  in  this  way  up  to  i  =  8  only,  this  being  the  limit 

for  possible  sensible  terms  other  than  the  Hansenian  term  of  long  period  depending 

on  the  argument 

i8Z  +  ig'  -  g 

§  36.  The  Hansenian  Venus-term  of  long  period.  The  computation  of  this 
inequality  requires  the  determination  of  the  coefficients  fore  =  18,  which  we  obtain 
trom  the  general  formulae  thus.     Putting,  in  any  one  system, 

-^0'    "I*    •"■!'>    '  '  '        59 

for  the  60  values  of  A,  and 

Ac  cos  18Z  -f  At  sin  18Z 

for  the  pair  of  terms  depending  on  the  argument  18Z,  the  general  formulae  give 

3oAe  =  A0  +  Ax  cos  1080  +  A2  cos  2160  +  •  •  • 
30^4,  =  Ax  sin  1080  +  A2  sin  2160  +  •  •  • 

the  angles  increasing  by  1080  in  each  term.  The  fifth  angle  will  be  1800  -f-  27r, 
so  that  the  only  numerically  different  values  of  the  coefficients  which  enter  into 
the  series  besides  1  and  o  are 

sin  180,  cos  180,  sin  360,  and  cos  360 
For  example,  we  have 

30^  =  A0  —  Al  sin  180  —  A2  cos  360  +  A3  cos  360  +  At  sin  180  +  •  •  • 
30^4,  =  Ay  cos  180  —  A2  sin  360  —  Az  sin  360  +  Ai  cos  180  +  •  •  • 

From  the  cyclic  order  of  the  coefficients  the  method  of  computing  Ac  and  At 
is  as  follows: 

With  the  60  values  of  any  one  coefficient,  say  A,  in  any  one  system, 

■^*0*         1'         2'    '  '  *'   "^59 

compute 

AJ  =  An  +  A.n  4-  Am  4-  •  •  •  4-  A 
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0     '     "10     '  20     I  '     "*60 

A,'  =  A,  4-  An  4-  A2V  4-  •  •  •  +  A 
A*  =A2  +  Al2  +  A22+---  +  A 
A9'  =A9  +  A19  +  A29+  ■■-  +  A 
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Next: 


J^q"~^-0~j^5 


A  II A   I  A   I 


A  II A  I         A  I 


a;>=ai-A{ 


Next: 

Ati  x  =  A"  +  A"  ACi  x  =  A/'  —  Ai" 

We  then  have,  in  each  system 

SoAc  =  A0"  +  ACil  sin  i8°  +  Ac<2  cos  36* 


At>1  =  A"  +  A2" 


A  II A   I         A  I 


A        A  II  A  II 


3oAt  =  Atl  cos  180  —  ASi2  sin  36' 


with  similar  values  for  B,  C,  and  D. 

The  numerical  results  of  these  processes  for  each  system  are  shown  in  Table  IX. 

The  next  step  is  to  develop  each  set  of  numerical  values  of  any  one  pair  of  coeffi- 
cients, say  An  and  At  in  the  form 


30^  =  a0  +  at  cos  g'  +  <x2  cos  2gf  +  ft  sing-'  +  ft  sin  ig' 
3oAe  =  a0'  +  a/  cos  g'  +  a2'  cos  2g'  +  ft'  sin  g'  +  ft'  sin  2g*' 

These  are  to  be  substituted  in  the  general  form 

A=.  Ae  cos  18Z  +  At  sin  18Z 

Retaining  only  terms  which  may  be  wanted  for  our  purpose,  we  shall  have 

30^1  =  aQ  cos  18Z  +  a0f  sin  18Z 
+  Hai  -  ft')  cos  (18Z  +  g')  +  i  (a/  +  ft)  sin  (18Z  +  g') 
+  i(«i  ~  ft')  cos  (18Z  +  2^')  +  i(aj  +  ft)  sin  (18Z  +  2g') 
+  2  (S  -  ft')  cos  (18Z  +  3^')  +  I  (a/  +  ft)  sin  (18Z  +  $g') 

TABLE  I. 

Sun's  Geocentric  Coordinates  in  the  Mean  Orbit  of  1800, 
Referred  to  Mean  Sun  as  Direction  of  Axis  of  X. 


(<*) 


(*) 


System. 

g' 

x' 

y' 

0 
1 

2 
3 

0 

0 

30 

60 

90 

+0.083  2075 
+0.985  3853 
+0.991 3897 
+0.999  7183 

0.0000000 
+0.016  8542 
+0.029 1452 
+0.033  5823 

4 
5 
6 
7 

120 
150 
180 
210 

+1.008 1877 
+1.0144741 

+1.0 16  7929 

+1.0144741 

+0.029  0233 

+0.016  7321 

0.0000000 

—0.016  7321 

8 

9 

10 

11 

240 
270 
300 
330 

+1.008 1877 
+0.999  7183 
+0.991 3897 
+0.985  3853 

—0.029  0233 
—0.033  5823 
—0.029 1452 
—0.0168542 
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TABLE   II. 

Computation  of   rectangular  Coordinates  of  Venus    in   the   elliptic   Orbit  of 

l800,    REFERRED    TO    SOLAR    PERIGEE    AS    Axis    OF    X. 


1 

1 

Arg.  K. 

Eq. 

Cent. 

log.r 

log.  X 

\og.y 

log.  Z 

0 

207.0918 

—23 

15-02 

9.856  7321 

—O.856  5920 

+7.726  9130 

+8.242  1742 

I 

210.8368 

-18 

47.49 

9.856  5914 

-9.8542879 

—8.849  0901 

+8.331  7492 

2 

214.5818 

—  14 

7-30 

9.856  4812 

—9.847  0688 

—9.163  8652 

+8.401  8640 

3 

218.3268 

—  9 

17.60 

9.856  4028 

-9.834  7638 

—9.341 2292 

+8.457  9729 

4 

222.0718 

—  4 

21.63 

9-8563570 

—9.817  0717 

—9.463 1513 

+8.503  3027 

5 

1.1160 

4-  0 

37.28 

9-856  3445 

—9-793  5309 

—9.554  3215 

+8.539  9034 

6 

4.8610 

+  5 

35.76 

9-856  3653 

—9.763  4657 

—9-625  5304 

+8.569  1404 

7 

8.6060 

+10 

30.48 

9.8564193 

—9.725  9000 

—9.682  4522 

+8.591  9486 

8 

12.3510 

+15 

18.10 

9-856  5057 

—9.679  4042 

—9.728  4252 

+8.608  9752 

9 

16.0961 

+19 

55-43 

9.856  6236 

—9.621  8221 

—9-765  5624 

+8.6206617 

10 

19.841 1 

+24 

19-34 

9-856  7717 

—9-549  7350 

—9.795  2686 

+8.627  2934 

II 

23.5861 

+28 

26.93 

9.856  9481 

—9-457  3022 

-9.818  5057 

+8.629  0280 

12 

27.3311 

+32 

15-39 

9-857 1509 

—9-333  3365 

—9-835  9401 

+8.625  9108 

13 

31.0761 

+35 

42.29 

9-857  3778 

— 9.151  9096 

—9.848  0289 

+8.617  8781 

14 

34.8211 

+38 

45.29 

9.857  6261 

—8.824  3320 

-9-855  0707 

+8.604  75 1 1 

IS 

38.5661 

+41 

22.44 

9-857  8931 

+7-o6i  5592 

—9.8572356 

+8.586  2194 

16 

42.3112 

+43 

32.07 

9-858 1756 

+8.929  0946 

-9.854  5813 

+8.561  8070 

17 

46.0562 

+45 

12.78 

9.858  4706 

+9.203  5288 

-9.847  0574 

+8.530  8192 

18 

49.8012 

+46 

23.54 

9-858  7747 

+9.367  1085 

-9.834  5015 

+8.492  2492 

19 

53.5462 

+47 

3-66 

9.859  0846 

+9.482  0030 

—9.816  6224 

+8.444  6187 

20 

57-2912 

+47 

12.78 

9.859  3968 

+9.5688886 

—9.792  9712 

+8.385  6881 

21 

61.0362 

+46 

50.89 

9-859  7079 

+9.637  21 13 

-9.762  8896 

+8.31 1  8851 

22 

64.7812 

+45 

58.29 

9.860  0146 

+9.692  0696 

—9.725  4250 

+8.217  0551 

23 

68.5263 

+44 

35.65 

9.8603134 

+9.7365149 

—9.679 184 1 

+8.089  2497 

24 

72.2713 

+42 

43-92 

9.860  601 1 

+9.772  5022 

—9.622  0691 

+7.900  1224 

25 

76.0163 

+40 

2444 

9.8608748 

+9.801  3428 

—9.550  7649 

+7.546o46i 

26 

79.7613 

+37 

38.73 

9.861 13 14 

+9.823  9406 

—9.459  6400 

—6.971  8246 

27 

83.5063 

+34 

28.65 

9.861 3684 

+9.840  9243 

—9.338  0001 

-7.731  3881 

28 

87.2513 

+30 

56.31 

9.861 5830 

+9.852  7264 

— 9.161 4423 

—7.9903231 

29 

90.9963 

+27 

4.01 

9.861 7733 

+9.859  6294 

—8.849  5051 

-8.148  1795 

30 

94.7414 

+22 

54.28 

9.861 9370 

+9.861  7933 

+7.6393795 

—8.260  1046 

31 

98.4864 

+  18 

29.84 

9.862  0726 

+9.859  2710 

+8.8997388 

—8.345  1900 

32 

102.2314 

+13 

53.52 

9.862 1786 

+9.852  01 16 

+9.186  2719 

—8.412  3233 

33 

105.9764 

+  9 

8.29 

9.862  2540 

+9.8398567 

+9.354  2638 

—8.466  3544 

34 

109.7214 

+  4 

17.19 

9.862  2779 

+9.822  5254 

+9.471 5502 

—8.5102060 

35 

113.4664 

—  0 

36.64 

9.862  3099 

+9-799  5863 

+9.5600170 

-8.545  7583 

36 

1 17.21 14 

-  5 

30.07 

9.862  2809 

+9.7704104 

+9.629  5228 

-8.574  2757 

37 

120.9564 

—10 

20.01 

9.862  2381 

+9.734  0928 

+9.685  3431 

—8.506  6294 

38 

124.7015 

-15 

3.29 

9.862 1550 

+9.6893188 

+9.730  6171 

—8.613  4244 

39 

128.4465 

—19 

36.93 

9.862  0415 

+9.634  1256 

+9-7673464 

—8.625  0747 

40 

132.1915 

—23 

57.98 

9.861 8988 

+9565  4464 

+9.7968687 

-8.631  8465 

41 

135.9365 

-28 

3.60 

9.861 7283 

+9.478  1499 

+9.820 1022 

-8.6338851 

42 

I39.68I5 

—31 

51-16 

9.861 5318 

+9.362  7126 

+9.8376839 

—8.631  2325 

43 

1434265 

-35 

18.17 

9.861 31 13 

+9.198  2317 

+9.8500500 

—8.623  8210 

44 

I47.I7I5 

-38 

22.35 

9.861 0693 

+8.921  4921 

+9.8574837 

—8.61 1  4784 

45 

150.9166 

—41 

1.70 

9.8608081 

+7.912  5788 

+9.860 1443 

-8.593  0051 

46 

154.6616 

—43 

14.42 

9.860  5307 

—8.8273540 

+9.8580817 

—8.570  6520 

47 

158.4066 

—44 

58.99 

9.860  2308 

—9. 15 1  8035 

+9.851 2413 

—8.541  0589 

48 

162.1516 

-46 

14.23 

9.8599388 

—9-332  3188 

+9.8394597 

-8.504  1837 

49 

165.8966 

-46 

59-22 

9.8596307 

—9-455  9020 

+9.822  4495 

—8.458  6539 

50 

169.6416 

-47 

13.42 

9.8593190 

—9-548  1734 

+9.799  7714 

—8.402  4145 

51 

173.3866 

-46 

56.56 

9.8590071 

—9.6202216 

+9.770  7859 

—8.332  2360 

52 

177.1317 

-46 

8.76 

9.8586083 

-9.6778438 

+9-734  5737 

—8.242  6677 

53 

180.8767 

—44 

50.45 

9.858  3962 

—9.724  4363 

+9.689  7990 

—8.1234525 

54 

184.6217 

—43 

2-43 

9.858 1040 

—9.762  1421 

+9.634  4660 

—7.9SI5304 

55 

188.3667 

—40 

45.82 

9-857  8250 

—9792  3808 

+9.565  4503 

—7.653  3423 

56 

192.1117 

-38 

2.06 

9.857  5624 

—9.816  1217 

+9.477  5085 

—4.949  3707 

57 

I95.8567 

-34 

52.00 

9.857  3192 

—9.834  0339 

+9.360  8616 

+7.651  6300 

58 

IQ9.6017 

—31 

20.43 

9.857  0081 

—9.846  5740 

+9.1938645 

+7.950  6732 

59 

203.3468 

-27 

26.94 

9.8569016 

—9-854  0381 

+8.909  8324 

+8.122  8613 
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TABLE   III. 

Mutual  periodic  Perturbations  of  Venus  and  the  Earth. 

The  term  of  long  period  is  omitted.     The  tabular  unit  is  c/'.oi  in  du  and  Sv',  and  10— 8  in  <5p  and  dp'. 


i 

System  0. 

System  1. 

Syst 

em  2. 

du 

dv' 

op 

dp' 

du 

oV 

dp 

dp' 

du 

dv' 

dp 

dp' 

0 

+  239 

—169 

+  347 

+464 

+  534 

—390 

+  321 

+472 

+  543 

—402 

+  229 

+537 

i 

+  65 

-151 

+  394 

+440 

+  432 

—423 

+  398 

+424 

+  545 

—507 

+  331 

+467 

2 

—  146 

-116 

+  515 

+365 

+  267 

—423 

+  540 

+334 

+  479 

-573 

+  514 

+349 

3 

—  406 

-65 

+  675 

+254 

+  23 

-379 

+  7i6 

+214 

+  315 

—590 

+  724 

+203 

4 

—  705 

+  4 

+  814 

+  126 

—  295 

—303 

+  880 

+  78 

+  58 

-558 

+  910 

+  42 

5 

— 1018 

+  S2 

+  897 

+  0 

-  662 

—  194 

+  988 

-  62 

—  276 

-477 

+  1045 

-117 

6 

—  1304 

+  158 

+  898 

—in 

—1052 

-  62 

+1023 

—194 

-  659 

—357 

+1093 

—261 

7 

— 1541 

+219 

+  823 

—206 

—1420 

+  80 

+  94i 

-308 

-1058 

—204 

+  1044 

-388 

8 

—1702 

+264 

|  +687 

-284 

-1728 

+221 

+  779 

-397 

—1435 

-  27 

+  895 

-489 

9 

—1706 

+289 

+  501 

—352 

-194 1 

+348 

+  55i 

-459 

—  1760 

+  161 

+  658 

—562 

10 

—  1820 

+301 

!  +  281 

—414 

—2049 

+449 

+  273 

-495 

— 1991 

+348 

+  349 

—602 

ii 

—1777 

+307 

+   26 

-468 

—2047 

+522 

—  21 

-514 

—2103 

+517 

+   5 

—612 

12 

—1674 

+313 

1  —  234 

-510 

—  1950 

+566 

—  316 

-518 

—2089 

+657 

—  343 

-594 

13 

-1508 

+325 

—  506 

-538 

-1767 

+589 

-  596 

-515 

—1956 

+757 

—  661 

—557 

14 

-1286 

+343 

-  767 

—549 

-I5I7 

+599 

-851 

—504 

— 1721 

+818 

—  935 

—506 

15 

— 1013 

+370 

—  1002 

—544 

— 1211 

+605 

—1066 

-485 

-1417 

+847 

—1 146 

—447 

16 

-  695 

+403 

—  1205 

-524 

-857 

+607 

—  1236 

—454 

—1057 

+850 

—1298 

-387 

17 

—  350 

+446 

—  I36l 

-486 

-  475 

+610 

-1348 

—406 

-  666 

+836 

-1386 

—322 

18 

+  19 

+498 

—  I462 

—433 

—  77 

+611 

-1399 

—346 

—  260 

+812 

-1407 

-255 

19 

+  407 

+559 

-i486 

-353 

+  320 

+613 

-1382 

—269 

+  149 

+78i 

-1357 

-181 

20 

+  787 

+622 

— 1417 

-247 

+  701 

+614 

—1302 

-178 

+  535 

+741 

—1236 

—  99 

21 

+  1139 

+681 

—  1244 

—113 

+  1047 

+616 

—  1 148 

-  72 

+  883 

+695 

—1053 

-  6 

22 

+  143 1 

+723 

-  966 

+  40 

+1351 

+617 

—  921 

+  5o 

+1182 

+643 

-  825 

+  96 

23 

+  1629 

+740 

-  597 

+205 

+  1586 

+611 

—  619 

+  189 

+  1417 

+586 

—  54i 

+209 

24 

+  1709 

+726 

-  180 

+367 

+1725 

+590 

-  248 

+338 

+  1578 

+524 

—  226 

+328 

25 

+  1660 

+682 

+  263 

+5i6 

+1748 

+550 

+  164 

+489 

+  1652 

+458 

+  121 

+453 

26 

+  1489 

+606 

+  694 

+646 

+  1636 

+484 

+  586 

+630 

+  1623 

+380 

+  488 

+578 

27 

+  1215 

+504 

+  1074 

+752 

+  1394 

+395 

+  973 

+750 

+  1478 

+288 

+  846 

+695 

28 

+  854 

+376 

+  1381 

+836 

+  1045 

+285 

+  1287 

+844 

+  1212 

+179 

+  1162 

+799 

29 

+  438 

+226 

+  1583 

+890 

+  616 

+  160 

+  1503 

+900 

+  842 

+  56 

+  1399 

+875 

30 

—   9 

+  58 

+  1667 

+912 

+  148 

+  24 

+  1608 

+922 

+  397 

-  77 

+  1532 

+918 

31 

-  451 

—  122 

+  1616 

+898 

—  321 

—122 

+  I596 

+909 

-  79 

—214 

+  1544 

+923 

32 

-  859 

—301 

+  1439 

+843 

—  764 

—272 

+  1463 

+863 

—  549 

—342 

+1437 

+887 

33 

-1 197 

-468 

+  1142 

+755 

—1 145 

—426 

+  1210 

+784 

—  971 

—467 

+1213 

+815 

34 

—  1440 

—610 

+  765 

+637 

—1429 

-571 

+  860 

+673 

—1309 

-581 

+  896 

+709 

35 

-1577 

-718 

+  336 

+502 

-1598 

—700 

+  436 

+536 

—  1540 

-684 

+  501 

+576 

36 

—1605 

—793 

—  103 

+355 

—1636 

-803 

—  14 

+377 

-1643 

-777 

+  66 

+420 

37 

—  1529 

-833 

—  524 

+204 

-1557 

-870 

—  453 

+206 

— 1610 

-849 

-378 

+247 

38 

—1357 

-837 

-  911 

+  5i 

—1360 

-808 

-  856 

+  33 

—1443 

-893 

-  797 

+  67 

39 

—  1098 

-811 

—  122 1 

—102 

-1085 

-889 

-1 183 

—132 

—1 163 

—907 

-1 148 

-115 

40 

-  770 

-755 

—  1440 

-248 

-  747 

-844 

—  1422 

-284 

—  800 

-883 

—1404 

-288 

41 

—  393 

-675 

-1548 

-380 

—  370 

-770 

-1557 

-418 

-  389 

-824 

-I55I 

—443 

42 

-   8 

-575 

—1540 

-485 

+  19 

-669 

-1579 

—532 

+  31 

—733 

-1578 

-573 

43 

+  360 

-467 

-1430 

-559 

+  395 

-547 

— 1491 

—620 

+  426 

—620 

—1503 

-673 

44 

+  681 

—359 

—1243 

—599 

+  730 

—410 

—  1303 

-678 

+  780 

-487 

-1328 

-741 

45 

+  950 

—264 

—1003 

-608 

+  1002 

—269 

-1035 

—702 

+1068 

—340 

—1067 

-775 

46 

+  1160 

-187 

—  739 

—593 

+  1192 

—135 

—  731 

-688 

+1273 

-188 

-  750 

-772 

47 

+  1318 

—130 

—  463 

-561 

+  1302 

—  20 

—  415 

—641 

+  1383 

-38 

—  403 

—732 

48 

+  1424 

—  92 

-  186 

-518 

+1347 

+  68 

-  106 

-566 

+  1399 

+  99 

-  59 

-656 

49 

+  1485 

-69 

+  72 

-465 

+  1334 

+  127 

+  148 

-476 

+  1335 

+212 

+  240 

-552 

50 

+  1497 

-  59 

+  304 

-398 

+  1284 

+  155 

+  367 

-374 

+  1212 

+291 

+  472 

—422 

51 

+  1467 

-  61 

+  490 

—319 

+  1206 

+  160 

+  537 

-268 

+ 1066 

+331 

+  627 

—277 

52 

+  1401 

-  74 

+  641 

—232 

+  1111 

+  148 

+  655 

—163 

+  904 

+336 

+  709 

—129 

53 

+  1306 

-  95 

+  739 

—136 

+  1007 

+  116 

+  719 

-  55 

+  757 

+308 

+  739 

+  14 

54 

+  1191 

—  122 

+  783 

-38 

+  503 

+  65 

+  73i 

+  52 

+  634 

+254 

+  701 

+  144 

55 

+  1050 

-147 

+  777 

+  63 

+  799 

+  1 

+  688 

+  161 

+  535 

+  182 

+  627 

+264 

56 

+  889 

-165 

+  717 

+  168 

+  728 

-  76 

+  603 

+267 

+  467 

+  92 

+  504 

+37i 

57 

+  723 

-175 

+  611 

+272 

+  670 

—  162 

+  494 

+362 

+  443 

—  17 

+  390 

+461 

58 

+  556 

—  179 

+  488 

+367 

+  630 

-251 

+  388 

+435 

+  462 

—142 

+  276 

+527 

59 

+  398 

-177 

+  387 

+436 

+  591 

-329 

+  320 

+474 

+  501 

-274 

+  212 

+556 

5° 


ACTION  OF  THE  PLANETS  ON  THE  MOON. 


TABLE  III.— Continued. 
Mutual  periodic  Perturbations  of  Venus  and  the  Earth. 

The  term  of  long  period  is  omitted.     The  tabular  unit  is  o^.oi  in  du  and  dv',  and  10— 8  in  dp  and  6f/. 


i 

System  3. 

System  4. 

System  5. 

du 

dv' 

dp 

<y 

du 

dv' 

dp 

dp' 

du 

dv' 

dp 

Of/ 

0 

4-  391 

—  295 

4-  106 

4-639 

+  249 

—  i94 

—  20 

4-749 

4-  no 

-    87 

—  121 

4-839 

i 

4-  452 

—  43i 

+  220 

4-555 

4-  326 

—  337 

4-  89 

4-669 

4-  223 

—  253 

—  31 

4-777 

2 

+  456 

—  543 

4-  424 

4-419 

+  349 

-  457 

4-  293 

4-533 

4-  273 

—  39i 

4-  170 

4-649 

3 

+  375 

—  619 

4-  667 

+251 

4-  299 

-  548 

+  547 

4-357 

+  245 

—  493 

4-  424 

4-477 

4 

+  197 

-  647 

+  893 

4-  66 

4-  170 

—  604 

4-  802 

4-156 

4-  128 

—  556 

4-  665 

-I-277 

5 

-  68 

—  623 

+1059 

-118 

-  38 

—  621 

+  1008 

-  53 

-  65 

-  579 

+  903 

+  66 

6 

—  393 

-  551 

4- 1 132 

—287 

—  310 

—  596 

4- 1 132 

—251 

—  314 

-  50tf 

4-1053 

-144 

7 

—  744 

—  435 

+1106 

—436 

—  614 

—  529 

4- 1 145 

—430 

—  595 

—  524 

4-1111 

—344 

8 

-1097 

-  283 

4-  977 

-557 

—  924 

—  421 

4-1042 

—576 

-  882 

—  447 

4-1062 

—523 

9 

-1424 

—  103 

+  76o 

-646 

—1208 

—  278 

+  838 

-688 

-1 148 

—  339 

4-  902 

—672 

10 

—1690 

4-  97 

+  463 

—701 

— 1441 

—  108 

4-  547 

—761 

—1362 

—  202 

4-  637 

-781 

ii 

-1876 

4-  305 

4-  109 

—720 

—1604 

+  79 

4-  200 

-799 

-1499 

—  44 

4-  293 

-845 

12 

-1958 

4-  507 

—  271 

—702 

-1688 

4-  276 

—  180 

-799 

-1545 

4-  126 

—  95 

-863 

13 

-1919 

4-  692 

-  647 

-654 

-1681 

4-  476 

-  563 

-765 

— 1501 

4-  303 

-489 

-844 

14 

— 1761 

4-  843 

—  977 

-578 

-1582 

+  667 

—  921 

-695 

—1372 

4-  478 

-  859 

-788 

IS 

-1505 

+  952 

—1226 

-487 

—1393 

4-  839 

— 1219 

-594 

—1 174 

4-648 

— 1171 

—701 

16 

—1 173 

4-1014 

-1378 

-388 

—1 120 

4-  979 

—1433 

-471 

—  914 

4-  80s 

— 1412 

-588 

17 

—  800 

+1035 

-1458 

-287 

-  787 

4-1078 

—1 54i 

—332 

—  610 

4-  944 

-1554 

-449 

18 

—  412 

4-1019 

—1448 

-188 

—  429 

4- 1 127 

—1539 

—  194 

—  284 

4- 105 1 

-1588 

—291 

19 

—  23 

4-  980 

—1366 

-  95 

-  69 

4- 1 129 

-1431 

-  62 

4-  45 

+1121 

—1503 

-125 

20 

+  344 

4-  922 

— 1219 

-  5 

4-  260 

4-1089 

—1245 

+  56 

4-  347 

4-II43 

— 1313 

4-  37 

21 

+  679 

4-  853 

— 1014 

+  84 

+  547 

+ 102 1 

—  999 

4-162 

+  595 

4- 1 120 

—1036 

4-188 

22 

+  967 

4-  774 

-758 

+172 

4-  788 

4-  931 

—  713 

4-254 

4-  778 

+1056 

—  706 

4-313 

23 

+  "95 

4-  682 

-  466 

4-262 

+  975 

4-  827 

—  403 

4-340 

4-  893 

+  959 

—  356 

4-416 

24 

+  1349 

4-  582 

-  151 

4-353 

+1102 

4-  712 

-  81 

4-419 

+  942 

4-  841 

-   7 

+495 

25 

+  1428 

+  477 

4-  171 

4-446 

4-1161 

+  587 

4-  241 

4-492 

4-  936 

+  7io 

4-  322 

4-557 

26 

+1427 

4-  364 

4-  489 

+542 

4- 1 148 

+  449 

4-  546 

4-558 

4-  875 

4-  569 

4-  623 

4-609 

27 

+1339 

4-  248 

+  786 

+635 

4-1067 

4-  307 

+  817 

4-617 

4-  765 

4-  422 

+  879 

-f-650 

28 

+1164 

4-  126 

+1059 

+726 

4-  920 

+  163 

4-1043 

4-674 

4-  608 

4-  258 

+1086 

4-684 

29 

+  903 

-  4 

4-1273 

4-804 

+  7i9 

+  13 

4-1208 

+726 

4-  412 

4-  107 

+1216 

4-707 

30 

+  562 

—  143 

4-1416 

4-860 

4-  473 

-  138 

4-I3I3 

+770 

4-  194 

-  56 

4-1278 

4-720 

31 

+  160 

-  288 

4-1454 

4-886 

4-  186 

—  290 

4-I34I 

+803 

-  36 

—  219 

4-1263 

4-726 

32 

—  273 

—  429 

4-1379 

+876 

—  137 

—  442 

4-1282 

+814 

—  269 

—  379 

4- 1 177 

4-720 

33 

—  692 

—  562 

4- 1 183 

4-829 

—  472 

-  59i 

4-1117 

4-706 

—  49i 

—  536 

4-1003 

4-707 

34 

—1052 

-  675 

+  887 

4-743 

-  781 

—  730 

4-  854 

4-742 

—  692 

-  685 

4-  773 

+676 

35 

—1325 

-  764 

4-  5i4 

4-625 

-1038 

-  848 

4-  500 

+652 

-  857 

—  824 

4-  461 

4-624 

36 

—1484 

-  832 

4-  96 

4-479 

—1206 

—  937 

4-  94 

4-526 

-  966 

-948 

4-  93 

4-540 

37 

—1523 

-  878 

—  334 

4-3II 

—1269 

—  991 

—  329 

4-376 

—1002 

—1047 

—  309 

4-425 

38 

—1427 

—  902 

—  751 

4-129 

—122 1 

—1007 

—  740 

4-207 

—  945 

— 1106 

-718 

4-281 

39 

— 1212 

—  906 

— 1112 

—  59 

—1065 

—  991 

—1095 

4-  26 

—  797 

—1 124 

—1082 

4-114 

40 

-  888 

-  884 

-1392 

-244 

—  809 

—  946 

—1376 

-158 

-  564 

-1095 

-1373 

-65 

41 

—  482 

-  837 

—1560 

-417 

-  477 

-  880 

-1558 

—339 

—  267 

—1026 

—1562 

—242 

42 

—  44 

—  759 

—1603 

-567 

-  89 

—  793 

—1622 

-507 

+  61 

—  920 

-1635 

—411 

43 

+  392 

-655 

—1524 

-689 

4-  322 

-  685 

—1563 

-654 

4-  408 

—  791 

-1586 

-564 

44 

+  778 

—  530 

-1338 

—777 

4-  7i5 

-  558 

-1385 

-769 

+  743 

—  643 

—1428 

—696 

45 

+  1095 

-  388 

—1067 

-828 

+1054 

—  418 

— 1106 

-846 

4-1043 

-484 

— "59 

—800 

46 

+  1319 

—  240 

—  749 

-841 

4-1304 

-  268 

—  762 

-880 

+  1279 

—  319 

—  819 

-869 

47 

+  1445 

-  89 

—  392 

-815 

+1453 

—  114 

-  384 

—872 

+  1429 

-  151 

-  427 

—896 

48 

+  1474 

4-  57 

—  33 

-751 

4-1495 

4-  33 

-   5 

—824 

4-1481 

4-  12 

—  22 

-876 

49 

+  1405 

4-  104 

+  292 

-651 

+1438 

4-  170 

4-  338 

—740 

4-1430 

+  164 

4-  349 

-813 

50 

+1256 

4-  3" 

4-  561 

-516 

4-1297 

4-  292 

4-  618 

—620 

4-1288 

4-  296 

4-  661 

—706 

51 

+  1048 

4-  308 

4-  74i 

-354 

4-1085 

4-  392 

4-  829 

-467 

4-1078 

4-  404 

4-  886 

-565 

52 

4-  820 

4-  446 

4-  825 

-177 

4-836 

4-  468 

4-  930 

-286 

4-  829 

4-  484 

+ ion 

—395 

53 

4-  609 

4-  452 

4-  819 

+  4 

+  575 

4-  511 

+  932 

-87 

4-  564 

+  534 

4- 103 1 

—205 

54 

4-  432 

4-  414 

rf  734 

4-177 

+  342 

+  5" 

4-  839 

4-II6 

4-  313 

4-  55i 

4-  955 

—  3 

55 

4-  308 

4-  342 

4-  600 

+330 

+  159 

4-  468 

4-  672 

4-3T3 

4-  97 

4-  534 

4-  790 

4-206 

56 

4-  237 

4-  245 

4-  45i 

+463 

+  5i 

+  385 

4-  465 

4-490 

—  55 

4-  479 

4-  556 

+411 

57 

4-  219 

4-  127 

4-  292 

+S69 

4-  26 

4-  264 

4-  246 

+629 

-  125 

4-  384 

4-  297 

4-597 

58 

4-  247 

-  6 

4-  161 

+640 

4-  66 

4-  "9 

4-  72 

4-726 

-  105 

4-  249 

4-  66 

4-742 

59 

4-  312 

—  148 

4-  89 

+665 

4-  151 

-  38 

-  26 

4-768 

-  15 

4-  87 

-  89 

4-827 

COEFFICIENTS  FOR  DIRECT  ACTION. 
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TABLE  III.— Continued. 
Mutual  periodic  Perturbations  of  Venus  and  the  Earth. 

The  term  of  long  period  is  omitted.     The  tabular  unit  is  o^.oi  in  tiu  and  6v/ ',  and  10— 8  in  rfp  and  fip'. 


i 
o 

Sjste 

m  6. 

System  7. 

System  8. 

du 

dv' 

dp 

dp' 

du 

dv' 

dp 

do' 

du 

dv' 

dp 

dp' 

-    57 

+  45 

—   130 

+838 

—  225 

+  170 

—    33 

+759 

—  422 

+  319 

+  73 

+655 

i 

+  73 

—  129 

—  94 

+826 

—  no 

+   5 

—    39 

+773 

—  316 

+  156 

+  59 

+682 

2 

+  166 

—  292 

+  58 

+741 

—   12 

—  155 

+  56 

+726 

—  226 

—   3 

+  134 

+654 

3 

+  186 

—  426 

+  296 

+596 

+   38 

—  301 

+  231 

+629 

-  177 

—  148 

+  272 

+58i 

4 

+  113 

-  519 

+  558 

+406 

+   21 

—  422 

+  446 

+487 

—  179 

-  273 

+  434 

+471 

5 

—  55 

-565 

+  794 

+  195 

-  82 

—  509 

+  663 

+312 

-  238 

-  375 

+  596 

+334 

6 

—  294 

-565 

+  96l 

—  23 

-  266 

—  552 

+  840 

+  115 

—  353 

—  449 

+  733 

+178 

7 

—  573 

—  526 

+  X039 

—232 

—  511 

-  547 

+  943 

—  94 

—  522 

—  490 

+  827 

+  5 

8 

-  860 

—  453 

+  1017 

—421 

—  790 

—  493 

+  950 

—298 

-  735 

—  490 

+  845 

-175 

9 

—1 128 

-  351 

+  892 

-388 

—  IO66 

—  400 

+  855 

-483 

—  973 

—  442 

+  776 

-349 

10 

—1349 

—  228 

+  668 

—723 

—  1302 

-  275 

+  651 

—639 

— 1201 

-  348 

+  605 

-518 

ii 

—  1496 

-  88 

+  36i 

-823 

-1470 

—  131 

+  368 

-758 

-1378 

—  217 

+  343 

-659 

12 

—1549 

+  64 

—   9 

-879 

—  1549 

+  23 

+  23 

-836 

—1480 

-  62 

+  13 

—762 

13 

—1494 

+  223 

—  405 

-893 

—  1524 

+  182 

—  352 

-876 

-1481 

+  107 

—  350 

-828 

14 

—  1335 

+  381 

—  790 

-860 

—  1390 

+  339 

—  732 

-875 

-1378 

+  277 

-  714 

-850 

15 

—1089 

+  533 

—1 125 

-788 

—  1 150 

+  489 

—1076 

-834 

— 1178 

+  440 

—1048 

-831 

16 

-  775 

+  671 

-1382 

-682 

-815 

+  624 

-1355 

-757 

-875 

+  588 

—1327 

-774 

17 

—  427 

+  796 

— 1541 

-547 

—  419 

+  742 

—1534 

—640 

—  500 

+  7i8 

— 1521 

-680 

18 

—  73 

+  902 

-1592 

—396 

+   2 

+  833 

-1595 

—496 

-  75 

+  821 

—1606 

-555 

19 

+  266 

+  987 

-1528 

—231 

+  409 

+  901 

-1538 

-328 

+  370 

+  895 

-1567 

—406 

20 

+  563 

+  1046 

-1357 

—  59 

+  759 

+  944 

-1364 

-151 

+  782 

+  934 

—1402 

-238 

21 

+  799 

+  1073 

-1083 

+  114 

+  1030 

+  966 

—1098 

+  29 

+1124 

+  941 

—1 126 

-  58 

22 

+  957 

+  1062 

—  73* 

+277 

+  1205 

+  967 

-  754 

+203 

+1362 

+  920 

-  766 

+  123 

23 

+  1023 

+  1009 

—   349 

+425 

+  1274 

+  943 

—  359 

+366 

+  1479 

+  876 

—  356 

+208 

24 

+  1001 

+  919 

+  47 

+544 

+  1232 

+  890 

+  40 

+512 

+  1467 

+  812 

+  70 

+459 

25 

+  899 

+  801 

+  412 

+632 

+  1087 

+  809 

+  461 

+634 

+  1333 

+  735 

+  486 

+599 

26 

+  737 

+  663 

+  726 

+687 

+  842 

+  696 

+  816 

+726 

+  1083 

+  641 

+  861 

+713 

27 

+  540 

+  517 

+  962 

+716 

+  541 

+  565 

+  1090 

+784 

+  742 

+  531 

+1165 

+795 

28 

+  3i8 

+  3C<> 

+  1142 

+729 

+  207 

+  419 

+  1266 

+809 

+  340 

+  406 

+1368 

+846 

29 

+  90 

+  213 

+  1251 

+728 

—  121 

+  270 

+  1339 

+802 

-  91 

+  268 

+1457 

+861 

30 

—  139 

+  57 

+  1282 

+721 

—  422 

-f-  121 

+  132 1 

+772 

-  498 

+  126 

+  1428 

+843 

31 

—  359 

—  102 

+  1236 

+705 

—  677 

—  23 

+1230 

+727 

-  849 

—  11 

+  1294 

+796 

32 

—  562 

—  262 

+  1118 

+679 

-  884 

—  164 

+  107 1 

+673 

—1 126 

—  140 

+1084 

+726 

33 

—  731 

—  422 

+  926 

+645 

—1037 

—  306 

+  855 

+615 

— 1312 

—  260 

+  813 

+642 

34 

-  852 

—  574 

+  675 

+599 

—1 128 

—  445 

+  589 

+553 

—1406 

—  370 

+  510 

+548 

35 

—  923 

-718 

+  374 

+545 

— "53 

—  579 

+  284 

+487 

— 1418 

—  474 

+  187 

+453 

36 

—  935 

-  852 

+  39 

+480 

— 1108 

—  709 

—  40 

+414 

-1346 

—  577 

—  136 

+357 

37 

-  886 

—  972 

—  315 

+399 

—  991 

—  828 

-  365 

+334 

—1202 

-  676 

—  449 

+265 

38 

—  773 

—107 1 

-  683 

+300 

-  803 

—  933 

-  688 

+246 

—  982 

-  767 

—  743 

+177 

39 

-   589 

-1 143 

—1024 

+  178 

-558 

—1024 

-983 

+150 

-  697 

-  850 

-  997 

+  88 

40 

—  335 

-1 177 

— 1317 

+  33 

—  262 

—  1093 

—1240 

+  45 

—  362 

—  920 

—1203 

—  3 

41 

—  28 

—1 165 

—  1526 

—130 

+  79 

-1 139 

—1436 

—  72 

-f  12 

-  977 

—1354 

-96 

42 

+  313 

—  IIOO 

—  1622 

—297 

+  450 

-1 147 

-1550 

—201 

+  407 

— 1017 

-1438 

—192 

43 

+  650 

-  089 

—1599 

-458 

+  825 

— 1112 

-1556 

—337 

+  808 

—1036 

-1454 

—291 

44 

+  959 

-837 

-1456 

—600 

+1172 

—1024 

—145 1 

—473 

+1190 

—1024 

-1381 

—393 

45 

+1215 

-  658 

—1207 

-717 

+  1462 

-  887 

—1233 

-599 

+  1535 

—  974 

— 1213 

—491 

46 

+  1400 

—  466 

-  881 

—801 

+  1660 

—  709 

—  930 

—703 

+  1805 

-  878 

—  961 

-581 

47 

+  1505 

—  269 

—  496 

-850 

+  1753 

—  502 

—  564 

—773 

+1974 

—  737 

—  629 

-655 

48 

+1524 

-  77 

-  87 

-863 

+  1738 

-  285 

—  167 

—807 

+2021 

—   555 

—  248 

-70S 

49 

+  1454 

+  106 

+  307 

-837 

+  1629 

-  67 

+  222 

-803 

+  1941 

—  .'42 

+  135 

-725 

50 

+  1298 

+  270 

+  651 

-769 

+  1433 

+  137 

+  576 

-758 

+1741 

-  125 

+  488 

—706 

51 

+  1070 

+  407 

+  909 

—653 

+  1168 

+  319 

+  866 

-675 

+  1450 

+  9i 

+  785 

—650 

52 

+  802 

-f  513 

+  1062 

—500 

+  861 

+  471 

+  1063 

-556 

+  1100 

+  287 

+  998 

—555 

53 

+  521 

+  582 

+  1101 

—316 

+  534 

+  586 

+  "5i 

-403 

+  720 

+  454 

+1118 

—425 

54 

+  256 

+  610 

+  1045 

—117 

+  225 

+  654 

+1129 

—225 

+  346 

+  580 

+"38 

—271 

55 

+  34 

+  599 

+  890 

+  93 

—  43 

+  677 

+  988 

-  27 

+   7 

+  662 

+  105 1 

-  97 

56 

-  135 

+  553 

+  671 

+299 

—  239 

+  651 

+  773 

+  180 

-  266 

+  693 

+  875 

+  00 

57 

—  224 

+  472 

+  414 

+491 

-  348 

+  579 

+  520 

+379 

—  446 

+  670 

+  639 

+273 

58 

—  237 

+  356 

+  163 

+656 

—  371 

+  467 

+  272 

+552 

—  522 

+  592 

+  392 

+440 

59 

—  174 

+  212 

—  33 

+776 

—  322 

+  328 

+  76 

+683 

—  504 

+  471 

+  188 

+572 

52 


ACTION  OF  THE  PLANETS  ON  THE  MOON. 


TABLE   III.  —Concluded. 
Mutual  periodic  Perturbations  of  Venus  and  the  Earth. 

The  term  of  long  period  is  omitted.     The  tabular  unit  is  o^.O!  in  (J«"and  6v /,  and  10— 8  in  dp  and  tip' '. 


i 

1 

System  9. 

System  10. 

System  II. 

ou 

dv' 

dp 

1 

dp' 

du 

dv' 

dp 

dp' 

du 

dv' 

dp 

dp' 

0 

-  598 

+447 

+  196 

+563 

-  548 

+407 

+  30O 

+495 

—   205 

+  158 

+   341 

+471 

i 

—  544 

+3i8 

+  174 

+583 

-  616 

+355 

+  295 

+506 

—  371 

+  169 

+  372 

+454 

2 

-  482 

+  176 

+  237 

+552 

-  660 

+285 

+  355 

+409 

—  540 

+  175 

+  468 

+393 

3 

—  444 

+  36 

+  357 

+487 

-  698 

+200 

+  465 

+398 

-  718 

+  179 

+  591 

+306 

4 

—  446 

—  90 

+  493 

+394 

—  747 

+  109 

+  579 

+301 

-897 

+  176 

+  700 

+207 

5 

—  493 

—196 

+  613 

+285 

-  811 

+  19 

+  673 

+  193 

—1066 

+  165 

+  7(>7 

+  103 

6 

—  576 

-278 

+  699 

+  162 

-  889 

-  62 

+  727 

+  82 

-1208 

+  141 

+   783 

+  0 

7 

—  690 

-338 

+  744 

+  26 

-  980 

—127 

+  732 

—  32 

— 1321 

+  109 

+  757 

—  104 

8 

-  828 

—370 

+  736 

—  121 

—  1073 

-171 

+  681 

—142 

—  1409 

+  77 

+  662 

—205 

9 

-981 

—371 

+  667 

—272 

—1 164 

—194 

+  577 

—254 

-1470 

+  51 

+  5i6 

—300 

10 

-1 138 

—335 

+  522 

—42O 

—1249 

—193 

+  416 

—364 

-1497 

+  39 

+  342 

-384 

ii 

-1274 

—260 

+  298 

—553 

—  1290 

-166 

+  203 

—472 

—  1484 

+  41 

+  H4 

-456 

12 

—  1360 

-147 

—   3 

-661 

— 1310 

—113 

-  60 

-569 

—  1423 

+  59 

—  147 

-517 

13 

—  1372 

—  1 

-  351 

—740 

—1274 

—  29 

—  364 

-648 

— 1314 

+  95 

—  427 

-566 

14 

-1288 

+  164 

-  715 

-783 

— 1176 

+  83 

—  693 

-699 

—1 154 

+  147 

-  7ii 

—603 

15 

—1 106 

+339 

-1055 

-786 

—1000 

+222 

— 1015 

—716 

-938 

+220 

-  987 

—624 

16 

-835 

+504 

-1328 

-753 

—  741 

+374 

— 1301 

-695 

-  669 

+3ii 

—  1237 

—620 

17 

—  493 

+654 

—  1520 

-682 

-  415 

+530 

-1511 

-637 

—  346 

+420 

-1438 

-583 

18 

—  106 

+779 

—1609 

-576 

—  40 

+671 

— 1617 

—549 

+  19 

+536 

— 1561 

-510 

19 

+  308 

+876 

-1582 

—440 

+  353 

+791 

—  1605 

—431 

+  413 

+651 

-1579 

—403 

20 

+  710 

+938 

-1438 

—282 

+  726 

+878 

—1469 

-293 

+  793 

+749 

—1479 

—270 

21 

+1072 

+964 

— 1180 

—108 

+  1049 

+933 

—  1225 

—135 

+  1126 

+821 

—  1260 

-116 

22 

+  1359 

+948 

—  820 

+  68 

+  1323 

+949 

-  880 

+  33 

+  1387 

+862 

—  940 

+  40 

23 

+1532 

+899 

—  399 

+242 

+1501 

+927 

—  467 

+207 

+1547 

+867 

—  544 

+202 

24 

+  1580 

+816 

+  54 

+405 

+  1572 

+863 

—  13 

+376 

+  1600 

+835 

—  101 

+359 

25 

+  1493 

+711 

+  494 

+  551 

+  1525 

+765 

+  446 

+530 

+  1546 

+769 

+  355 

+509 

2U 

+  1278 

+592 

+  885 

+677 

+  1353 

+632 

+  872 

+659 

+1379 

+667 

+  79i 

+644 

27 

+  957 

+466 

+  1210 

+778 

+  1070 

+479 

+  122 1 

+759 

+  1116 

+533 

+  1174 

+757 

28 

+  558 

+336 

+  1436 

+849 

+  70i 

+3i6 

+I47I 

+833 

+  766 

+372 

+  1460 

+841 

29 

+  106 

+205 

+  1545 

+884 

+  271 

+153 

+  1600 

+874 

+  353 

+  192 

+  1627 

+887 

30 

-  355 

+  73 

+  1534 

+883 

—  179 

—  1 

+  1609 

+886 

-  84 

+  6 

+  1659 

+896 

31 

—  79i 

—   59 

+  1404 

+848 

—  621 

—142 

+  1501 

+867 

—  515 

-171 

+  1565 

+870 

32 

—  1 164 

-183 

+  1169 

+78o 

—1026 

—270 

+  1278 

+815 

—  909 

-330 

+1357 

+814 

33 

—  1439 

—297 

+  861 

+690 

-1358 

-383 

+  061 

+733 

—1234 

-466 

+  1050 

+735 

34 

—  1594 

—393 

+  497 

+58i 

—1592 

—477 

+  574 

+621 

-1476 

-573 

+  673 

+632 

35 

—1633 

-471 

+  134 

+465 

-1704 

-550 

+  154 

+49i 

—1629 

—652 

+  250 

+5" 

36 

—  1560 

-537 

—  225 

+345 

—1684 

—602 

—  256 

+35i 

-1661 

-707 

-  183 

+370 

37 

—  1402 

—594 

—  544 

+226 

—1549 

—630 

—  620 

+209 

-1579 

—733 

-  596 

+216 

38 

—1 173 

-645 

-  818 

+115 

— 1317 

—639 

—  923 

+  77 

-1384 

—730 

—  959 

+  60 

39 

-  879 

—694 

-1058 

+  II 

— 1017 

-637 

—1 149 

—  43 

—1098 

—703 

—1232 

-  89 

40 

—  540 

—740 

—1237 

-84 

-  674 

—631 

— 1301 

—150 

-  752 

-654 

—1403 

—219 

41 

—  159 

-783 

—1347 

—169 

—  303 

—627 

-1384 

-244 

-  375 

-595 

—  1473 

—324 

42 

+  244 

-813 

—1390 

—245 

+  80 

-626 

—1396 

—324 

+   3 

—532 

—1450 

—403 

43 

+  651 

-838 

-1365 

—315 

+  465 

-626 

—  1342 

—391 

+  364 

-477 

-1357 

—462 

44 

+  1039 

-849 

-1275 

-383 

+  835 

—623 

—1225 

-442 

+  697 

—432 

—1208 

—504 

45 

+  1399 

—845 

— 1121 

—449 

+1181 

—617 

—1049 

-478 

+  1001 

—396 

—1009 

-531 

46 

+  1708 

—821 

-  911 

-509 

+  1482 

—607 

—  832 

—502 

+  1264 

-368 

-  778 

—542 

47 

+  1946 

-768 

—  642 

—562 

+  1728 

-591 

-  580 

-517 

+  1480 

-346 

—  520 

-536 

48 

+2089 

-681 

—  322 

—601 

+  1908 

-566 

—  303 

—526 

+  1640 

-328 

—  248 

-515 

49 

-j-2122 

-555 

+  27 

—621 

+2014 

—524 

-  15 

-527 

+  1743 

—312 

+  17 

-481 

50 

+2026 

-393 

+  372 

-611 

+2027 

—460 

+  276 

-514 

+1784 

-298 

+  265 

-434 

51 

+  1803 

—207 

+  678 

—570 

+  1939 

-371 

+  548 

-479 

+  1761 

-283 

+  487 

-378 

52 

+  1482 

—  11 

+  912 

—499 

+  1744 

-254 

+  779 

-418 

+  1679 

—259 

+  673 

—314 

53 

+1093 

+  178 

+  1054 

—396 

+  1454 

-116 

+  942 

—327 

+  1528 

—221 

+  813 

—236 

54 

+  679 

+344 

+  1097 

—269 

+  1097 

+  27 

+1017 

—213 

+  1313 

—169 

+  895 

-145 

55 

+  279 

+477 

+  1042 

—117 

+  709 

+  166 

+  995 

-  80 

+  1044 

— 101 

+  000 

—  31 

56 

-  7i 

+569 

+  9o6 

+  49 

+  331 

+284 

+  884 

+  66 

+  743 

-  27 

+  825 

+  100 

57 

—  344 

+612 

+  7io 

+217 

+   3 

+37i 

—  716 

+209 

+  451 

+  43 

+  686 

+234 

58 

—  523 

+603 

+  497 

+370 

—  254 

+418 

+  536 

+337 

+  189 

+  99 

+  525 

+354 

59 

—  601 

+548 

+  312 

+489 

—  434 

+430 

+  385 

+437 

—  27 

+  137 

+  397 

+437 

COEFFICIENTS  FOR  DIRECT  ACTION. 

TABLE   IV  a. 
Perturbations  of  the  G-coordinate  X  of  Venus. 

The  tabular  unit  is  10— 8. 


53 


Sys- 

tem 
i 

0 

I 

2 

3 

4 

5 

6 

7 

8 

+142 

9 

10 

II 

0 

+  47 

+  57 

+  92 

+137 

+181 

+217 

+218 

+184 

+  107 

+  71 

+  52 

i 

+  37 

+  50 

+  81 

+118 

+159 

+  197 

+212 

+183 

+140 

+  92 

+  52 

+  30 

2 

—  11 

+  11 

+  41 

+  71 

+109 

+149 

+176 

+  158 

+114 

+  59 

+  8 

—  23 

3 

—  92 

-  59 

—  24 

+  5 

+  39 

+  75 

+112 

+  111 

+  72 

+  9 

—  52 

—  97 

4 

—193 

-154 

—ill 

-  79 

—  50 

—  14 

+  26 

+  46 

+  14 

-48 

—122 

-183 

5 

—305 

—269 

—217 

-183 

-156 

—  122 

-  79 

—  41 

—  55 

—III 

—191 

-268 

6 

—412 

—396 

-338 

—290 

—267 

—237 

—197 

—146 

—136 

—179 

—261 

-348 

7 

—506 

-519 

-465 

—405 

-380 

—354 

-318 

—263 

—230 

-251 

—326 

—421 

8 

-581 

-628 

-586 

-519 

-487 

-468 

—437 

-384 

—331 

—330 

-386 

—482 

9 

-636 

-715 

-696 

—629 

-583 

—569 

-546 

—502 

—437 

—410 

—443 

—530 

10 

-668 

-763 

—780 

-718 

-661 

—650 

-636 

—599 

—539 

-488 

—494 

-565 

ii 

-674 

-777 

-827 

-783 

-718 

—699 

-697 

—672 

—619 

-556 

—534 

-582 

12 

-660 

-759 

-828 

-814 

-745 

-714 

—722 

—710 

-669 

-606 

-561 

-580 

13 

—621 

—710 

—790 

-803 

-745 

—699 

—707 

—712 

-682 

—625 

-569 

—560 

14 

—559 

—639 

—713 

—749 

—709 

—652 

—652 

—671 

—659 

—610 

—552 

—523 

IS 

—479 

-541 

—614 

-659 

—640 

-580 

-564 

-591 

-596 

—559 

-507 

-466 

16 

-383 

-431 

—495 

—542 

—540 

-487 

—452 

-475 

—496 

—476 

—432 

-389 

17 

—279 

-308 

—364 

—410 

-417 

—374 

—325 

—337 

-368 

-366 

—331 

—298 

18 

-171 

-183 

—231 

—273 

-283 

-251 

-195 

-187 

—221 

—236 

—213 

-187 

19 

-  54 

-  61 

-98 

—137 

—149 

—123 

-  68 

-38 

-  66 

-  95 

-84 

-64 

20 

+  60 

+  56 

+  25 

—  13 

-  26 

—  1 

+  48 

+  93 

+  80 

+  46 

+  41 

+  58 

21 

+170 

+  160 

+136 

+  100 

+  82 

+106 

+151 

+203 

+209 

+  179 

+155 

+171 

22 

+269 

+253 

+229 

+  197 

+  174 

+192 

+236 

+288 

+312 

+291 

+262 

+266 

23 

+350 

+330 

+305 

+275 

+249 

+259 

+299 

+350 

+384 

+377 

+348 

+342 

24 

+406 

+392 

+363 

+333 

+307 

+306 

+34i 

+387 

+430 

+434 

+412 

+398 

25 

+441 

+436 

+407 

+373 

+347 

+338 

+367 

+412 

+45i 

+466 

+456 

+437 

26 

+461 

+460 

+435 

+400 

+374 

+361 

+378 

+418 

+457 

+475 

+476 

+464 

27 

+468 

+471 

+451 

+417 

+388 

+372 

+380 

+418 

+454 

+478 

+483 

+478 

28 

+476 

+475 

+459 

+426 

+394 

+381 

+379 

+4" 

+447 

+472 

+481 

+484 

29 

+480 

+475 

+463 

+432 

+397 

+381 

+379 

+405 

+440 

+465 

+475 

+485 

30 

+484 

+479 

+467 

+438 

+401 

+380 

+380 

+401 

+434 

+459 

+473 

+479 

31 

+490 

+484 

+476 

+445 

+406 

+380 

+380 

+397 

+431 

+457 

+470 

+476 

32 

+491 

+492 

+483 

+455 

+414 

+380 

+379 

+392 

+426 

+456 

+469 

+473 

33 

+485 

+497 

+488 

+460 

+417 

+379 

+375 

+387 

+419 

+451 

+467 

+466 

34 

+468 

+492 

+489 

+463 

+420 

+377 

+362 

+375 

+403 

+437 

+456 

+456 

35 

+439 

+468 

+479 

+458 

+414 

+366 

+341 

+354 

+377 

+4" 

+432 

+436 

36 

+397 

+426 

+448 

+437 

+392 

+342 

+310 

+314 

+338 

+368 

+391 

+399 

37 

+340 

+360 

+394 

+396 

+353 

+301 

+262 

+260 

+282 

+3ii 

+331 

+343 

38 

+263 

+270 

+309 

+327 

+293 

+240 

+  196 

+  184 

+208 

+236 

+255 

+264 

39 

+  167 

+  166 

+  199 

+230 

+211 

+  155 

+109 

+  90 

+112 

+  141 

+  161 

+  166 

40 

+  56 

+  47 

+  69 

+107 

+  104 

+  51 

+  2 

—  20 

—  4 

+  33 

+  55 

+  57 

41 

-67 

-  80 

-  74 

-38 

—  22 

-67 

—121 

-145 

—127 

—  90 

-  59 

-  58 

42 

-188 

—206 

-215 

-188 

-161 

—192 

—254 

-283 

—265 

—222 

—180 

—172 

43 

—301 

—325 

—344 

—336 

—306 

—319 

-381 

—420 

—407 

—357 

—304 

—282 

44 

—397 

—430 

—459 

—464 

—443 

-438 

—494 

—549 

—543 

-486 

—423 

-385 

45 

—473 

-510 

—545 

-568 

-557 

—544 

-589 

-656 

-665 

—609 

—534 

-475 

46 

-528 

—560 

—605 

—634 

-638 

-626 

-655 

—729 

—760 

—712 

-628 

-555 

47 

-566 

-578 

-626 

-665 

-681 

-678 

—694 

-764 

-818 

—791 

—702 

—617 

48 

-585 

-574 

-611 

-660 

-685 

—692 

—703 

-759 

-833 

-833 

—749 

-657 

49 

-588 

-547 

-566 

—619 

-653 

-668 

-679 

—723 

-805 

-838 

-775 

-675 

50 

-572 

-508 

—506 

—549 

-588 

—609 

—627 

-659 

-737 

-796 

-766 

-668 

51 

—539 

-457 

—431 

-454 

—499 

-525 

-545 

—571 

—639 

—716 

—723 

—639 

52 

—491 

—401 

—347 

—350 

—391 

—423 

—447 

—470 

-525 

—605 

—644 

-589 

53 

-431 

—339 

—268 

—248 

—276 

—311 

—333 

-357 

—401 

—477 

—535 

-518 

54 

—362 

—274 

—193 

-152 

—162 

—197 

—222 

—247 

—281 

—346 

—414 

—428 

55 

-283 

—205 

—122 

-69 

-  58 

-  88 

—III 

-137 

—167 

—219 

-286 

—324 

56 

—199 

—134 

-  58 

+  2 

+  31 

+  14 

-  14 

—  37 

-64 

—106 

—164 

—211 

57 

—114 

-  67 

—  3 

+  60 

+  101 

+102 

+  73 

+  48 

+  20 

—  14 

-  60 

—105 

58 

-  38 

-  8 

+  44 

+  104 

+151 

+167 

+144 

+  115 

+  85 

+  54 

+  16 

-  18 

59 

+  19 

+  36 

+  78 

+  130 

+  179 

+208 

+  194 

+  161 

+  128 

+  94 

+  59 

+  36 
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ACTION  OF  THE  PLANETS  ON  THE  MOON. 


TABLE   IVb. 
Perturbations  of  the  G-coordinate  Y  of  Venus. 

The  tabular  unit  is  10— 8. 


Sys- 

tem 
i 

0 

I 

2 

3 

4 

5 

6 

+  42 

7 

8 

9 

10 

II 

0 

—164 

—370 

—379 

—274 

—176 

-78 

+  160 

4-300 

+423 

+385 

4-146 

i 

—100 

-357 

—436 

-365 

-275 

—199 

-87 

+  39 

4- 181 

+337 

+377 

4-202 

2 

—  22 

—310 

—454 

—430 

—350 

—290 

—203 

-  77 

4-  68 

+239 

+348 

+251 

3 

+  7o 

—224 

—424 

-458 

—394 

—345 

-287 

-175 

—  30 

+  145 

+304 

-f-294 

4 

+172 

—III 

—350 

-438 

—405 

—  360 

-330 

—246 

—108 

+  65 

+252 

+324 

5 

+273 

4-  22 

—236 

-373 

-378 

-341 

-328 

—281 

—162 

+    3 

4-200 

+339 

6 

+355 

+164 

-  97 

—272 

-318 

—294 

-289 

-277 

—190 

-  38 

+154 

+334 

7 

+410 

+298 

+  53 

—148 

—231 

—228 

—225 

—239 

—193 

-  65 

+  115 

+313 

8 

+435 

+406 

+202 

—  11 

—124 

—146 

—144 

-171 

—167 

-  72 

+  89 

4-286 

9 

+436 

+481 

+340 

+  131 

-    6 

-  54 

-  59 

-87 

—114 

—  62 

+  73 

+258 

10 

+415 

+523 

+452 

+267 

+  114 

+  46 

+  32 

+    7 

-38 

—  31 

+  70 

4-232 

ii 

+389 

+531 

+533 

+390 

+230 

+  146 

+  120 

+  98 

+  49 

+  19 

+  78 

+214 

12 

+361 

+519 

+583 

+490 

+339 

+244 

+205 

+  185 

+  139 

4-  86 

4-101 

+205 

13 

+339 

+495 

+602 

+571 

+442 

+338 

+200 

+267 

4-227 

+165 

4-142 

+207 

14 

+331 

+472 

+600 

+626 

+533 

+429 

+372 

+348 

+315 

+254 

4-201 

4-229 

15 

+339 

+457 

+590 

+660 

+610 

+515 

+454 

+427 

+399 

+348 

4-279 

4-268 

16 

+363 

+457 

+579 

+673 

+673 

+597 

+536 

+508 

4-484 

4-440 

+371 

+329 

17 

+406 

+472 

+575 

+679 

+721 

+673 

+615 

+588 

+568 

+534 

+473 

4-409 

18 

+469 

+502 

+582 

+678 

+749 

+738 

+690 

4-667 

+650 

4-624 

+579 

+505 

19 

+550 

+548 

+602 

+680 

+76o 

+787 

+757 

+735 

+729 

4-710 

+675 

4-610 

20 

+639 

+606 

+629 

+685 

+759 

+812 

+809 

4-792 

+793 

+786 

+76i 

+7io 

21 

+729 

+668 

+660 

+692 

+747 

+814 

+837 

+832 

+837 

+845 

+829 

+795 

22 

+804 

+729 

+691 

+698 

+729 

+788 

+835 

+847 

+858 

+877 

+875 

+855 

23 

+848 

+779 

+715 

+696 

+704 

+743 

+799 

+830 

+846 

+875 

4-888 

4-880 

24 

+854 

+801 

+725 

+681 

+671 

+681 

+729 

+778 

+801 

+833 

4-861 

4-864 

25 

+812 

+786 

+717 

+653 

+621 

+606 

+630 

+683 

+717 

+752 

4-792 

4-809 

26 

+723 

+722 

+676 

+602 

+552 

+517 

+510 

+551 

+594 

4-632 

4-676 

+710 

27 

+594 

+609 

+593 

+531 

+465 

+4i6 

+383 

+397 

+441 

+478 

+522 

+567 

28 

+428 

+455 

+467 

+428 

+360 

+297 

+248 

+228 

+262 

+301 

+34i 

+390 

29 

+237 

+269 

+301 

+295 

+239 

+174 

+113 

+  66 

+  70 

+  106 

+  138 

4-187 

30 

+  26 

+  67 

+  107 

+  132 

+100 

+  40 

—  22 

—  90 

-116 

—  92 

-65 

—  27 

31 

-187 

—142 

—099 

-  54 

—  51 

-98 

-155 

—227 

—280 

-283 

—261 

—235 

32 

-388 

—340 

—300 

—250 

—216 

—237 

—284 

—346 

—416 

—449 

—440 

—424 

33 

-565 

—523 

-484 

—439 

-389 

—375 

—403 

-451 

—520 

-580 

-589 

-582 

34 

—702 

-673 

-637 

—602 

-547 

-505 

-509 

-538 

-594 

-667 

—702 

—703 

35 

-796 

-785 

-754 

—729 

-685 

—625 

—601 

—609 

-644 

-711 

-770 

-787 

36 

-846 

-852 

-835 

-814 

-789 

—728 

-679 

-664 

-675 

—723 

-788 

—829 

37 

-857 

-875 

—872 

-860 

-850 

—807 

-743 

—704 

—691 

—712 

-774 

-830 

38 

-832 

-857 

-869 

-867 

-869 

-850 

—791 

—729 

-695 

-688 

—729 

—794 

39 

-779 

—810 

-833 

—840 

-850 

-858 

—820 

-749 

—690 

-659 

-669 

—729 

40 

—704 

-741 

-769 

-787 

—802 

-835 

—827 

—761 

-685 

—631 

-608 

-647 

41 

—613 

-659 

—690 

—713 

-736 

-778 

—810 

-767 

-682 

—607 

-554 

-56l 

42 

-518 

-568 

—601 

—629 

-655 

—704 

-766 

-763 

-680 

-589 

-512 

-483 

43 

-428 

-475 

-513 

—539 

-568 

-618 

—702 

—743 

-686 

-582 

-484 

—421 

44 

—350 

-383 

—426 

—452 

-478 

-528 

—622 

—705 

-689 

-586 

-468 

—379 

45 

—289 

—299 

—341 

—369 

—393 

—435 

—530 

-645 

-681 

-597 

—469 

—353 

46 

—249 

—226 

—260 

—291 

—310 

—344 

—432 

-569 

-659 

—612 

—480 

—345 

47 

—227 

—  168 

-183 

—214 

—229 

—254 

—329 

—472 

—610 

-618 

—499 

—352 

48 

—220 

—126 

—III 

—139 

-152 

-166 

—223 

—360 

—532 

-606 

-521 

—3^3 

49 

—227 

—103 

-  47 

-64 

-  77 

-  79 

-116 

—235 

—425 

-566 

-535 

-387 

50 

—240 

—  94 

—     3 

+    9 

—    2 

+    8 

—  10 

—104 

—295 

-488 

—530 

—410 

51 

-258 

-  96 

+  25 

+  75 

+  74 

+  88 

+  97 

+  30 

—148 

—377 

—497 

—424 

52 

—278 

-105 

+  40 

+  124 

+  143 

+163 

+  192 

+  160 

+    8 

—235 

—427 

—427 

53 

-297 

—124 

+  35 

+  151 

+200 

+226 

+270 

4-276 

+161 

-  77 

—324 

—407 

54 

—314 

-150 

+  13 

+  I5i 

+234 

+272 

+327 

+368 

4-299 

+  84 

-194 

-359 

55 

-319 

—184 

—  21 

+  124 

+237 

+298 

+358 

+428 

4-409 

+235 

—  49 

-285 

56 

-3" 

—226 

—  68 

+  74 

+205 

+291 

+360 

+449 

+483 

+361 

+  92 

—192 

57 

—290 

—273 

—  132 

+    8 

+136 

+247 

+329 

+427 

+509 

+448 

+215 

—  94 

58 

-257 

—319 

—212 

-  77 

+  42 

+164 

+264 

+365 

+481 

+487 

+305 

+     1 

59 

-215 

-355 

—298 

-173 

-  66 

+  50 

+  165 

+274 

+407 

+477 

+361 

+  81 

COEFFICIENTS  FOR  DIRECT  ACTION. 
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TABLE  V. 

Rectangular  G-coordinates  X  and  Y  of  Venus,  referred,  in  each 
System,  to  an  Axis  of  X  passing  through  the  mean  Sun. 


i 

System  0. 

System  1. 

System  2. 

X 

r 

X 

r 

X 

r 

o 

+0.264  4388 

+0.005  3159 

+0.267  8642 

+0.017  2810 

+0.273  5960 

+0.024 1368 

i 

+0.2682411 

—0.070  6564 

+0.271  9461 

—0.058  8025 

+0.277  8772 

—0.051 8927 

2 

+0.280  0227 

—0.145  8383 

+0.2840031 

—0.1340369 

+0.290 1029 

—0.127  0162 

3 

+0.209  6585 

—0.2193893 

+0.303  8978 

—0.207  5810 

+0.310 1265 

—0.200  3988 

4 

+0.326  9346 

—0.290  4863 

+0.331 4038 

—0.2786154 

+0.337  7133 

—0.271 2285 

5 

+0.361 5487 

-0.358  3344 

+0.366  2082 

—0.346  3496 

+0.372  5452 

—0.338  7248 

6 

+0.403  1 1 59 

—0.422 1763 

+0.407  9159 

—0.410  0328 

+0.414  2234 

—0.402 1483 

7 

+O.451  1712 

—0.481 2993 

+0.456  0557 

—0.468  9619 

+0.462  2754 

—0.460  8077 

8 

+O.505  1754 

—0.535  0445 

+0.510  0841 

—0.522  4898 

+0.516 1594 

—0.514  0671 

9 

+O.5645219 

—0.582  8139 

+0.569  3924 

—0.570  0313 

+0.575  2710 

—0.561 3528 

10 

+0.628  5438 

—0.624  0792 

+0.633  3160 

—0.61 1 0692 

+0.6389518 

—0.602 1602 

ii 

+0.696  5229 

—0.658  3852 

+0.701  1382 

—0.645 1617 

+0.706  4955 

—0.636  0564 

12 

+O.767  6965 

—0.685  3576 

+0.772  1023 

—0.671 9440 

+0.777  1566 

—0.662  6856 

13 

+0.841  2692 

—0.704  7061 

+0.845  4198 

—0.691 1353 

+0.850  1572 

—0.681 7730 

14 

+O.916  4199 

—0.716  2270 

+0.920  2784 

—0.702  5389 

+0.924  6978 

—0.693 1251 

IS 

+O.9923125 

-0.7198055 

+0.995  8539 

—0.706  0456 

+0.999  9648 

—0.696  6325 

16 

+  1.068  1057 

—0.715  4169 

+1.0713157 

—0.701 6335 

+  1.075  1404 

—0.692  2716 

17 

+ 1. 142  9619 

—0.703 1247 

+1.1458394 

—0.689  3674 

+1. 149  4106 

—0.680 1025 

18 

+  1.2160577 

—0.683  0801 

+1.2186136 

—0.669  3977 

+1.22 1  9735 

—0.6602691 

19 

+  1.2865933 

—0.655  5200 

+1.2888493 

—0.641 9577 

+1.2920488 

—0.632  9963 

20 

+  1-353  7991 

—0.620  7640 

+1.3557887 

—0.607  3599 

+  1.3588839 

-0.5985883 

21 

+  1.4169464 

—0.579  2086 

+1.4187118 

—0.565  9943 

+  1.4217633 

—0.557  4240 

22 

+  1.4753529 

—0.531 3238 

+1.4769448 

—0.5183206 

+  1.480  0138 

—0.509  9523 

23 

+  1.528  391 1 

-0.477  6470 

+1.5298660 

—0.4648651 

+  1-533  0133 

—0.456  6884 

24 

+  1-575  4942 

—0.418  7748 

+1.576  9123 

—0.4062148 

+  1.580  1954 

—0.398  2084 

25 

+  1.616  1628 

—0.355  3577 

+1.6175843 

—0.343  0090 

+1.621  0558 

—0.335 1418 

26 

+  1.649  9691 

—0.288  0919 

+1.6514516 

—0.275  9346 

+  1.655  1564 

—0.268 1673 

27 

+  1.676  5593 

—0.217  71 16 

+1.678 1568 

—0.205  7162 

+  1.682  1302 

—0.1080049 

28 

+  1.6956592 

—0.1449820 

+1.697  4188 

—0.133 1099 

+1.701  6857 

—0.1254065 

29 

+  1.7070734 

—0.070  6903 

+1.709  0351 

—0.058  8960 

+1.7 13  6087 

—0.051 15 1 1 

30 

+  1.7106894 

+0.004  3615 

+1.7128842 

+0.016 1297 

+I.7I7  7659 

+0.023  9652 

31 

+  1.7064775 

+0.079  3664 

+1.7089249 

+0.091 1628 

+1.714  1050 

+0.099 1360 

32 

+  1.694  4891 

+0.153  5190 

+1.697 1990 

+0.165  3988 

+1.7026556 

+0.173  5529 

33 

+  1.6748587 

+0.226  0244 

+1.6778288 

+0.238  0408 

+  1.6835308 

+0.246  4124 

34 

+  1.6478008 

+0.296 1060 

+1.6510177 

+0.3083085 

+  1.6569253 

+0.316  9261 

35 

+  1.6136080 

+0.363  0127 

+ 1. 61 7  0473 

+0.375  4452 

+  1.623  1 144 

+0.384  3269 

36 

+  1.5726476 

+0.426  0265 

+1.576  2761 

+0.438  7253 

+1.5824506 

+0.4478781 

37 

+  1.525  3583 

+0.484  4694 

+  1.529  1350 

+0.497  4622 

+  1.535  3622 

+0.506  8825 

38 

+1.4722450 

+0.537  7122 

+  1.476  1240 

+0.551 0155 

+1.4823484 

+0.560  6879 

39 

+1.4138753 

+0.585 1789 

+  1.4178080 

+0.5987973 

+1.423  9759 

+0.608  6959 

40 

+1.350  8731 

+0.626  3539 

+1.3548096 

+0.640  2802 

+  1.3608720 

+0.650  3687 

41 

+1.283  9122 

+0.660  7876 

+  1.2878040 

+0.675  0020 

+1.293  7184 

+0.685  2350 

42 

+1.2137108 

+0.688  0095 

+  1.2175124 

+0.702  5721 

+1.2232454 

+0.712  8968 

43 

+1.141  0227 

+0.707  9845 

+ 1. 144  6940 

+0.722  6753 

+ 1. 150  2220 

+0.7330331 

44 

+1.0666304 

+0.720  2157 

+  1.070  1388 

+0.735  0768 

+  1.0754484 

+0.745  4066 

45 

+0.091  3369 

+0.724  6478 

+0.094  6591 

+0.739  6239 

+0.999  7488 

+0.749  8650 

46 

+0.915  9571 

+0.721 2182 

+0.919  0806 

+0.736  2498 

+0.923  9587 

+0.746  3434 

47 

+0.841  3093 

+0.709  9494 

+0.844  2332 

+0.724  9743 

+0.848  9201 

+0.734  8666 

48 

+0.768  2082 

+0.690  9488 

+0.770  9409 

+0.705  9042 

+0.775  4674 

+0.715  5486 

49 

+0.6974541 

+0.664  4077 

+0.7000152 

+0.679  2337 

+0.704  4196 

+0.688  5925 

50 

+0.629  8261 

+0.630  6012 

+0.632  2439 

+0.645  2428 

+0.636  5703 

+0.654  2871 

51 

+0.566  0715 

+0.5898843 

+0.5683830 

+0.604  2938 

+0.572  6800 

+0.613  0068 

52 

+0.506  8987 

+0.542  6896 

+0.509  1472 

+0.5568286 

+0.5134653 

+0.565  2062 

53 

+0.452  9685 

+0.489  5225 

+0.455  2029 

+0.503  3636 

+0.459  5903 

+0.5 1 1  4133 

54 

+0.404  8861 

+0.430  9573 

+0.407  1576 

+0.444  4847 

+0.41 1  6602 

+0.452  2270 

55 

+0.363  1948 

+0.3676314 

+0.365  5549 

+0.380  8404 

+0.3702130 

+0.388  3082 

56 

+0.328  3680 

+0.300  2365 

+0.330  8664 

+0.313 1351 

+0.335  7125 

+0.320  3708 

57 

+0.300  8042 

+0.2295127 

+0.303  4856 

+0.242 12 10 

+0.308  5436 

+0.249  1 75 1 

58 

+0.280  8207 

+0.1562403 

+0.283  7236 

+0.168  5895 

+0.289  0073 

+0.17S  5176 

59 

+0.268  6504 

+0.081 2302 

+0.271  8049 

+0.093  3621 

+0.277  3170 

+0.100  2240 

56 
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TABLE   V '.—Continued. 

Rectangular  G-coordinates  X  and  Y  of  Venus,  referred,  in  each 
System,  to  an  Axis  of  X  passing  through  the  mean  Sun. 


i 

System  3. 

System  4. 

System  5. 

X 

r 

X 

r 

X 

r 

0 

-f  0.279  8926 

+0.024  4020 

+0.285  2603 

+0.0184830 

+0.288  6591 

+0.008  0878 

i 

-i-0.284  2769 

—0.051 3907 

+0.289  6702 

—0.056  9777 

+0.293  0191 

—0.067  0880 

2 

+0.296  5601 

—0.126  2430 

+0.301 9298 

—0.13 1 4966 

+0.305 1838 

— 0.141 3542 

3 

+0.316  5918 

—0.1993308 

+0.321 8895 

—0.204  2627 

+0.325  0091 

—0.213  9093 

4 

+0.344 1354 

—0.269  8527 

+0.349  3160 

—0.2744873 

+0.352  2710 

—0.283  9728 

5 

+0.3788721 

—0.337  0406 

+0.383  8974 

—0.341 4123 

+0.3866655 

—0.350  7937 

6 

+0.420  4078 

—0.400 1668 

+0.425  2457 

—0.404  3190 

+0.427  8152 

-0.413  6573 

7 

+0.468  2736 

-0.458  5510 

+O.472  0020 

—0.462  5340 

+0.475  2721 

—0.471 8919 

8 

+0.521 9346 

—0.5 1 1 5674 

+O.526  3418 

—0.515  4368 

+0.528  5222 

-0.524  8756 

9 

+0.580  7952 

-0.5586507 

+O.584  9803 

—0.5624651 

+0.585  991 1 

—0.572  0427 

10 

+0.644  2076 

—0.599  3022 

+O.648  1798 

—0.603 1207 

+0.650  0504 

—0.612  8887 

II 

+0.71 1 4758 

—0.633  0942 

+0.715  2549 

—0.636  9740 

+0.717  0241 

—0.646  9765 

12 

+0.781 8659 

—0.659  6737 

+0.785  4819 

—0.663  6672 

+0.787 1933 

—0.673  9389 

13 

+0.854  6132 

—0.678  7647 

+O.858  IO36 

—0.682  9185 

+0.859  8058 

—0.693  4842 

14 

+0.928  9294 

—0.690 1730 

+0.932  3397 

-0.694  5257 

+0.934  0825 

—0.705  3977 

IS 

+1.004  01 13 

—0.693  7852 

+1.007  3925 

—0.698  3667 

+1.0092254 

—0.709  5459 

16 

+1.0790492 

—0.689  5714 

+1.0824565 

—0.694  4006 

+1.084  4261 

—0.705  8759 

17 

+1.1532351 

—0.677  5823 

+ 1. 156  7246 

—0.682  6691 

+1.1588744 

—0.6944182 

18 

+1.225  7719 

—0.657  9526 

+1.2293983 

—0.663  2956 

+1.23 1  7646 

—0.675  2864 

19 

+1.2958808 

—0.630  8062 

+  1.2996944 

—0.636  4839 

+1.3023064 

—0.648  6759 

20 

+1.3628093 

—0.596  7058 

+  1.3668546 

—0.602  5160 

+1.369  731 1 

—0.614  8635 

21 

+1.4258394 

-0.555  7489 

+  1.430  1522 

—0.561 7502 

+1.433  301 1 

—0.574  2026 

22 

+1.484  2931 

—0.508  4647 

+  1.4889006 

-0.514  6175 

+1.492  3178 

—0.527 1222 

23 

+1.537  5412 

—0.455  3593 

+  1.5424596 

—0.461 6180 

+1.546 1296 

—0.474 1 2 14 

24 

+1.5850084 

—0.397  0007 

+  1.5902425 

—0.403  3157 

+1.594 1387 

—0.415  7661 

25 

+1.626 180 1 

—0.334  0124 

+1.63 1  7225 

—0.340  3342 

+1.6358083 

—0.352  6827 

26 

+1.6606072 

—0.267  0689 

+1.6C64388 

—0.273  3482 

+1.6706690 

—0.285  5523 

27 

+1.687  91 13 

-0.1968867 

+1.694  0012 

—0.203  0779 

+1.6983230 

—0.215 1035 

28 

+1.7077882 

—0.124  2202 

+1.7140957 

—0.130  2819 

+1.7184514 

—0.142 1049 

29 

+  1.720  0122 

—0.049  8508 

+  1.7264883 

-0.055  7493 

+1.730  8162 

—0.0673551 

30 

+  1.724  4388 

+0.02S  4l88 

+  1.73 1  0274 

+0.019  7085 

+1.7352660 

+0.008  3225 

31 

+  1.72 1  0059 

+0.100  7745 

+  1.7276465 

+0.095  2669 

+1.73 1 7363 

+0.084  0928 

32 

+  1.709  7359 

+0.175  3989 

+1.7163660 

+0.170  0060 

+1.720  2518 

+0.159 1 154 

33 

+  I.69O  7351 

+0.248  4792 

+1.6972920 

+0.243  3714 

+1.7009265 

+0.232  5558 

34 

+  I.664  1950 

+0.319  2167 

+  1.670  6195 

+0.314  2840 

+1.6739638 

+0.303  5951 

35 

+  I.6303893 

+0.3868336 

+1.636  6271 

+0.382  0454 

+1.6396529 

+0.371 4384 

36 

+  I.589  6721 

+0.450  5830 

+  1.595  6761 

+0.445  9010 

+1.5983674 

+0.435  3259 

37 

+  1.542  4753 

+0.509  7560 

+  1.5482079 

+0.505 1363 

+1.550  5612 

+0.494  54" 

38 

+  I.4893032 

+0.563  6915 

+  1.4947388 

+0.5590849 

+1.4967627 

+0.548  4197 

39 

+  I.43073OO 

+0.61 1  7835 

+  1.4358543 

+0.607 1386 

+1.437  5701 

+0.596  3565 

40 

+  I.3673923 

+0.653  4880 

+1.3722027 

+0.648  7530 

+1.3736443 

+0.637  8131 

41 

+  I.299  982I 

+0.688  3306 

+1.3044890 

+0.683  4552 

+1.3056998 

+0.672  3257 

42 

+  1.229  2412 

+0.715  91 13 

+  1.2334657 

+0.7108508 

+1.2344980 

+0.699  5075 

43 

+  I.I55  9507 

+0.735  91 14 

+ 1. 1 59  9243 

+0.730  6274 

+1.1608358 

+0.719  0571 

44 

+  I.080O236 

+0.748  0061 

+  1.0846868 

+0.742  5595 

+1.0855389 

+0.730  7598 

45 

+  I.OO49938 

+0.752  3188 

+1.0085958 

+0.7465108 

+1.0094492 

+0.7344915 

46 

+O.929  OO85 

+0.748  5233 

+0.932  5029 

+0.742  4365 

+0.933  4172 

+0.7302183 

47 

+0.853  8157 

+0.736  7446 

+0.8572595 

+0.730  3837 

+0.858  2903 

+0.717  9976 

48 

+O.780  2560 

+0.717  1082 

+0.783  7064 

+0.710  4897 

+0.784  9033 

+0.697  9763 

49 

+O.709  1529 

+0.689  8295 

+0.712  6639 

+0.682  9817 

+0.714  0686 

+0.670  3895 

50 

+O.64I  3017 

+0.655  21 15 

+0.644  9229 

+0.648 1733 

+0.646  5668 

+0.635  5557 

51 

+0.577  46l  I 

+0.613  6402 

+0.581  2344 

+0.606  4605 

+0.583 1378 

+0.593  8734 

52 

+0.5I8  3431 

+0.565  5804 

+0.522  3027 

+0.558  3153 

+0.524  4736 

+0.545  8162 

53 

+O.464  6055 

+0.5115714 

+0.468  7755 

+0.5042817 

+0.471 2105 

+0.491 9264 

54 

+O.4168456 

+0.452  2194 

+0.421  2379 

+0.444  9681 

+0.423  9224 

+0.432  8084 

55 

+0.375  5007 

+0.388  1916 

+0.380  2062 

+0.381 0400 

+0.383 1 147 

+0.369 12 18 

56 

+0.341  2944 

+0.320  2069 

+0.346  12 18 

+0.313  2132 

+0.349  2206 

+0.301 5727 

57 

+0.3I4  3306 

+0.2490281 

+0.319  3477 

+0.242  2440 

+0.322  5952 

+0.2300071 

58 

+O.294  9887 

+0.175  45o8 

+0.300  1638 

+0.1689220 

+0.3035124 

+0.1579020 

59 

+O.283  4712 

+O.1002967 

+0.288  7653 

+0.094  0597 

+0.292  1646 

+0.083  3577 

COEFFICIENTS  FOR  DIRECT  ACTION. 
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TABLE   V.—  Continued. 

Rectangular  G-coordinates  X  and  Y  of  Venus,  referred,  in  each 
System,  to  an  Axis  of  X  passing  through  the  mean  Sun. 


i 

System  6. 

System  7. 

Syst 

em  8. 

X 

r 

X 

r 

X 

r 

0 

+0.2893812 

—0.004  3547 

+0.2870415 

—0.0159849 

+0.281 8724 

—0.023  8026 

i 

+0.293  5931 

—0.079  3938 

+O.29I  0012 

—0.091 0510 

+0.285  5340 

—0.099  0059 

2 

+0.305  5780 

-0.153  5781 

+0.302  7254 

—0.165  3184 

+0.2069815 

—0.1734542 

3 

+0.325  2014 

—0.226 1096 

+0.322  0914 

—0.237  9885 

+0.316  1026 

—0.246  3419 

4 

+0.352  2490 

—0.296  2092 

+0.3488955 

—0.308  2783 

+0.342  7024 

—0.3168787 

5 

+0.3864284 

—0.363 125 1 

+O.382  8548 

—0.375  4297 

+0.376  5054 

—0.384  2966 

6 

+0.427  3728 

—0.426 1400 

+O.423  6l  13 

—0.438  7161 

+0.417 1580 

-0.447  8587 

7 

+0.474  6443 

—0.484  5776 

+0.470  7341 

—0.4974515 

+0.464  2316 

—0.506  8671 

8 

+0.527  7380 

—0.537  8098 

+O.523  7240 

—0.550  9962 

+0.5172268 

—0.560  6696 

9 

+0.586  0872 

—0.585  2627 

+O.582  OI78 

—0.598  7649 

+0.575  5777 

-0.6086687 

IO 

+0.649  0693 

—0.6264213 

+O.644  9946 

—0.6402315 

+0.6386584 

—0.650  3275 

ii 

+0.716  01 18 

—0.660  8369 

+0.7 1 1  9802 

—0.674  9360 

+0.705  7897 

—0.685 1772 

12 

+0.786  1986 

—0.688 1308 

+O.782  2554 

—0.702  4883 

+0.776  2436 

—0.712  821 1 

13 

+0.8588769 

—0.707  9983 

+0.855  0617 

—0.722  5740 

+0.849  2528 

—0.732  9398 

14 

+0.933  2651 

—0.7202135 

+  O.9296105 

-0.7349582 

+0.924  0172 

—0.745  2958 

15 

+1.0085598 

—0.724  6313 

+  I.OO50OO2 

—0.739  4890 

+0.999  7145 

—0.749  7373 

16 

+  1.083  9453 

—0.721 1895 

+  I.0806753 

-0.736  0995 

+  1.0755086 

—0.746 1991 

17 

+ 1. 158  6020 

—0.709  9106 

+  1. 155  5347 

—0.7248102 

+I.I50  5579 

—0.734  7062 

18 

+  1.23 1  7142 

—0.6909018 

+  1.2288424 

—0.705  7280 

+  1.2240268 

—0.715  3728 

19 

+1.3024807 

—0.664  3547 

+  1.2097857 

—0.679  0484 

+  1.2950946 

—0.688  4024 

20 

+  1.370  12 19 

—0.630  5443 

+1.367  5740 

—0.645  0509 

+  1.3629645 

—0.654  0862 

21 

+  1.433  8901 

—0.589  8264 

+  1.4314510 

—0.604  0981 

+  1.4268752 

—0.612  7987 

22 

+  1.4930762 

—0.542  6339 

+  1.4907009 

—0.556  6323 

+  1.486  1086 

—0.564  9945 

23 

+  1.547  0187 

—0.4894723 

+1.5446576 

—0.503 1709 

+1.5399987 

—0.5 1 1 2033 

24 

+  1.595  1 122 

—0.430  9158 

+  1.592  7131 

—0.444  2998 

+  1.5879409 

—0.452  0237 

25 

+  1.636  8140 

—0.367  6003 

+  1.6343252 

-0.3806684 

+  1.6293973 

—0.388 1 167 

26 

+  1.67 1  6503 

—0.300  2166 

+  1.669  02 14 

—0.3129805 

+  1.6639048 

—0.320 1963 

27 

+  1.6992228 

—0.229  5034 

+  1.6964089 

—0.241 9865 

+  1.6910789 

—0.249  0223 

28 

+  1.7192138 

—0.156  2412 

+  1.7161761 

—0.1684765 

+  1.7106192 

-0.1753907 

29 

+  1.73 1  3898 

—0.081 2404 

+  1.7280986 

—0.093  2689 

+  1.722  3122 

— 0.100  1249 

30 

+  1.7356043 

—0.005  3345 

+  1.732  0410 

—0.017  2049 

+  1.7260340 

—0.024  0644 

31 

+  1.73 1  8010 

+0.070  6309 

+  1.7279580 

+0.058  8662 

+  1.7217514 

+0.0519430 

32 

+  1.720  0145 

+0.1458077 

+1.7158966 

+0.134  0934 

+  1.709  5212 

+0.127  05 1 1 

33 

+1.7003702 

+0.2193560 

+  1.6950944 

+0.207  6356 

+  1.6894904 

+0.200  4263 

34 

+1.6730827 

+0.290  4526 

+  1.6684777 

+0.278  6726 

+  1.6618933 

+O.271  2560 

35 

+  1.6384553 

+0.358  3016 

+  1.6336597 

+0.346  4130 

+  1.6270482 

+0.338  7587 

36 

+  1.5968743 

+0.422 1439 

+1-59 1  9353 

+0.410 1049 

+  1.585  3540 

+0.402  1930 

37 

+  1.5488048 

+0.481 2659 

+  1.543  7778 

+0.469  0434 

+  1.5372837 

+O.4608658 

38 

+1.4947865 

+0.535  0089 

+1.4897309 

+0.522  5796 

+  1.4833802 

+O.514  1397 

39 

+1.435  4258 

+0.582  7755 

+  1.4304045 

+0.570 1266 

+  1.4242480 

+O.561  4397 

40 

+1.371  3900 

+0.624  0380 

+  1.366  465 1 

+0.61 1 1675 

+  1.3605472 

+O.602  2588 

41 

+1.3033980 

+0.6583431 

+  1.2986290 

+0.645  2602 

+  1.2929865 

+O.636  1634 

42 

+  1.232  2125 

+0.685  3171 

+  1.2276529 

+0.672  0417 

+  1.222  31 15 

+0.662  7978 

43 

+  1.1586310 

+0.704  6698 

+  1.1543266 

+0.691 2326 

+ 1. 149  3005 

+O.681  8865 

44 

+  1.0834752 

+0.716 1979 

+  1.0794622 

+0.702  6377 

+  1.074  7540 

+O.693  2381 

45 

+  1.007  581 1 

+0.719  7864 

+  1.0038858 

+0.706 1489 

+0.9994847 

+0.696  7453 

46 

+0.931  7909 

+0.715  4100 

+0.928  4277 

+0.701 7444 

+0.924  31 15 

+0.692  3855 

47 

+0.856  9412 

+0.703 1324 

+0.853  9128 

+0.689  4895 

+0.850  0486 

+0.680  2209 

48 

+0.783  8553 

+0.683 1047 

+O.781  1516 

+0.669  5340 

+0.777  4975 

+0.660  3060 

49 

+0.713  3338 

+0.655  5634 

+0.710  9317 

+0.642 1 1 1 1 

+0.707  4383 

+0.633  1359 

5o 

+0.646  1446 

+0.620  8269 

+0.644  0104 

+0.607  5322 

+0.640  6223 

+0.598  7436 

51 

+0.583  0165 

+0.579  2912 

+0.581  1065 

+0.566 1862 

+0.577  7638 

+0.557  5971 

52 

+0.524  6297 

+0.531 4234 

+0.522  8929 

+0.518  5316 

+0.519  5340 

+0.510  1441 

53 

+0.471  61 10 

+0477  7588 

+0.469  9907 

+0.465  0927 

+0.466  5545 

+0.456  8979 

54 

+0.424  5246 

+0.418  8929 

+0.422  9616 

+0.4064538 

+0.419  3902 

+0.398  4327 

55 

+0.383  8706 

+0.355  4747 

+0.382  3050 

+0.343  2525 

+0.378  5456 

+0.335  3763 

56 

+0.350  0760 

+0.288  2002 

+0.348  4501 

+0.276 1738 

+0.344  458i 

+0.2684051 

57 

+0.323  4952 

+0.217  8039 

+0.321  7545 

+0.205  9419 

+0.317  4943 

+0.1982368 

58 

+0.3044032 

+0.145  0512 

+0.302  4996 

+0.133  3140 

+O.297  9461 

+0.1256232 

59 

+0.292  9944 

+0.070  7305 

+O.290  8879 

+0.059  0724 

+0.286  0278 

+0.051  3438 

58 
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TABLE   V '.—Concluded. 

Rectangular  G-coordinates  X  and  Y  of  Venus,  referred,  in  each 
System,  to  an  Axis  of  X  passing  through  the  mean  Sun. 


i 

System  9. 

System  10. 

System  11. 

X 

r 

X 

r 

X 

r 

0 

+0.275  0523 

—0.025  3633 

+0.268  5973 

—0.019  7819 

+0.264  6365 

—0.0084260 

i 

+0.278  4844 

— 0.100  7462 

+0.271  9768 

—0.095  3562 

+0.268  1640 

—0.084  2045 

2 

+0.289  7521 

—0.1754000 

+0.283  2537 

—0.170  2047 

+0.279  6432 

—0.159  2361 

3 

+0.308  7484 

—0.248  5086 

+0.302  3220 

—0.243  5018 

+0.298  9610 

—0.232  6860 

4 

+0.335  2831 

—0.3192704 

+O.3289878 

—0.3144354 

+0.325  9149 

-0.303  7353 

5 

+0.369  0820 

—0.386  9062 

+0.362  9727 

—0.382  2158 

+0.360  2162 

-0.371 5891 

6 

+0.409  7903 

—0.450  6682 

+0.403  9145 

—0.446  0864 

+0.401  4013 

—0.435  4874 

7 

+0.4569758 

—0.509  8485 

+O.451  3723 

—0.505  3317 

+0.449  2861 

—0.494  7126 

8 

+0.510 133 1 

—0.563  7854 

+0.504  8204 

—0.559  2848 

+0.503  0724 

—0.548  5982 

9 

+0.5686886 

—0.6 1 1 8737 

+0.563  7000 

—0.607  3382 

+0.5622517 

—0.596  5386 

IO 

+0.632  0062 

—0.653  5698 

+O.627  3358 

—0.648  9481 

+0.626  1636 

—0.637  9955 

ii 

+0.6993951 

—0.688  4000 

+0.695  0329 

—0.683  6429 

+0.694  0946 

—0.672  5042 

12 

+0.770  1 1 60 

—0.715  9656 

+0.766  0396 

—0.71 1 0281 

+0.765  2841 

—0.699  6795 

13 

+0.843  3898 

-0.735  9488 

+0.839  5657 

—0.730  7919 

+0.838  9356 

—0.719  2203 

14 

+0.918  4056 

—0.748  1 1 59 

+0.914  7912 

—0.742  7091 

+0.914  2243 

—0.730  91 18 

IS 

+0.094  3301 

—0.752  3209 

+0.990  8753 

—0.7466441 

+0.990  3091 

—0.734  6303 

16 

+1.070  3171 

—0.748  5084 

+1.0669676 

—0.742  5523 

+1.0663406 

—0.730  3419 

17 

+ 1. 145  5178 

—0.736  7126 

+1. 142  2168 

—0.730  4812 

+1.1414717 

—0.718 1042 

18 

+1.2190910 

—0.7170597 

+  1.2157813 

—0.7105689 

+1.2148681 

—0.608  0645 

19 

+1.290  2123 

—0.689  7649 

+1.2868399 

—0.683  0438 

+1.285  7175 

—0.670  4585 

20 

+1.3580846 

—0.655  1320 

+  1-354  5999 

—0.648  2193 

+1.3532374 

—0.635  6060 

21 

+1.42 1 9480 

—0.613  5482 

+ 1. 418  3087 

—0.6064921 

+1.4166861 

—0.593  9072 

22 

+1.481 0876 

—0.565  4803 

+  1.477  2619 

—0.558  3354 

+1.4753700 

-0.545  8365 

23 

+1.5348440 

—0.5 1 1  4688 

+1.5308092 

—0.504  2948 

+1.528  6519 

-0.491 9379 

24 

+1.582  6192 

—0.452  12 10 

+1.5783646 

—0.444  9805 

+1.5759570 

—0.432  8169 

25 

+1.6238856 

—0.388  1040 

+  1.6194111 

—0.381 0590 

+1.6167795 

—0.369 1332 

26 

+1.658 1899 

—0.320  1363 

+1.653  5064 

—0.3132470 

+1.6506865 

—0.301 5947 

27 

+1.685 1598 

-0.248  9795 

+1.6802882 

—0.242  3001 

+  1.677  3221 

—0.230  9478 

28 

-4  1.704  5055 

—0.175  4284 

+  1.6994769 

—0.1690056 

+1.696  4120 

—0.1579687 

29 

+  1.7160249 

— 0.100  3034 

+1.7108776 

—0.094 1744 

+1.7077640 

—0.083  4561 

30 

+1.7196036 

—0.024  4386 

+  1.7143826 

—0.0186290 

+1.7112698 

—0.008  2204 

31 

+I.715  2172 

+0.0513259 

+  1.7099702 

+0.056  8022 

+1.7069075 

+0.066  9225 

32 

+1.7029292 

+0.126  1551 

+  1.6977055 

+0.13 1 2957 

+1.6947377 

+0.141 1607 

33 

+1.6828904 

+0.199  2270 

+  1.677  7386 

+0.204  0425 

+1.6749043 

+0.213  6945 

34 

+1.655  3370 

+0.269  7422 

+1.650  3021 

+0.274  2547 

+1.6476325 

+0.283  7444 

35 

+I.6205873 

+0.336  9322 

+  I.6I5  7077 

+0.341 1756 

+1.6132252 

+0.350  5588 

36 

+I-579  0366 

+0.400  0673 

+  1.5743442 

+0.404  0865 

+1.5720603 

+0.413  4229 

37 

4-I.53I  1536 

+0.458  4650 

+  1.5266706 

+0.462  3 1 16 

+1.524  5861 

+0.471 6640 

38 

+1.4774737 

+0.5 1 1  4975 

+  1.473  2125 

+0.5152296 

+1.4713167 

+0.524  6595 

39 

+  1.4185926 

+0.558  5979 

+1.4145550 

+0.562  2757 

+1.4128279 

+0.571 8423 

40 

+1.355  1605 

+0.599  2658 

+  I-35I337I 

+0.602  9494 

+1.3497496 

+0.612  7065 

41 

+I.2878735 

+0.633  0725 

+  1.2842449 

+0.636  §197 

+1.2827595 

+0.646  8129 

42 

+I.2174671 

+0.659  6638 

+1.2140031 

+0.663  5280 

+1.2125774 

+0.673  7929 

43 

+I.1447074 

+0.678  7636 

+1.1413690 

+0.682  7924 

+ 1- 139  9554 

+0.693  3538 

44 

+1.0703837 

+0.690  1770 

+  1.067  1246 

+0.694  4103 

+1.065  6731 

+0.705  2806 

45 

+0.995  2985 

+0.693  7915 

+0.992  0676 

+0.698  2589 

+0.090  5284 

+0.709  4400 

46 

+O.920  2620 

+0.689  5775 

+0.917  0042 

+0.694  2980 

+0.915  3200 

+0.705  7790 

47 

+O.846  0814 

+0.6775884 

+0.842  7410 

+0.682  5694 

+0.8408858 

+0.694  3282 

48 

+0.773  5541 

+0.6579598 

+0.770  0760 

+0.663 1065 

+0.768  0039 

+0.675  2018 

49 

+0.703  4583 

+O.630  9076 

+0.699  7907 

+0.6363845 

+0.6974731 

+0.648  5938 

50 

+O.636  5464 

+0.506  7255 

+0.632  6437 

+0.602  4170 

+0.630  0613 

+0.614  7816 

51 

+0.573  5356 

+0.555  7804 

+0.569  3612 

+0.561 6533 

+0.566  5049 

+0.574 1 195 

52 

+O.515  1027 

+0.508  5 1 10 

+0.5106209 

+0.5145258 

+0.507  5018 

+0.527  0362 

53 

+O.461  8752 

+0.455  4212 

+0.457  0893 

+0.461 5341 

+0.453  7038 

+0.474  0329 

54 

+0414  4269 

+0.3970772 

+0.409  3243 

+0.403  2415 

+0.405  7084 

+0.415  6762 

55 

+0.373  2719 

+0.334  1012 

+0.367  861 1 

+0.340  2695 

+0.364  0524 

+0.352  5927 

56 

+O.3388588 

+0.267  1652 

+0.333  1597 

+0.273  2907 

+0.329  2053 

+0.285  4627 

57 

+0.3 1 1  5656 

+0.1969846 

+0.305  6091 

+0.203  0240 

+0.301  5630 

+0.215  0136 

58 

+O.291  6964 

+0.124  31 17 

+0.285  5228 

+0.1302265 

+0.281  4442 

+0.142  0126 

59 

+0.2794770 

+0.049  9280 

+0.273  1348 

+0.055  6874 

+0.269  0848 

+0.067  2585 

COEFFICIENTS  FOR  DIRECT  ACTION. 
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TABLE  VI. 

G-COORDINATE    Z    OF   VENUS. 


Sys- 

tem 
i 

0 

1 

2 

3 

4 

5 

0 

+.017  4641 

+.034  6635 

+.042  3808 

+.0385648 

+.024  3031 

+.003  5232 

i 

+  .021  4657 

+.037  0784 

+.042  5597 

+.0364563 

+.020  5041 

—.000  9384 

2 

+.025  2276 

+.039  0785 

+.042  2557 

+.033  9453 

-+- .0104810 

—.005  3894 

3 

+  .028  7075 

+.040  6417 

+.041  4818 

+.031  0603 

+.012  2785 

—.009  7824 

4 

+.031  8665 

+.041  7509 

+.040  2471 

+.027  8339 

+.007  9423 

—.014  0692 

5 

+  .O346689 

+.042  3939 

+.038  5664 

+.024  3022 

+.003  5202 

—.018  2044 

6 

+.037  0834 

+.042  5642 

+.036  4589 

+.020  5043 

—.000  9400 

—.022  1436 

7 

+  .039  0828 

+.042  2603 

+.033  9486 

+.016  4824 

—.005  3898 

—.025  8445 

8 

+  .040  645O 

+.041  4861 

+.031  0641 

+.012  2809 

—.009  7816 

—.029  2675 

9 

+  .041  7527 

+.040  2507 

+.027  8378 

+.0079454 

—.014  0672 

—.032  3763 

10 

+.042  3943 

+.038  5690 

+.024  3057 

+.003  5235 

—.0182018 

—.035  1374 

ii 

+.042  5630 

+.036  4602 

+.020  5072 

—.000  9368 

—.022  1406 

—.0375214 

12 

+.042  2579 

+.033  9485 

+.0164842 

—.005  3871 

—.025  8416 

—.039  5028 

13 

+.041  4828 

+.031  0627 

+.012  2814 

—.009  7798 

—.0292651 

—.041  0601 

14 

+.040  2473 

+.0278355 

+.0079446 

—.014  0665 

—.032  3746 

—.042  1764 

15 

+.038  5660 

+.024  3029 

+.003  5218 

—.018  2022 

—.035  1366 

—.042  8392 

16 

+.0364580 

+.020  5046 

—.000  9389 

—.022  1419 

—•037  5215 

—.043  0410 

17 

+.033  9476 

+.0164822 

—.005  3893 

—.025  8434 

—•039  5037 

—.042  7792 

18 

+.031  0631 

+.012  2804 

—.009  7815 

—.0292671 

—.041  0620 

—.042  0556 

19 

+.027  8370 

+.007  9450 

—.014  0675 

—.0323762 

—.042  1783 

—.040  8775 

20 

+.024  3054 

+.003  5233 

—.0182021 

—.035  1377 

—.0428411 

—.0392568 

21 

+.020  5072 

—.000  9367 

—.022  1407 

—.0375218 

—.043  0424 

—.0372103 

22 

+.016  4847 

—.005  3866 

—.025  8415 

—.039  5032 

—.042  7800 

—.034  7593 

23 

+.012  2824 

—.009  7789 

—.029  2648 

—.041  0604 

—.042  0556 

—.031  9296 

24 

+.0079461 

—.0140654 

—.032  3739 

—.042  1765 

—.040  8769 

—.0287515 

25 

+.003  5237 

—.0182007 

—.035  1357 

—.042  8391 

—•039  2556 

—.025  2590 

26 

—.000  9370 

—.022  1401 

—.037  5204 

—.043  0406 

—.037  2089 

—.021  4899 

27 

—.005  3875 

—.025  8415 

—.039  5023 

—.042  7786 

—•034  7578 

—.0174848 

28 

—.009  7799 

—.029  2652 

—.041  0600 

—.042  0548 

—.031  9285 

—.013  2876 

29 

—.014  0663 

—.032  3746 

—.042  1766 

—.040  8766 

—.028  7508 

—.008  9440 

30 

—.0182014 

—.035  1364 

—.042  8395 

—■039  2557 

-.025  2588 

—.004  5014 

31 

—.022  1404 

—.037  5209 

—.0430411 

—.037  2091 

—.021  4900 

—.0000091 

32 

—.025  8416 

—.039  5026 

—.042  7789 

-•034  758i 

—.0174851 

+.004  4833 

33 

—.0292651 

—.041  0601 

—.042  0550 

—.031  9287 

—.013  2878 

+.008  9260 

34 

—.032  3744 

—.042  1765 

—.040  8765 

—.028  7508 

—.008  9438 

+.013  2696 

35 

—•035  1363 

—.042  8394 

—.039  2555 

—.025  2585 

—.004  5009 

+.0174653 

36 

—.037  5212 

—.0430411 

—.037  2089 

—.021  4895 

—.0000084 

+.021  4663 

37 

—•039  5032 

—.042  7792 

—•034  758i 

—.0174846 

+.0044842 

+.025  2276 

38 

—.041  061 1 

—.042  0556 

—.031  9288 

—.013  2874 

+.008  9269 

+.028  7069 

39 

-.042  1777 

—.0408775 

—.0287513 

—.008  9438 

+.013  2702 

+.031  8651 

40 

—.042  8407 

—.039  2567 

—.025  2594 

—.004  5015 

+.0174654 

+.0346668 

41 

—.043  0424 

—.0372103 

—.021  4008 

—.0000095 

+.021  4658 

+.037  0806 

42 

—.042  7801 

—.034  7594 

—.0174861 

+.0044827 

+.025  2265 

+.039  0797 

43 

—.042  0559 

—.031  9300 

—.013  2889 

+.0089251 

+.028  7052 

+.040  6420 

44 

—.0408771 

—.0287519 

—.0089451 

+.013  2684 

+.031  8631 

+.041  7501 

45 

—.039  2555 

—.025  2594 

—.004  5022 

+.017  4641 

+.034  6648 

+.042  3922 

46 

—.037  2085 

—.021  4900 

—.0000095 

+.021  4650 

+.0370791 

+.042  5618 

47 

—.034  7572 

—.0174846 

+.004  4835 

+.025  2265 

+.0390788 

+.042  2575 

48 

—.031  9278 

—.013  2869 

+.008  9269 

+.028  7061 

+.040  6418 

+.041  4834 

49 

—.028  7504 

—.0084931 

+.013  2707 

+.031  8649 

+.041  7508 

+.0402487 

5o 

—.025  2588 

—.004  5007 

+.0174664 

+.034  6672 

+.042  3939 

+.038  5680 

51 

—.021  4907 

—.0000088 

+.021  4671 

+.0370818 

+.042  5641 

+.0364606 

52 

—.OI74867 

+.004  4829 

+.025  2277 

+.0390815 

+.042  2603 

+.033  9503 

53 

—.0I3  20O4 

+.008  9247 

+.028  7061 

+.040  6439 

+.041  4862 

+.031  0659 

54 

-.008  9473 

+.013  2672 

+.031  8635 

+.041  7518 

+.040  25 1 1 

+.0278396 

55 

—.004  5052 

+.017  4621 

+.034  6645 

+.042  3935 

+.038  5697 

+.024  3076 

56 

—.0000130 

+.021  4624 

+.0370779 

+.042  5624 

+.036  461 1 

+.020  5092 

57 

+.004  4797 

+.025  2232 

+.039  0768 

+.042  2573 

+•033  9495 

+.016  4863 

58 

+.008  9228 

+  .O28  7024 

+.040  63CO 

+.041  4822 

+.031  0636 

+.012  2834 

59 

+.013  2669 

+  .031  86lO 

+.041  7474 

+.040  2465 

+.0278361 

+.007  9465 

6o 


ACTION  OF  THE  PLANETS  ON  THE  MOON. 


TABLE   VI.— Concluded. 

G-COORDINATE    Z    OF   VENUS. 


Sys- 

tem 
i 

6 

7 

8 

9 

10 

II 

0 

—.018  2000 

—.035  1342 

—.042  8369 

—.039  2532 

—.025  2572 

—.004  5010 

i 

—.022  1401 

—.037  5194 

—.043  0386 

—.037  2062 

—.021  4874 

—.000  OO76 

2 

—.025  8423 

—.039  50i8 

—.042  7767 

—.034  755o 

—.017  4818 

+.0044858 

3 

—.029  2668 

—.041  0601 

—.042  0532 

—.031  9256 

—.013  2840 

+.OO8  9294 

4 

—.032  3768 

—.042  1773 

—.040  8754 

—.028  7481 

—.008  9400 

+.013  2734 

5 

—.035  1389 

—.042  8410 

—•039  2552 

—.025  2564 

—.004  4976 

+.OI74692 

6 

—•037  5236 

—.043  0430 

—.037  2094 

—.021  4882 

—.000  0058 

+.021  4697 

7 

—.039  5053 

—.042  7812 

—.034  759i 

—.0174841 

+.004  4860 

+.025  2302 

8 

—.041  0626 

—.0420571 

—.031  9302 

—.013  2877 

+.008  9278 

+.028  7085 

9 

—.042  1786 

—.040  8785 

—.028  7525 

—.0089446 

+.013  2704 

+.031  8658 

10 

—.042  8409 

—.039  2571 

—.025  2602 

—.004  5023 

+.017  4650 

+.O34  6667 

ii 

—.043  0419 

—.0372100 

—.021 4909 

—.0000100 

+.021  4652 

+.037  080I 

12 

—.042  7792 

—.034  7584 

-.0174855 

+.004  4828 

+.025  2260 

+.039  0788 

13 

—.042  0547 

—.031  9285 

— .0T3  2877 

+.008  9260 

+.0287051 

+.040  64IO 

14 

—.0408759 

—.028  7504 

—.0089434 

+.013  2698 

+.031  8637 

+.041  7493 

IS 

—.0392548 

—.025  2577 

—.004  5004 

+.0174658 

+.034  6659 

+.042  3920 

16 

—.037  2083 

—.021  4886 

—.000  0078 

+.021  4667 

+.037  0804 

+.042  5621 

17 

—.034  7576 

—.0174838 

+  .OO44849 

+.025  2279 

+.039  0801 

+.042  2582 

18 

—.031  9285 

—.013  2868 

+.O08  9276 

+.028  7070 

+.040  6429 

+.041  4843 

19 

—.0287511 

—.0089433 

+.OI3  2707 

+.031  8652 

+.041  7515 

+.040  2494 

20 

—.025  2591 

—.004  5010 

+  .0174659 

+.034  6669 

+.042  3938 

+.0385683 

21 

—.021  4905 

—.0000089 

+.021  4663 

+0.37  0806 

+.042  5634 

+.036  4601 

22 

—.0174858 

+.004  4834 

+.02^  2269 

+.039  0708 

+.042  2588 

+.033  9492 

23 

—.013  2884 

+.008  9260 

+.028  7058 

+.040  6420 

+.041  4841 

+.031  0639 

24 

—.008  9445 

+.013  2693 

+.031  8639 

+.041  7503 

+.040  2485 

+.027  8371 

25 

—.004  5016 

+.0174648 

+.034  6657 

+.042  3926 

+.038  5671 

+.024  3046 

26 

—.0000090 

+.021  4657 

+  .037  0798 

+.042  5622 

+.036  4589 

+.020  5061 

27 

+.004  4836 

+.025  2267 

+.039  0792 

+.042  2578 

+.033  9480 

+.016  4835 

28 

+.008  9263 

+.028  7059 

+.040  6418 

+.041  4834 

+.031  0630 

+.012  2812 

29 

+.013  2697 

+.031  8640 

+.041  7503 

+.040  2483 

+.0278365 

+.007  9453 

30 

+.017  4651 

+.034  6658 

+.042  3926 

+.038  5671 

+.024  3044 

+.003  5232 

3i 

+.021  4656 

+.0370798 

+.042  5622 

+.036  4589 

+.020  5061 

—.000  9372 

32 

+.025  2265 

+.0390790 

+.042  2577 

+.033  9481 

+.0164835 

-.005  3874 

33 

+.028  7055 

+.040  6414 

+.041  4832 

+.031 0629 

+.012  2813 

—.009  7798 

34 

+.031  8637 

+.041  7499 

+.040  2479 

+.027  8362 

+.007  9452 

—.014  0663 

35 

+.0346657 

+.042  3924 

+  .O38  5666 

+.024  3039 

+.003  5227 

—.018  2016 

36 

+.037  0803 

+.042  5624 

+  .0364587 

+.020  5053 

—.coo  9380 

—.022  1410 

37 

+.039  0800 

+.042  2582 

+.033  948l 

+.016  4829 

—.005  3885 

—.025  8425 

38 

+.040  6429 

+.041  4843 

+.031  0634 

+.012  2810 

—.0097809 

—.029  2663 

39 

+.041  75i6 

+.040  2496 

+.027  8373 

+.0079454 

—.014  0673 

—.032  3757 

40 

+.042  3041 

+.038  5686 

+.024  3059 

+.003  5236 

—.0182018 

—.035  1375 

41 

+.042  5637 

+.036  4607 

+.020  5076 

—.000  9364 

—.022  I405 

—.037  5218 

42 

+.042  2500 

+.033  9500 

+.O164854 

—.005  3861 

—.O2584II 

—•039  5031 

43 

+.041  4843 

+.031  0647 

+.012  2833 

—.009  7782 

—.029  2643 

—.041  0603 

44 

+.040  2488 

+.0278377 

+  .0079472 

—.0140645 

—.032  3732 

—.042  1761 

45 

+.038  5672 

+.024  3051 

+  .003  5245 

—.018  1997 

—.035  1349 

—.042  8386 

46 

+.036  4590 

+.020  5062 

—.OOO  9367 

—.022  1394 

—.037  5197 

—.043  0401 

47 

+.033  948o 

+.0164835 

—.005  3875 

—.025  8414 

—•039  5020 

—.042  7782 

48 

+.031  0631 

+.012  2812 

—.009  7805 

—.029  2657 

—.041  0604 

—.042  0548 

49 

+.027  8367 

+.0079452 

—.OI4067I 

—.032  3758 

—.042  1777 

—.040  8770 

50 

+.024  3049 

+.003  5231 

—.Ol8  2023 

—•035  1381 

—.042  8413 

—.039  2569 

51 

+.020  5071 

—.000  9371 

—.022  I413 

—.037  5229 

-.043  0437 

—.0372112 

52 

+.0164852 

—.005  3869 

—.025  8422 

—.039  5045 

—O.42  7820 

—.034  76io 

53 

+.012  2837 

—.009  7786 

—.029  2654 

—.041  0619 

—.042  0581 

—.031  9323 

54 

+.007  9482 

—.0140642 

-.032  3741 

—.042  1778 

—.040  8794 

—.028  7548 

55 

+.003  5264 

—.018  1087 

—.035  1353 

—.042  8401 

—.039  2580 

—.025  2624 

56 

—.000  9340 

—.022  1376 

—.037  5193 

—.0430411 

—.0372108 

—.0214931 

57 

—.005  3844 

-.025  8388 

—.039  5006 

—.042  7784 

—.034  7591 

—.0174875 

58 

—.009  7771 

—.029  2624 

—.041  0578 

—.042  0538 

—.031  9290 

—.013  2894 

59 

—.014  0642 

—.032  3720 

—.042  1740 

—.040  8748 

—.028  7503 

—.008  9447 

COEFFICIENTS  FOR  DIRECT  ACTION. 
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TABLE   VII. 
Values  of  A,  B,  C,  and  D  for  the  Action  of  Venus  on  the  Moon. 


System  0. 

System  1. 

i 

A 

B 

c 

D 

i 

A 

B 

c 

D 

0 

+35-541  47 

-17.87647 

—17.66499 

+  1.07427 

0 

+32.593  73 

—16.60773 

-15-58599 

+  3.1874s 

i 

+27.684  74 

—12.48321 

-15-201  55 

—11.36932 

1 

+27.372 10 

—13.08833 

—14.283  78 

—  9.17780 

2 

+  14.10943 

-  3-81823 

—10.291  18 

—12.81204 

2 

+14.89321 

-  4.857 17 

—10.03602 

—11.99256 

3 

+  6.07222 

+  0.26235 

—  6.33456 

—  9.16752 

3 

+  6.704 15 

-  0.37485 

—  6.32930 

—  9.06478 

4 

+  2.63936 

+  1.25133 

—  3-89071 

—  5-85772 

4 

+  3-003  34 

+  0.935  15 

—  3-93850 

—  5.93021 

5 

+  1.27090 

+  1.20398 

—  2.47487 

-  3-74692 

5 

+  1.474  29 

+  1.04697 

—  2.52125 

—  3.830 19 

6 

+  0.707  97 

+  0.93776 

—  1.64574 

—  2.48604 

6 

+  0.82746 

+  0.85385 

—  1. 681  30 

—  2.54954 

7 

+  0.45996 

+  0.68285 

—  1. 142  81 

—  1.72274 

7 

+  0.535  00 

+  0.63364 

-  1.1686s 

—  1.76704 

8 

+  0.341  13 

+  0.48405 

—  0.825  17 

—  1.243  31 

8 

+  0.391  3i 

+  0.45253 

-  0.84383 

—  1.27360 

9 

+  0.27866 

+  0.33795 

—  0.616  61 

—  0.92936 

9 

+  0.31404 

+  0.316 17 

—  0.63022 

—  0.95006 

10 

+  0.24248 

+  0.23228 

—  0.47476 

—  0.71540 

10 

+  0.26852 

+  0.21633 

—  0.48484 

—  0.72959 

ii 

+  0.219  41 

+  0.15584 

—  0.375  25 

—  0.56421 

11 

+  0.23923 

+  0.143  61 

—  0.38283 

—  0.57395 

12 

+  0.20337 

+  0.100  16 

—  0.30352 

—  0.453  90 

12 

+  0.21885 

+  0.09046 

—  0.30932 

—  0.46055 

13 

+  0.19138 

+  0.05922 

—  0.25058 

—  0.371 12 

13 

+  0.20373 

+  0.051 35 

—  0.25507 

-  0.375  58 

14 

+  0.18190 

+  0.02881 

—  0.210  71 

—  0.30744 

14 

+  0.191  91 

+  0.02231 

—  0.21422 

—  0.31032 

15 

+  0.174  12 

+  0.00601 

—  0.180  13 

—  0.25736 

15 

+  0.18233 

+  0.00058 

—  0.18290 

—  0.259 10 

16 

+  0.16756 

—  0.01123 

—  0.15632 

—  0.217 19 

16 

+  0.17435 

—  0.01582 

—  0.15853 

—  0.21809 

17 

+  0.16193 

—  0.02438 

—  0.13755 

—  0.18439 

17 

+  0.16757 

—  0.02827 

—  0.13930 

—  0.18466 

18 

+  0.15705 

—  0.03447 

—  0.12258 

—  0.157 18 

18 

+  0.161  75 

—  0.03778 

—  0.12398 

—  0.15697 

19 

+  0.15280 

—  0.04226 

--  0.1 10  54 

—  0.13423 

19 

+  0.15672 

—  0.04508 

—  0.11165 

—  0.13368 

20 

+  0.14909 

—  0.04831 

—  0.10078 

—  0.1 14  61 

20 

+  0.15235 

—  0.05068 

—  0.101  66 

—  0.1 13  79 

21 

+  0.14586 

—  0.05301 

—  0.09286 

—  0.09760 

21 

+  0.14854 

—  0.05501 

—  0.093  54 

—  0.09658 

22 

+  0.14307 

—  0.05666 

—  0.08640 

—  0.08265 

22 

+  0.14524 

—  0.05833 

—  0.08692 

—  0.081 48 

23 

+  0.14067 

—  0.05951 

—  0.081  17 

—  0.06933 

23 

+  0.14239 

—  0.06086 

—  0.081  53 

—  0.06804 

24 

+  0.13864 

—  0.061  71 

—  0.07693 

—  0.05730 

24 

+  0.139  95 

—  0.06278 

—  O.077  17 

—  0.055  94 

25 

+  0.13693 

—  0.06338 

—  0.07356 

—  0.04629 

25 

+  0.13789 

—  0.06420 

—  0.07368 

—  0.04487 

26 

+  0.135  58 

—  0.06464 

—  0.07094 

—  0.03606 

26 

+  0.136  16 

—  0.065  22 

—  0.07096 

—  0.03461 

27 

+  O.I34  53 

—  0.065  55 

-  0.06898 

—  0.02643 

27 

+  0.13478 

—  0.06589 

—  0.06850 

—  0.02497 

28 

+  0.133  77 

—  0.066  15 

—  0.06761 

—  0.01722 

28 

+  0.133  7i 

—  0.06626 

—  0.06744 

—  0.01578 

29 

+  0.13330 

—  0.06649 

—  0.06682 

—  0.00827 

29 

+  0.13294 

—  0.06638 

—  0.06655 

—  0.00688 

30 

+  0.133  12 

—  0.06657 

—  0.06655 

+  0.00051 

30 

+  0.13245 

—  0.06626 

—  0.06620 

+  0.00 1  87 

31 

+  0.13322 

—  0.06641 

—  0.06681 

+  0.00930 

31 

+  0.13225 

—  0.06589 

—  0.06636 

+  0.01060 

32 

+  0.133  61 

—  0.06600 

—  0.06760 

+  0.01823 

32 

+  0.13234 

—  0.06528 

—  0.06706 

+  O.OI9  44 

33 

+  0.13428 

—  0.065  32 

—  0.06896 

+  0.02744 

33 

+  0.13270 

—  0.06438 

—  0.06831 

+  0.02854 

34 

+  0.13525 

—  0.06433 

—  0.07091 

+  0.03706 

34 

+  0.133  34 

—  0.063  19 

—  0.070  16 

+  0.03803 

35 

+  0.136  51 

—  0.06299 

—  0.073  53 

+  0.04728 

35 

+  0.13427 

—  0.061 63 

—  0.07264 

+  0.04808 

36 

+  0.138  10 

—  0.061  21 

—  0.07688 

+  0.05827 

36 

+  0.135  49 

—  0.05963 

—  0.07586 

+  0.05887 

37 

+  0.140  01 

—  0.05892 

—  0.081  09 

+  0.07027 

37 

+  0.13702 

—  0.057 10 

—  0.07991 

+  0.07063 

38 

+  0.14227 

—  0.05597 

—  0.08630 

+  0.08355 

38 

+  0.13886 

—  0.05392 

—  0.0849S 

+  0.08361 

39 

+  0.14490 

—  0.052  19 

—  0.09272 

+  0.09844 

39 

+  0.141  03 

—  0.04989 

—  0.091  15 

+  0.098  14 

40 

+  O.I47  95 

—  0.047  35 

—  0.10059 

+  0.1 15  35 

40 

+  0.143  56 

—  0.04479 

—  0.09876 

+  0.1 14  61 

41 

+  0.15143 

—  0.041  17 

—  0.1 10  28 

+  0.13484 

41 

+  0.14646 

—  0.03834 

—  0.108  13 

+  0.133  55 

42 

+  0.155  43 

—  0.03321 

—  0.122  23 

+  0.15760 

42 

+  0.14978 

—  0.030 10 

—  0.11968 

+  0.15562 

43 

+  0.16000 

—  0.02294 

—  0.13706 

+  0.184  57 

43 

+  0.153  57 

—  0.01953 

—  0.13403 

+  0.181  71 

44 

+  0.16526 

—  0.00960 

—  0.15566 

+  0.21700 

44 

+  0.15789 

—  0.00590 

—  O.I5I99 

+  0.213  01 

45 

+  0.17135 

+  0.00785 

—  0.17920 

+  0.25665 

45 

+  0.16286 

+  0.011 84 

-  0.174  71 

+  0.251  18 

46 

+  0.17854 

+  0.03087 

—  0.20941 

+  0.30597 

46 

+  0.16867 

+  0.03s  14 

—  0.20381 

+  0.29854 

47 

+  0.18724 

+  0.061  51 

—  0.24875 

+  0.36855 

47 

+  0.175  61 

+  0.06601 

—  0.241  63 

+  0.35846 

48 

+  0.19820 

+  0.10269 

—  0.30091 

+  0.44999 

48 

+  0.18428 

+  0.10735 

—  0.291  64 

+  0.43590 

49 

+  0.21280 

+  0.15866 

—  0.371  45 

+  0.55751 

49 

+  0.195  77 

+  0.163  31 

—  0.35907 

+  0.53846 

50 

+  0.23370 

+  0.23544 

—  0.469  14 

+  0.70484 

50 

+  0.212  25 

+  0.23985 

—  0.452  11 

+  0.67805 

51 

+  0.26643 

+  0.341  67 

—  0.608  10 

+  0.91263 

5i 

+  0.23832 

+  0.34549 

-  0.58382 

+  0.87409 

52 

+  0.32291 

+  0.48903 

—  0.81 1  95 

+  1.21644 

52 

+  0.28404 

+  0.491  88 

—  0.77S9I 

+  I.I59  30 

53 

+  0.43039 

+  0.691  21 

—  1.121  59 

+  1.67867 

53 

+  0.37252 

+  0.69304 

—  1.06556 

+  1.59084 

54 

+  0.65464 

+  0.955  89 

—  1.61052 

+  2.412  20 

54 

+  0.55982 

+  0.95881 

—  1.51864 

+  2.27142 

55 

+  1. 163  22 

+  1.251  17 

—  2.41440 

+  3-621  88 

55 

+  0.98862 

+  1.266  17 

—  2.25478 

+  3.38675 

56 

+  2.39922 

+  1.385  11 

—  3.78432 

+  5-653  79 

56 

+  2.03482 

+  1.45600 

—  349084 

+  5-25163 

57 

+  5.5i  1  93 

+  0.63808 

—  6.150  01 

+  8.90000 

57 

+  4-67267 

+  0.91643 

—  5.58909 

+  8.243  78 

58 

+  12.93286 

—  2.923  59 

—10.009  26 

+12.77721 

58 

+  11.00705 

—  2.04499 

—  8.96205 

+11.98839 

59 

+26.18567 

—11.259  17 

—14.92649 

+  12.46123 

59 

+22.761  17 

-  9475  57 

—13.285  60 

+12.554  18 

62  ACTION  OF  THE  PLANETS  ON  THE  MOON. 

TABLE  VII.— Continued. 
Values  of  A,  B,  C,  and  D  for  the  Action  of  Venus  on  the  Moon. 


Systenr 

1  2. 

System 

3- 

i 

A 

B 

c 

D 

i 

A 

B 

c 

D 

0 

+29.624 12 

_ 

[5-I78  3I 

—14.44582 

+  3.98350 

0 

+28.095  38 

—14.290  79 

—13.80459 

+  3.72368 

i 

-j-  26. 178 17 

— 

12.858  22 

—13.31998 

—  7.55334 

1 

+25.108  12 

—12.24065 

—12.86746 

—  6.97990 

2 

+15.05897 

— 

5.374  64 

—  9.68431 

— n.06821 

2 

+  14.80422 

-  5-33468 

—  9.46955 

—10.47031 

3 

+  7.08250 

— 

0.827  44 

—  6.25507 

—  8.775  53 

3 

+  7.142  71 

—  0.971 49 

—  6.I7I  21 

—  8.464 11 

4 

+  3.27210 

+ 

0.673  17 

—  3.94529 

-  5.88003 

4 

+  3.36804 

+  0.54538 

-   3.913  41 

—  5.74732 

5 

+  1.63783 

+ 

0.905  32 

—  2.543 15 

—  3.84260 

5 

+  1.70907 

+  0.821 00 

—  2.530  07 

-  3.78667 

6 

+  0.92681 

+ 

0.774  63 

—  1.70145 

—  2.571 56 

6 

+  0.97332 

+  0.721 04 

—    I.69525 

—  2.546 14 

7 

+  0.59776 

+ 

0.586  40 

—  1. 184  16 

-  1.78590 

7 

+  0.62753 

+  0.553 13 

—    I.18066 

—  1.77284 

8 

+  0.43283 

+  0.42237 

—  0.85520 

—  1.28747 

8 

+  0.452  10 

+  0.40075 

-  0.852  85 

—  1.27974 

9 

+  0.34273 

+  0.295  72 

—  0.63846 

—  0.95970 

9 

+  0.355  45 

+  0.281 22 

—  O.63665 

—  0.95445 

10 

+  0.28909 

+ 

0.201  73 

—  0.49082 

—  0.73606 

10 

+  0.29760 

+  0.191 71 

—  O.48933 

—  0.732 10 

ii 

+  0.25443 

+  0.13276 

—  0.38720 

—  0.578 14 

11 

+  0.26020 

+  0.12569 

-  O.385  89 

—  0.57491 

12 

+  0.23036 

+ 

0.082  14 

—  0.31252 

—  0.463 12 

12 

+  0.23428 

+  0.07706 

—  O.3II33 

—  0.46036 

13 

+  0.21260 

+ 

0.044  82 

—  0.25741 

—  0.37700 

13 

+  0.21522 

+  0.041 10 

—   O.25634 

—  0.374  58 

14 

+  0.19884 

+  0.01709 

—  0.21594 

—  0.31093 

14 

+  0.20055 

+  0.01437 

—  O.21494 

—  0.30876 

IS 

+  0.18778 

— 

0.003  64 

—  0.184  16 

—  0.25912 

15 

+  0.18883 

—  0.00563 

—   O.183  21 

—  0.257 16 

16 

+  0.17866 

— 

0.01925 

—  0.15942 

—  0.21769 

16 

+  0.179  21 

—  0.02068 

—  0.15852 

—  0.215  91 

17 

+  0.17099 

— 

0.031  07 

—  0.139  91 

—  0.18397 

17 

+  0.171  14 

—  0.03208 

—   O.I3906 

—  0.18235 

18 

+  0.16444 

— 

0.040  06 

—  0.12437 

—  0.15606 

18 

+  0.16420 

—  0.04074 

—  0.123  55 

—  0.154  59 

19 

+  0.15880 

— 

0.046  93 

—  o.iii  87 

—  0.13262 

19 

+  0.158  41 

—  0.^4733 

—  o.iii  08 

—  0.131 28 

20 

+  0.15392 

— 

0.052  17 

—  0.101  74 

—  0.1 12  64 

20 

+  0.153  33 

—  0.05236 

—  0.10098 

—  o.iii  43 

21 

+  0.14968 

— 

0.056  17 

—  0.09350 

—  0.095  37 

21 

+  0.14894 

—  0.056 18 

—  0.092  76 

—  0.09427 

22 

+  0.14600 

— 

0.059  21 

—  0.08679 

—  0.08024 

22 

+  0.145  14 

—  0.05907 

—  0.08606 

—  0.07925 

23 

+  0.14282 

— 

0.061  50 

—  0.081  32 

—  0.06680 

23 

+  0.141  84 

—  0.061 24 

—  0.08060 

—  0.06593 

24 

+  0.14009 

— 

0.063  20 

—  0.07689 

—  0.05470 

24 

+  0.139  01 

—  0.06282 

—  0.076  17 

—  0.053  94 

25 

+  0.13775 

— 

0.064  41 

—  0.07334 

—  0.04366 

25 

+  0.13659 

—  0.06395 

—  0.07263 

—  0.04300 

26 

+  0.135  79 

— 

0.065  24 

—  0.070  55 

—  0.03345 

26 

+  O.I34  54 

—  0.06470 

—  0.06985 

—  0.03289 

27 

+  0.134 17 

— 

0.065  74 

—  0.06844 

—  0.02386 

27 

+  0.13286 

—  0.065 13 

—  0.06773 

—  0.02341 

28 

+  0.13288 

— 

0.065  95 

—  0.06692 

—  0.014  73 

28 

+  0.131  50 

—  0.06529 

—  0.06622 

—  0.01439 

29 

+  0.13189 

— 

0.065  92 

—  0.06598 

—  0.00591 

29 

+  0.13046 

—  0.06521 

—  0.06526 

—  0.00568 

30 

+  0.131 21 

— 

0.065  64 

—  0.065  56 

+  0.00275 

30 

+  0.12972 

—  0.06489 

—  0.06483 

—  0.00287 

31 

+  0.130  81 

— 

0.065  13 

—  0.06567 

+  0.01 1  37 

31 

+  0.12927 

—  0.06434 

—  0.06492 

+  0.01 1  38 

32 

+  0.13068 

— 

0.064  38 

—  0.06631 

+  0.02009 

32 

+  0.129  10 

—  0.06357 

—  0.06554 

+  0.01998 

33 

+  0.13084 

— 

0.063  36 

—  0.06749 

+  0.02905 

33 

+  0.129  21 

—  0.062  53 

—  0.06669 

+  0.02880 

34 

+  0.131 28 

— 

0.062  03 

—  0.06925 

+  0.03838 

34 

+  0.12960 

—  0.061 19 

—  0.06842 

+  0.03800 

35 

+  0.13199 



0.060  35 

—  0.071  65 

+  0.04825 

35 

+  0.13028 

—  0.05950 

—  0.07077 

+  0.04771 

36 

+  0.13299 

— 

0.058  23 

—  0.07476 

+  0.05883 

36 

+  0.131  23 

—  0.05740 

—  0.07384 

+  0.05814 

37 

+  0.13428 

— 

0.055  58 

—  0.07869 

+  0.07035 

37 

+  0.13248 

—  0.05478 

—  0.07771 

+  0.05947 

38 

+  0.135  86 

— 

0.052  28 

—  0.08359 

+  0.08304 

38 

+  0.13404 

—  0.051 51 

—  0.08252 

+  0.081  97 

39 

+  0.137  75 

— 

0.048  15 

—  0.08962 

+  0.09723 

39 

+  0.13590 

—  0.04744 

—  0.08846 

+  O.09594 

40 

+  0.139  98 

— 

0.042  95 

—  0.09702 

+  O.i  13  30 

40 

+  0.138  10 

—  0.04235 

—  0.09576 

+  o.iii  77 

41 

+  0.142  55 

— 

0.036  42 

—  0.106  13 

+  0.131  75 

4i 

+  0.14066 

—  0.035  93 

—  0.10473 

+  0.12993 

42 

+  0.14550 

— 

0.028  12 

—  O.H7  37 

+  0.15323 

42 

+  0.14360 

—  0.02781 

—  0.11580 

+  0.151  08 

43 

+  0.14885 

— 

0.017  55 

—  0.13131 

+  0.17857 

43 

+  0.14698 

—  0.01746 

—  0.12953 

+  0.17604 

44 

+  0.15269 

— 

0.003  95 

-  0.148  75 

+  0.20895 

44 

+  0.15085 

—  0.004 19 

—  0.14668 

+  0.205  95 

45 

+  0.15709 

+  0.01368 

—  0.17077 

+  0.24592 

45 

+  0.155  33 

+  0.01300 

—  0.16833 

+  0.24236 

46 

+  0.16222 

+ 

0.03671 

—  0.19894 

+  0.291  73 

46 

+  0.16059 

+  0.03542 

—  0.196  01 

+  0.28747 

47 

+  0.16834 

+ 

0.067  12 

—  0.235  47 

+  0.349  57 

47 

+  0.16602 

+  0.06406 

—  0.231  89 

+  0.344  43 

48 

+  0.175  08 

+ 

0.107  68 

—  0.28365 

+  0.424  17 

48 

+  0.17489 

+  0.10427 

—  0.279  15 

+  0.41786 

49 

+  0.186  10 

+ 

0.16234 

—  0.34843 

+  0.52271 

49 

+  O.185  54 

+  0.15709 

—  0.34264 

+  0.51483 

50 

+  0.20072 

+ 

0.236  76 

—  0.43747 

+  0.65644 

50 

+  0.201  00 

+  0.22874 

—  0.42976 

+  0.64633 

51 

+  0.22403 

+ 

0.338  93 

—  0.56296 

+  0.84360 

51 

+  0.22568 

+  0.32664 

—  0.55232 

+  0.830  17 

52 

+  0.26529 

+  0.47966 

—  0.74495 

+  1.1 14  72 

52 

+  0.269  11 

+  0.46054 

—  0.72966 

+  1.00602 

53 

+  0.345  71 

+ 

0.671  72 

—  1.01742 

+  1.52277 

53 

+  0.35301 

+  0.64140 

—  0.90442 

+  1.49508 

54 

+  0.51642 

+ 

0.923  41 

—  1.43982 

+  2.16197 

54 

+  0.52902 

+  0.87436 

—  1.40338 

+  2.1 17  62 

55 

+  0.90636 

+ 

1.21104 

—  2.11829 

+  3.20054 

55 

+  0.025  56 

+  1.13169 

—  2.05725 

+  3.12267 

56 

+  1.85077 

+ 

1.30039 

—  3.241  16 

+  4.91924 

56 

+  1.87094 

+  1.262  21 

—  3-133  16 

+  476908 

57 

+  4.20451 

+ 

0.910  34 

—  5-1 14  84 

+  7.64885 

57 

+  4.183  37 

+  0.73285 

—  4.91623 

+  7.34183 

58 

+  9-792  93 

1.71451 

-  8.07843 

+  11.07242 

58 

+  9.552  47 

—  1.83400 

-  7.71848 

+10.47949 

59 

+20.207  75 

— 

8.331  97 

-n.87575 

+11.86403 

59 

+19.331  99 

-  8.02385 

—II.308  13 

+11.06309 

COEFFICIENTS   FOR  DIRECT  ACTION. 
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System  4. 

System  5. 

i 



0 

A 

B 

c 

D 

i 

A 

B 

c 

D 

+27.753  75 

—13.940  94 

—13.812  81 

+  2.71293 

0 

+27.639  90 

~ZT 

[3.806  76 

-13.833 14 

+  1. 162 19 

1 

+24.10807 

—1 1.43 1 47 

—12.67662 

—  7.271 93 

1 

+22.709 15 

— 

[O.437  90 

—12.271 23 

—  8.00899 

2 

+ 14.090  02 

—  4.81 1 77 

—  9.22826 

—10.18594 

2 

+12.86967 

— 

4. 1 18  27 

-  8.75142 

—10.01752 

3 

+  6.82696 

-  0.83885 

-  5.988 13 

—  8.14397 

3 

+  6.17336 

— 

0.530  43 

—  5.64295 

-  7.784 12 

4 

+  3.245  71 

+  0.55049 

—  3.79620 

—  5.53629 

4 

+  2.934 11 

+ 

O.648  51 

—  3.582  61 

—  5-26165 

5 

+  I-659  3I 

+  0.79841 

—  2.45770 

—  3.661 70 

5 

+  1.50482 

+ 

O.824  85 

—  2.32966 

-  348648 

6 

+  0.94972 

+  0.700 16 

—  1.64989 

—  2.471 69 

6 

+  0.86547 

+ 

0.706  39 

-  1.5718s 

—  2.36290 

7 

+  0.61390 

+  0.53734 

—  1. 151 26 

—  1.72669 

7 

+  0.56289 

+  0.53922 

—    1. 102  12 

—  1.65808 

8 

+  0.44270 

+  0.30037 

—  0.83307 

—  1.24977 

8 

+  0.40883 

+  0.392 14 

—  O.80098 

—  1.205 16 

9 

+  0.348  10 

+  0.27476 

—  0.62286 

—  0.934 13 

9 

+  0.32390 

+ 

0.277  25 

—  O.60I  14 

—  0.90424 

10 

+  0.291  44 

+  0.18792 

—  0.47937 

—  0.71780 

10 

+  0.273 16 

+ 

0.191  03 

—   O.464  l8 

—  0.69723 

11 

+  0.25483 

+  0.12366 

—  0.37848 

—  0.56454 

11 

+  0.24042 

+  0.127 12 

-  0.367  55 

—  0.55008 

12 

+  0.22948 

+  0.076 19 

—  0.30568 

—  0.45265 

12 

+  0.21778 

+ 

0.079  80 

—  0.297  59 

—  0.44233 

13 

-j-  0.21089 

+  0.041 01 

—  0.251 91 

—  0.36874 

13 

+  0.201 16 

+ 

O.044  61 

—  O.245  78 

—  0.361 30 

14 

+  0.19660 

+  0.01479 

—  0.21 1  39 

—  0.30429 

14 

+  0.18836 

+ 

0.018  28 

—   O.20664 

—  0.29891 

15 

+  0.18520 

—  0.00489 

—  0.180  31 

—  0.25370 

15 

+  0.178 13 

— 

0.00 1  56 

—  O.17656 

—  0.24982 

16 

+  0.17585 

—  0.01974 

—  0.156  12 

—  0.21322 

16 

+  0.16973 

— 

0.016  61 

—  0.153  10 

—  0.21047 

17 

+  0.16803 

—  0.031 01 

—  0.13703 

—  0.18025 

17 

+  0.16267 

— 

0.028  1 1 

—  0.134  57 

—  0.17836 

18 

+  0.16141 

—  0.03959 

—  0.121  80 

—  0.15297 

18 

+  0.15668 

— 

0.036  92 

—  0.1 19  77 

—  0.151 73 

19 

+  0.155  71 

—  0.046 15 

—  0.10956 

—  0.13005 

19 

+  0.151 53 

— 

0.043  69 

—  0.10785 

—  0.12933 

20 

+  0.15082 

—  0.051 17 

—  0.09964 

—  0.11051 

20 

+  0.147 10 

— 

0.048  92 

—  0.098  19 

—  0.1 10  20 

21 

+  0.14657 

—  0.05501 

—  0.091  56 

—  0.09362 

21 

+  0.14328 

— 

0.052  95 

—  0.09031 

—  0.09364 

22 

+  0.14290 

—  0.05792 

—  0.08498 

-  0.07883 

22 

+  0.13997 

— 

0.056  07 

—  0.08390 

—  0.079 12 

23 

+  0.13975 

—  0.060 12 

—  0.07962 

—  0.065  70 

23 

+  0.137 13 

— 

0.05847 

—  0.07868 

—  0.06621 

2-1 

+  0.13703 

—  0.061 75 

—  0.07528 

-  0.053  88 

24 

+  0.13473 

— 

0.06028 

—  0.074  44 

—  0.05457 

25 

+  0.13473 

—  0.06293 

—  0.071  80 

—  0.043  10 

25 

+  0.13270 

— 

0.061  64 

—  0.07106 

—  0.04394 

26 

+  0.13280 

—  0.06374 

—  0.06907 

—  0.033  13 

26 

+  0.13103 

— 

0.062  62 

—  0.06842 

—  0.03409 

27 

+  0.131 22 

—  0.06423 

—  0.06700 

—  0.02377 

27 

+  0.12970 

— 

0.063  28 

—  0.06641 

—  0.02484 

28 

+  0.12997 

—  0.06445 

—  0.065  51 

—  0.01486 

28 

+  0.12869 

— 

0.06369 

—  0.06500 

—  0.01602 

29 

+  0.12904 

—  0.06444 

—  0.06459 

—  0.00625 

29 

+  0.12798 

— 

0.063  85 

—  0.064  13 

—  0.00748 

30 

+  0.12840 

—  0.06421 

—  0.064  19 

+  0.002  19 

30 

+  0.12758 

— 

0.063  79 

—  0.06379 

+  0.00092 

3i 

+  0.12806 

—  0.06375 

—  0.06430 

+  0.01061 

3i 

+  0.12747 

— 

0.06351 

—  0.06396 

+  0.00930 

32 

+  0.12799 

—  0.06306 

—  0.  6494 

+  0.019  12 

32 

+  0.12764 

— 

0.06300 

—  0.06465 

+  0.01779 

33 

+  0.12822 

—  0.062 12 

—  0.066  1 1 

+  0.02787 

33 

+  0.128 12 

— 

0.062  25 

—  0.06587 

+  0.02652 

34 

+  0.12875 

—  0.060  8g 

—  0.06784 

+  0.03698 

34 

+  0.12890 

— 

0.061  22 

—  0.06768 

+  0.03565 

35 

+  0.12955 

—  0.05933 

—  0.07022 

+  0.04663 

35 

+  0.12998 

— 

0.05987 

—  0.070  1 1 

+  0.04533 

36 

+  0.13066 

—  0.05736 

—  0.07329 

+  0.05699 

36 

+  0.131 39 

— 

0.058  12 

—  0.07326 

+  0.05s  75 

37 

+  0.13207 

—  0.05490 

—  0.077  18 

+  0.06827 

37 

+  0.133 13 

— 

0.055  89 

—  0.07723 

+  0.067  11 

38 

+  0.133  81 

—  0.051  82 

—  0.08200 

+  0.08073 

38 

+  0.135  23 

— 

0.053  05 

—  0.082  17 

+  0.07968 

39 

+  0.13590 

—  0.04794 

—  0.08795 

+  0.09466 

39 

+  0.13772 

— 

0.049  45 

-  0.0S825 

+  0.093  78 

40 

+  0.13834 

—  0.04308 

—  0.09527 

+  0.11047 

40 

+  0.14062 

— 

0.044  89 

—  0.095  73 

+  0.109  81 

41 

+  0.141 20 

—  0.03693 

—  0.10426 

+  0.12864 

4i 

+  0.14400 

— 

0.039  07 

—  0.10493 

+  0.12828 

42 

+  0.14449 

—  0.029  13 

—  0.1 15  36 

+  0.14982 

42 

+  0.14793 

— 

0.031  63 

—  0.1 16  28 

+  0.14986 

43 

+  0.14829 

—  0.019  17 

—  0.129  14 

+  0.17486 

43 

+  0.15247 

— 

0.022  08 

—  0.13040 

+  0.175  44 

44 

4-  0.152  71 

—  0.00634 

—  0.14636 

+  0.20492 

44 

+  0.15779 

— 

0.00972 

—  0.14808 

+  0.20620 

45 

+  0.15785 

+  0.01028 

—  0.168  13 

+  0.241  57 

45 

+  0.16407 

+ 

0.00638 

—  0.17044 

+  0.24382 

46 

+  0.16399 

+  0.03200 

—  0.19597 

+  0.28704 

46 

+  0.171 62 

+ 

0.027  48 

—  0.109  11 

+  0.29063 

47 

+  0.171 48 

+  0.06063 

—  0.23209 

+  0.344  55 

47 

+  0.18008 

+ 

0.055  39 

—  0.23637 

+  0.349  98 

48 

+  0.181 02 

+  0.09873 

—  0.27974 

+  0.41883 

48 

+  0.19304 

+ 

0.092  61 

—  0.28564 

+  0.42686 

49 

+  0.193  91 

+  0.14990 

—  0.34380 

+  0.51708 

49 

+  0.20945 

-: 

0.142  64 

—  0.35207 

+  0.52885 

50 

+  0.21265 

+  0.219 19 

—  0.431  84 

+  0.65055 

50 

+  0.23330 

+ 

0.21035 

—  0.44366 

+  0.66781 

5i 

+  0.24236 

+  0.313  54 

—  0.55500 

+  0.83740 

51 

+  0.27084 

+ 

0.302  33 

—  0.573  16 

+  0.86291 

52 

+  0.29393 

+  0.441  78 

—  0.735  71 

+  1. 107  89 

52 

+  0.33507 

+ 

0.426  52 

—  0.761  61 

+  1. 146  11 

53 

+  0.391 71 

+  0.61299 

—  1.00472 

+  1.51406 

53 

+  0.45469 

+ 

0.59001 

—  1.04470 

+  1.572  14 

54 

+  0.59284 

+  0.82829 

—  1.421  12 

+  2.14702 

54 

+  0.69605 

+ 

0.788  84 

—  1.48488 

+  2.23629 

55 

+  1.03724 

+  1.051  11 

—  2.08836 

+  3-165  03 

55 

+  1.21939 

+ 

0.973  68 

—  2.19308 

+  3.301 12 

56 

+  2.07620 

+  1.11203 

-  3.18823 

+  4.817  35 

56 

+  2.41926 

+  O.94390 

—  3-3^3  18 

+  5.01076 

57 

+  4-561 11 

+  0.45028 

—  5.01 1  40 

+  7.344  32 

57 

+  5.21973 

+ 

0.077  57 

—  5.297  30 

+  7-547  59 

58 

+10.15489 

—  2.290  72 

-  7-864  16 

+  10.25029 

58 

+11.281 01 

— 

3.005  64 

-  8.275  35 

+  10.19086 

59 

+19.856 15 

-  8.398  13 

—11.45803 

+  10.29566 

59 

+21.04269 

— 

9.193  81 

—11.84889 

+  9-390  27 

64  ACTION  OF  THE  PLANETS  ON  THE  MOON. 

TABLE   VII.— Continued. 
Values  of  A,  B,  C,  and  D  for  the  Action  of  Venus  on  the  Moon. 


System  6. 

System  7. 

i 

0 

A 

B 

c 

D 

i 

A 

B 

c 

D 

+27.16805 

—13.660 15 

-13.50787 

—  0.61453 

0 

+26.709  86 

—13.595 11 

—13. 1 14  76 

—  2.251 50 

i 

+20.933  58 

—  9-36452 

—11.56906 

-  8.83967 

1 

+19.44882 

-  8.46686 

—10.981  95 

—  9.68240 

2 

+  11.41364 

—  3-29223 

—  8.121  39 

-  9.88868 

2 

+10.20337 

—  2.547 15 

—  7.65624 

—  9.92208 

3 

+  5.381  20 

—  0.147 12 

—  5.23409 

—  7-44099 

3 

+  4.702  14 

+  0.24741 

—  4-949  55 

—  7-249  30 

4 

+  2.54106 

+  0.80284 

-  3.343  88 

—  4.99086 

4 

+  2.18926 

+  0.993  76 

—  3-18300 

—  4.81724 

5 

+  I.30I93 

+  0.88985 

—  2. 191  79 

—  3-31041 

5 

+  1.11288 

+  0.98787 

—  2.10076 

—  3.19127 

6 

+  0.751  59 

+  0.73857 

—  1.490  15 

—  2.25264 

6 

+  0.64227 

+  0.79477 

—  1.43702 

—  2.17589 

7 

+  0.49304 

+  0.55884 

—  1.05187 

-  1.58825 

7 

+  0.42478 

+  0.59479 

—  1.01958 

—  1-539  05 

8 

+  0.36249 

+  0.40635 

-  0.76885 

—  i- 159  95 

8 

+  0.316  91 

+  0.431  49 

—  0.74840 

—  1. 128  06 

9 

+  0.291  15 

+  0.28868 

—  O.57982 

—  0.87426 

9 

+  0.25897 

+  0.30739 

—  0.56637 

—  0.853  30 

10 

+  0.24883 

+  0.20073 

—  0.449  54 

—  0.67695 

10 

+  0.225  10 

+  0.21527 

—  0.44039 

—  O.66303 

ii 

+  0.22164 

+  0.135  56 

—  0.357  19 

—  0.536 17 

11 

+  0.203  54 

+  0.147  21 

—  0.350  75 

—  0.52689 

12 

+  0.20285 

+  0.08721 

—  0.29006 

—  0.43271 

12 

+  0.18867 

+  0.09673 

—  0.28540 

—  0.42657 

13 

+  0.18902 

+  0.051 15 

—  0.240  17 

—  0.35465 

13 

+  0.177  68 

+  0.05904 

—  0.23672 

—  0.35068 

14 

+  0.17833 

+  0.02406 

—  0.20237 

—  0.24935 

14 

+  0.169  10 

+  0.03066 

—  0.199  77 

—  O.291  91 

IS 

+  0.16972 

+  0.003  54 

—  0.17325 

—  0.24679 

15 

+  0.162  13 

+  0.009  12 

—  0.171  25 

—  0.245  43 

16 

+  0.16259 

—  0.012  10 

—  O.15049 

—  0.20855 

16 

+  0.15630 

—  0.00738 

—  O.14893 

—  0.20799 

17 

+  O.15658 

—  0.024  12 

—  0.13248 

—  0.17728 

17 

+  0.151  34 

—  0.020  10 

—  0.131  25 

—  0.17729 

18 

+  0.15146 

—  0.033  39 

—  0.1 18  07 

—  0.151 29 

18 

+  0.14708 

—  0.02998 

—  0.1 17  09 

—  0.151  73 

19 

+  0.14705 

—  0.04059 

—  0.10646 

—  0.12937 

19 

+  0.143  38 

—  0.03771 

—  0.10568 

—  0.130  12 

20 

+  0.14324 

—  0.04621 

—  0.09703 

—  0.1 10  61 

20 

+  0.140  19 

—  0.04378 

—  0.09642 

—  0.1 1 1  60 

21 

+  0.139  95 

—  0.05060 

—  0.08936 

—  0.09435 

21 

+  0.137  45 

—  0.04856 

—  0.08887 

—  0.095  51 

22 

+  0.137  13 

—  0.05404 

—  0.083  10 

—  0.08005 

22 

+  0.135  09 

—  0.05236 

—  0.08273 

—  0.081  34 

23 

+  0.13472 

—  0.05672 

—  0.07800 

—  0.06731 

23 

+  0.133  11 

—  0.055  37 

—  0.077  73 

-  0.06868 

24 

+  0.13270 

—  0.05881 

—  0.07388 

—  0.05581 

24 

+  0.131  47 

-  0.057  75 

—  0.07371 

—  0.05724 

25 

+  0.131  04 

—  0.06043 

—  0.07060 

—  0.045  28 

25 

+  0.130  15 

—  0.05964 

—  0.07051 

—  0.04674 

26 

+  0.12970 

—  0.061  66 

—  0.06804 

—  0.035  51 

26 

+  0.129  14 

—  0.061  13 

—  0.06803 

—  O.03698 

27 

+  0.12869 

—  0.06257 

—  0.066  12 

—  0.02631 

27 

+  0.12844 

—  0.06227 

—  o.o65  19 

—  0.02777 

28 

+  0.12799 

—  0.06320 

—  0.06478 

—  0.017  52 

28 

+  0.12804 

—  0.063  12 

—  0.06493 

—  0.01895 

29 

+  O.12758 

—  0.06359 

—  0.06400 

—  0.00809 

29 

+  0.12793 

—  0.06372 

—  0.06421 

—  0.01037 

30 

+  0.12747 

—  0.06375 

—  0.06373 

—  0.00059 

30 

+  0.128  11 

—  0.06408 

—  0.06402 

—  0.001 91 

31 

+  0.12766 

—  0.06368 

—  0.06397 

+  0.00782 

31 

+  0.12853 

—  0.06423 

—  0.06436 

+  0.00658 

32 

+  0.128  14 

—  0.06340 

—  0.06475 

+  0.01635 

32 

+  0.12937 

—  0.064  14 

—  0.06523 

+  0.01522 

33 

+  0.12893 

—  0.06287 

—  0.06606 

+  0.025 16 

33 

+  0.13046 

—  0.06382 

—  o.o66  65 

+  0.024 15 

34 

+  O.13003 

—  0.06207 

—  0.06796 

+  0.03439 

34 

+  0.131 88 

—  0.06320 

—  0.06867 

+  0.033  52 

35 

+  0.13146 

—  0.06095 

—  0.07052 

+  0.044 19 

35 

+  0.13365 

—  006228 

—  0.071  36 

+  0.043  50 

36 

+  0.13325 

—  0.05943 

—  0.07380 

+  0.05476 

36 

+  0.135  77 

—  0.06097 

—  0.07481 

+  0.05429 

37 

+  0.135  38 

—  0.05746 

—  0.07793 

+  0.06633 

37 

+  0.138  31 

—  0.059  19 

—  0.079  12 

+  0.066  II 

38 

+  0.137  94 

—  0.05488 

—  0.08305 

+  0.079 15 

38 

+  0.141  28 

—  0.05683 

—  0.08445 

+  0.07925 

39 

+  0.14092 

—  0.051  56 

—  0.08935 

+  0.093  57 

39 

+  0.144  74 

—  0.053  72 

—  0.091  01 

+  0.09404 

40 

+  0.144  39 

—  0.04729 

—  0.097  11 

+  O.IIOOO 

40 

+  0.14874 

—  0.04966 

—  0.09908 

+  0.1 10  93 

41 

+  0.14843 

—  0.041  77 

—  0.10665 

+  0.12898 

41 

+  0.153  39 

—  0.04438 

—  0.109  CO 

+  0.13048 

42 

+  0.153  10 

—  0.03467 

—  0.1 18  44 

+  O.I5I  20 

42 

+  0.15877 

—  0.03750 

—  0.12127 

+  0.15342 

43 

+  0.15855 

—  0.02546 

—  0.133  11 

+  0.177  6l 

43 

+  0.16505 

—  0.02853 

—  0.13653 

+  0.18072 

44 

+  0.16495 

—  0.01347 

—  0.15 1  49 

+   0.209  47 

44 

+  0.17246 

—  0.01677  ! 

-  0.155  67 

+  0.21373 

45 

+  0.172  57 

+  0.00222 

—  0.17480 

+   O.24852 

45 

+  0.181  29 

—  0.001  33 

—  0.17997 

+  0.25426 

46 

+  0.181  82 

+  0.02290 

—  0.20472 

+   0.297  23 

46 

+  0.19206 

+  0.019 11 

—  0.21 1  17 

+  0.30493 

47 

+  0.19336 

+  0.05033 

—  0.243  70 

+  0.359  18 

47 

+  0.205  57 

+  0.04631 

-  0.251  88 

+  0.36951 

48 

+  0.20836 

+  0.08700 

—  0.29537 

+  0.439  67 

48 

+  0.223  17 

+  0.082  74 

—  0.30590 

+  0.453  58 

49 

+  0.22884 

+  0.13637 

—  .36520 

+  0.546  76 

49 

+  0.24721 

+  0.13182 

—  0.37903 

+  0.56569 

50 

+  0.25860 

+  0.203  17 

—  0461  77 

+  0.693  12 

50 

+  0.282  1 1 

+  0.198  18 

—  0.480  29 

+  0.71923 

51 

+  0.305  13 

+  0.29360 

—  0.598  74 

+   O.8992I 

51 

+  0.33642 

+  0.287  73 

—  0.624  15 

+  0.935  91 

52 

+  0.38393 

+  0.41479 

—  0.79870 

+    I-I99I3 

52 

+  0.427  73 

+  0.40676 

—  0.83450 

+  1.25184 

53 

+  0.52866 

+  0.571  44 

—  1. 100  11 

+    1.65 1  13 

53 

+  0.59408 

+  0.557  86 

—  1.15193 

+  1.72856 

54 

+  0.81650 

+  0.753  57 

—  1.57007 

+  2.355  73 

54 

+  0.921  98 

+  0.725  14 

—  1.647  13 

+  2.471  57 

55 

+  M3I37  ! 

+  0.89583 

—  2.327  19 

+  348082 

55 

+  1.61638 

+  0.82745 

—  2.44383 

+  3-653  74 

56 

+  2.81766  ! 

+  0.757  50 

—  3-575  16 

+  5-26294 

56 

+  3-16615 

+  0.58408 

—  3-750  22 

+  5.50308 

57 

+  5-977  20 

—  0.36200 

—  5-61520 

+  7-80713 

57 

+  6.641  59 

—  0.784  55 

-  5.857  04 

+  8.051  79 

58 

+  12.52832     —  3-86693 

—  8.661  40 

+  10.10754 

58 

+  13.61205 

—  4.70484 

—  8.90720 

+  10.018  16 

59 

+22.18774  j  —10.133  34 

1                      1 

—12.05439 

+  8.285  33 

59 

+23.132  00 

— 11.05160 

—12.08040 

+  7.240  47 

COEFFICIENTS   FOR  DIRECT  ACTION. 

TABLE   V 'II.— Continued. 
Values  of  A,  B,  C,  and  D  for  the  Action  of  Venus  on  the  Moon. 
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System 

8. 

Svstem 

9- 

i 

A 

B 

c 

D 

i 

A 

B 

c 

D 

0 

+27.21480 

—  I3.93826 

—13.276  55 

—  3.500 11 

0 

+29.406  78 

_ 

[4.96887 

—14.43791 

—  4.127  09 

i 

+19.03987 

—  8.020  33 

— 11.01953 

—10.66509 

1 

+20.202  62 

— 

8.251  18 

— 11.95144 

—11.84365 

2 

+  9.631  65 

—    I.99026 

—  7.64136 

—10.302 17 

2 

+  9-90242 

— 

I.72I  59 

—  8.18082 

—11. 106  40 

3 

+  4.31063 

+   0.61744 

—  4.92809 

—  7.32955 

3 

+  4.28872 

— 

0.91 1  18 

-  5.19988 

-  7.71982 

4 

+  1.96054 

+    I.206  21 

—  3.16675 

—  4-80935 

4 

+  1.89456 

+ 

I.406  55 

—  3.301 10 

—  4.984 16 

5 

+  O.98006 

+    1. 109  85 

—  2.08990 

—  3.16793 

5 

+  0.92598 

+ 

1.232  53 

—  2.15852 

—  3.24867 

6 

+  0.561  76 

+  0.868  13 

—  1.42989 

—  2.15537 

6 

+  0.52426 

+ 

0.942  42 

—  1.46667 

—  2.195  56 

7 

+  0.373  31 

+  0.641  49 

—  1.01479 

—  1-52413 

7 

+  0.348 15 

+ 

0.687  36 

—  I-035  53 

—  1.54604 

8 

+  0.28229 

+  0.46281 

-  0.74509 

—  1.1 17  93 

8 

+  0.26537 

+ 

0.491  96 

—  0.757  34 

—  1.13104 

9 

+  O.23465 

+  0.32936 

—  0.56401 

—  0.84669 

9 

+  0.223 12 

+ 

0.348  43 

—  0.571  56 

—  0.85524 

10 

+  0.20740 

+  0.231  26 

—  0.43866 

—  0.65889 

10 

+  0.10944 

+  0.24406 

—  0.443  51 

—  0.66492 

ii 

+  0.19028 

+  0.159  18 

—  0.34946 

—  0.52446 

11 

+  0.18474 

+ 

0.16797 

—  0.352  70 

—  0.52899 

12 

+  0.178  51 

+  0.105  91 

—  0.28442 

—  0425  32 

12 

+  0.17464 

+  0.11205 

—  0.28667 

—  0.42889 

13 

+  0.16976 

+  0.06621 

—  0.23597 

—  0.35025 

13 

+  0.16708 

+ 

0.070  53 

—  0.23761 

—  0.353 18 

14 

+  O.16285 

+  0.03633 

—  0.19920 

—  0.29205 

14 

+  0.16105 

+ 

0.039  40 

—  0.20043 

—  0.29452 

15 

+  0.157  17 

+  0.01365 

—  0.170  81 

—  0.24598 

15 

+  0.15599 

+ 

0.015  80 

—  0.17181 

—  0.248 10 

16 

+  0.15234 

—  0.00374 

—  0.148  61 

—  0.20880 

16 

+  0.151 67 

— 

0.002  23 

—  0.14943 

—  0.21065 

17 

+  0.148  19 

—  0.017  17 

—  0.131  02 

—  0.17830 

17 

+  0.14790 

— 

0.016  16 

—  0.131  73 

—  0.17993 

18 

+  0.14458 

—  0.02763 

—  0.1 16  96 

—  0.15286 

18 

+  0.14458 

— 

0.027  01 

—  0.1 17  60 

—  0.15430 

19 

+  0.141  43 

—  0.03583 

—  0.105  61 

—  0.131 33 

19 

+  0.141 69 

— 

O.035  49 

—  0.10622 

—  0.13262 

20 

+  O.138  71 

—  0.04229 

—  0.09641 

—  0.1 12  85 

20 

+  0.139 16 

— 

O.042  17 

—  0.09701 

—  0.1 14  00 

21 

+  O.13636 

—  0.04743 

—  0.08894 

—  0.09678 

21 

+  0.13698 

— 

0.047  47 

—  O.08952 

—  0.09779 

22 

+  0.134  36 

—  0.051  51 

-  0.08285 

—  0.08260 

22 

+  0.135 12 

— 

0.051  70 

—  0.08343 

—  0.08350 

23 

+  0.13268 

—  0.05478 

—  0.07792 

—  0.06993 

23 

+  0.133  57 

— 

0.055  08 

—  0.07850 

—  0.07072 

24 

+  0.131  33 

—  0.05738 

—  0.073  94 

—  0.05846 

24 

+  0.13233 

— 

0.057  79 

—  0.074  54 

—  0.059 14 

25 

+  0.13027 

—  0.05948 

—  0.07080 

—  0.04791 

25 

+  0.131  37 

— 

0.059  96 

—  0.071  41 

—  0.04850 

26 

+  0.129  51 

—  0.061 14 

—  0.06837 

—  0.038 10 

26 

+  0.13070 

— 

O.061  69 

—  0.06901 

-  0.03858 

27 

+  0.12904 

—  0.06245 

—  0.06659 

—  0.02882 

27 

+  0.130  31 

— 

0.063  OS 

—  0.06725 

—  0.02921 

28 

+  0.12885 

—  0.06346 

—  0.065  39 

—  0.01993 

28 

+  0.13020 

— 

0.064  12 

—  0.06608 

—  0.02021 

29 

+  0.12894 

—  0.06421 

—  0.06475 

—  0.01 1 27 

29 

+  0.13037 

— 

0.06490 

—  0.06546 

—  0.01 1 45 

30 

+  O.12933 

—  0.06471 

—  0.06463 

—  0.00271 

30 

+  0.13083 

— 

0.06544 

—  0.065  38 

—  0.00279 

31 

+  0.13002 

—  0.06498 

—  0.06504 

+  0.00589 

3i 

+  0.131  59 

— 

0.065  74 

—  0.06583 

+  0.00591 

32 

+  0.13101 

—  0.06502 

—  0.06599 

+  0.01465 

32 

+  O.13263 

— 

0.065  82 

—  0.06683 

+  0.01478 

33  |  +  0.13232 

—  0.06482 

—  0.06751 

+  0.02372 

33 

+  0.134  01 

— 

o.o55  63 

—  0.06839 

+  0.02397 

34 

+  0.133  97 

—  0.06432 

—  0.06963 

+  0.03325 

34 

+  0.135  71 

— 

0.065  15 

—  0.07057 

+  0.03362 

35 

+  0.135  96 

—  0.06352 

—  0.07244 

+  0.04341 

35 

+  0.137  77 

— 

0.064  35 

-  0.073  43 

+  0.04392 

36 

+  0.13834 

—  0.06233 

—  0.07602 

+  0.05441 

36 

+  0.14022 

— 

0.063  15 

—  0.07706 

+  0.05506 

37      +  0.141  13 

—  0.06066 

—  0.08048 

+  0.06647 

37 

+  0.14308 

— 

0.061  47 

—  0.081  59 

+  0.06728 

38  !  +  0.144  40 

—  0.05840 

—  0.08509 

+  0.07989 

38 

+  0.14640 

— 

0.059  20 

—  0.087  18 

+  0.08087 

39      +  O.148  16 

—  0.05541 

—  0.09277 

+  0.09501 

39 

+  0.15022 

— 

0.056  18 

—  0.09405 

+  0.096 19 

40      +  0.15252 

—  0.051  45 

—  0.101  08 

+  0.1 12  29 

40 

+  O.15464 

— 

0.052  18 

—  0.10246 

+  0.1 13  69 

41  |  +  0.157  56 

—  0.04626 

—  o.iii  29 

+  0.132  31 

41 

+  O.I59  73 

— 

0.046  94 

—  0.1 12  79 

+  0.13396 

42  |  +  0.16340 

—  0.03947 

—  0.12392 

+  0.15582 

42 

+  0.165  61 

— 

0.040  07 

-  0.125  54 

+  0.15776 

43      +  O.17020 

—  0.03058 

—  0.139  61 

+  0.18384 

43 

+  0.17245 

— 

0.031  06 

—  0.141  39 

+  0.186 11 

44      +  O.17822 

—  0.01889 

—  0.159  31 

+  0.21772 

44 

+  0.18048 

— 

0.019  21 

—  0.16126 

+  0.22039 

45  !  +  0.187  79 

—  0.00348 

—  0.18430 

+  0.25939 

45 

+  0.19004 

— 

0.003  58 

—  0.18646 

+  0.26254 

46     +  0.19946 

+  0.01695 

—  0.21640 

+  0.31 1 52 

46 

+  0.201  66 

+ 

0.017  16 

—  0.21884 

+  0.31527 

47     +  0.214  10 

+  0.044  19 

—  0.25828 

+  0.37802 

47 

+  0.216  18 

+  0.04488 

—  0.261  04 

+  0.382  55 

48      f  0.233  13 

+  0.08075 

—  0.31387 

+  0.46469 

48 

+  0.23499 

+ 

0.082  10 

—  0.31709 

+  0.47025 

49 

+  0.25912 

+  0.13004 

—  0.389  15 

+  0.58041 

49 

+  0.26056 

+  0.13243 

—  0.392  99 

+  0.58739 

50 

+  0.29674 

+  0.19672 

—  0.493  44 

+  0.739 12 

50 

+  0.29746 

+ 

0.20073 

—  0.49820 

+  0.748 16 

51 

+  0.355  09 

+  0.28662 

—  0.641  69 

+  0.96340 

51 

+  0.35463 

+ 

0.293  26 

—  0.64789 

+  o.975  66 

52 

+  0.45286 

+  0.405  76 

-  0.85863 

+  1.20097 

52 

+  0.45050 

+ 

0.416  79 

—  0.86729 

+  1.30862 

53 

+  0.63050 

+  0.555  78 

—  1. 186  20 

f  1.786 19 

53 

+  0.62531 

+ 

0.574  26 

—  1.10957 

+  1.81371 

54 

+  0.080  18 

+  0.71766 

—  1.69783 

+  20-:44 

54 

+  0.971  84 

+ 

0.74881 

—  1.72064 

+  2.60676 

55 

+  1.72092 

+  0.80056 

—  2.521 46 

+  3.79124 

55 

+  1.71305 

+ 

0.851  55 

—  2.565  51 

+  3.881  50 

56 

+  3.37687 

+  0.495  10 

-  3.871  98 

+  5.716 19 

56 

+  3-39986 

+ 

0.566  78 

—  3.96664 

+  5.003  18 

57 

+  7.004  11 

—  1.04890 

—  6.04521 

+  8.33290 

57 

+  7.271  80 

— 

1.00883 

—  6.26296 

+  8.721  65 

58 

+14.50438 

—  5.33643 

—  9.16795 

+10.174 19 

58 

+  15.22832 

— 

5.570  39 

—  9.6579I 

+10.83084 

59 

+24.307  55 

—11-957  39 

—12.350  17 

+  6.72653 

59 

+26.106  78 

— 

12.841  66 

—13.265  09 

+  7.I8745 

66  ACTION  OF  THE  PLANETS  ON  THE  MOON. 

TABLE   VII.— Concluded. 
Values  of  A,  B,  C,  and  D  for  the  Action  of  Venus  on  the  Moon. 


System 

10. 

System 

11. 

o 

A 

+32.96968 

B 

c 

D 

i 

A 

B 

c 

D 

_ 

16.569  97 

—16.39971 

—  3-66844 

0 

+35-831 31 

—17.896 16 

—  17.935  12 

—  1.71241 

I 

+22.878  40 

— 

9.298  85 

—13-579  54 

—12.862  57 

1 

+25.980  88 

—10.96956 

—  15.01 1  32 

—12.871 70 

2 

+11.01961 

— 

1.89825 

—  9.121  36 

—12.14882 

2 

+  12.64960 

—  2.655  75 

—  9.993  85 

—12.89708 

3 

+  4.64991 

— 

1.01842 

-  5.66834 

—  8.32679 

3 

+  5.31222 

—  0.803 15 

—  6.1 15  36 

—  8.902 19 

4 

+  2.00491 

+ 

1.525  68 

-  3.530  58 

-  5.29455 

4 

+  2.27438 

+  1.48038 

-  3.754  76 

—  5-628 18 

5 

+  0.961  50 

+ 

1-31385 

—  2.27535 

—  3.40898 

5 

+  1.08448 

+  1.30802 

—  2.39250 

—  3.59521 

6 

+  0.53767 

+ 

0.991  88 

—  1.529  55 

—  2.28306 

6 

+  0.60279 

+  0.091 77 

—  1-594  55 

—  2.39023 

7 

+  0.35406 

+ 

0.71640 

—  1.071  36 

—  1.59699 

7 

+  0.30457 

+  0.715 16 

—  1. 109  73 

—  1. 661 64 

8 

+  0.270  14 

+ 

0.508  75 

—  0.77890 

—  1.16257 

8 

+  0.29706 

+  0.50583 

—  0.80290 

—  1.203  41 

9 

+  0.22724 

+ 

o.357  97 

—  0.58520 

—  0.875  82 

9 

+  0.24704 

+  0.35397 

—  0.601  02 

—  0.90267 

10 

+  0.20327 

+ 

0.249  27 

—  0.452  55 

—  0.67894 

10 

+  0.21868 

+  0.24478 

—  0.46347 

—  0.697 18 

n 

+  0.18839 

+  0.17058 

—  0.35896 

-  0.53889 

11 

+  0.20085 

+  0.16598 

—  0.36683 

-  0.551  59 

12 

+  0.178  13 

+ 

0.1 13  07 

—  0.291  19 

—  0.43609 

12 

+  0.18848 

+  0.10859 

—  0.29707 

—  0.44509 

13 

+  0.17040 

+ 

0.070  59 

—  0.241  00 

—  0.35852 

13 

+  0.179  19 

+  0.06636 

—  0.245  53 

—  0.36497 

14 

+  0.16420 

+ 

0.038  87 

—  0.20307 

—  0.29855 

14 

+  0.171  75 

+  0.03492 

—  0.20668 

—  0.303  18 

15 

+  0.15900 

+ 

0.014  93 

—  0.17392 

—  0.251 17 

15 

+  0.165  57 

+  0.011  29 

—  0.17680 

—  0.25449 

16 

+  0.15452 

— 

0.00331 

—  0.151  19 

—  0.213  01 

16 

+  0.16028 

—  0.00665 

—  0.15364 

—  0.21535 

17 

+  0.15059 

— 

0.017  36 

—  0.13325 

—  0.181 73 

17 

+  0.155  7o 

—  0.020  38 

—  0.135  3i 

—  0.18333 

18 

+  0.147  15 

— 

0.028  23 

—  0.1 18  92 

—  0.15568 

18 

+  0.151  69 

—  0.03098 

—  0.12070 

—  0.15670 

19 

+  0.144  13 

— 

0.036  72 

—  0.10739 

—  0.13365 

19 

+  0.148  17 

—  0.03922 

—  0.10896 

—  0.134  21 

20 

+  0.141  48 

— 

0.043  40 

—  0.09808 

—  0.1 14  75 

20 

+  0.14509 

—  0.045  66 

—  0.09945 

—  0.1 14  95 

21 

+  0.139  19 

— 

0.048  67 

—  0.09050 

—  0.09831 

21 

+  0.14243 

—  0.050  70 

—  0.091  72 

—  0.09823 

22 

+  0.13722 

— 

0.052  86 

—  0.08436 

—  0.08381 

22 

+  0.140  12 

—  0.05468 

—  0.08545 

—  0.08350 

23 

+  0.135  57 

— 

0.056  20 

—  0.07938 

—  0.07086 

23 

+  0.138  16 

—  0.05781 

—  0.08036 

—  0.07035 

24 

+  0.13422 

— 

0.05885 

—  0.07538 

—  0.059 13 

24 

+  0.13653 

—  0.06027 

—  0.07626 

—  0.05846 

25 

+  0.133  17 

— 

0.06096 

—  0.07222 

—  0.04836 

25 

+  0.13522 

—   0.062  20 

—  0.07301 

—  0.047  55 

26 

+  0.132  41 

— 

0.06263 

—  0.06979 

—  0.03832 

26 

+  0.13420 

—   O.063  70 

—  0.07050 

—  0.03741 

27 

+  0.131  93 

— 

0.063  93 

—  0.06801 

—  0.02884 

27 

+  0.13348 

—   O.06483 

—  0.06864 

—  0.02783 

28 

+  0.131  73 

— 

0.064  92 

—  0.06681 

—  0.01975 

28 

+  0.13305 

—   0.055  65 

—  0.06738 

—  0.01866 

29 

+  0.13182 

— 

0.065  63 

—  0.066  18 

—  0.01090 

29 

+  0.13289 

—   O.0662O 

—  0.06668 

—  0.00975 

30 

+  0.132  18 

— 

O.066  10 

—  0.06608 

—  0.002 15 

30 

+  0.13302 

—   O.O065I 

—  0.06651 

—  0.00096 

31 

+  0.13284 

— 

0.06632 

—  0.06651 

+  0.00662 

3i 

+  0.133  44 

—   O.06656 

—  0.06687 

+  0.00785 

32 

+  0.13379 

— 

0.06631 

—  0.06749 

+  0.015  57 

32 

+  0.134  15 

—   O.06637 

—  0.06777 

+  0.01682 

33 

+  0.13506 

— 

0.066  03 

—  0.06903 

+  0.02482 

33 

+  0.135  15 

—   O.0659I 

—  0.06923 

+  0.02608 

34 

+  0.13664 

— 

O.065  45 

—  0.071  18 

+  0.03454 

34 

+  0.13646 

—   O.065  l6 

—  0.071  30 

+  0.035  78 

35 

+  0.13857 

— 

0.064  54 

—  0.07402 

+  0.04489 

35 

+  0.138  10 

—   O.06405 

—  0.07404 

+  0.046  11 

36 

+  0.14086 

— 

0.063  24 

—  0.07763 

+  0.05608 

36 

+  0.14007 

—  0.062  54 

—  0.077  55 

+  0.05724 

37 

+  0.143  55 

— 

0.061  43 

—  0.082  13 

+  0.06834 

37 

+  0.14242 

—  0.06050 

—  0.081  92 

+  0.06942 

38 

+  0.14668 

— 

0.059  01 

—  0.08767 

+  0.081 96 

38 

+  0.145  15 

—  0.05784 

—  0.0S732 

+  0.08293 

39 

+  0.15029 

— 

0.055  81 

—  0.09447 

+  0.09730 

39 

+  0.14832 

—  0.054  37 

—  0.09395 

+  0.098  1 1 

40 

+  O.I54  44 

— 

0.051  63 

—  0.10280 

+  0.1 14  80 

40 

+  0.15196 

—  0.04987 

—  0.10209 

+  0.1 15  40 

41 

+  0.15920 

— 

0.046  17 

—  0.1 13  05 

+  0.13504 

41 

+  0.156  14 

—  0.04406 

—  0.1 12  08 

+  0.13536 

42 

+  0.16470 

— 

0.039  03 

—  0.12568 

+  0.15878 

42 

+  0.16093 

—  0.03652 

—  0.12442 

+  0.15873 

43 

+  0.171  06 

— 

0.029  69 

—  0.141  37 

+  0.18703 

43 

+  0.16646 

—  0.02671 

—  0.139  73 

+  0.18647 

44 

+  0.17850 

— 

O.OI745 

—  0.161  05 

+  0.221 16 

44 

+  0.17285 

—  0.013  91 

—  0.15894 

+  0.21993 

45 

+  0.18729 

— 

0.001  31 

—  0.18599 

+  0.26306 

45 

+  0.18036 

+  0.00293 

—  0.18328 

+  0.26093 

46 

+  0.19790 

+ 

0.020  12 

—  0.218  01 

+  0.31543 

46 

+  0.18932 

+  0.025  21 

—  0.214  53 

+  0.31208 

47 

+  0.21 1  05 

+ 

0.048  73 

—  0.25978 

+  0.382 19 

47 

+  0.20031 

+  0.054  97 

—  0.25527 

+  0.377  15 

48 

+  0.22798 

+ 

0.087  26 

—  0.31523 

+  0.469 15 

48 

+  0.214  31 

+  0.09504 

—  0.30935 

+  0.461  76 

49 

+  0.25086 

+  0.13952 

—  0.39037 

+  0.58526 

49 

+  0.23309 

+  0.14953 

—  0.38262 

+  0.574  53 

50 

+  0.283  78 

+ 

0.21084 

—  0.49461 

+  0.74461 

50 

+  0.26004 

+  0.22424 

—  0.48427 

+  0.729  10 

51 

+  0.33481 

+ 

0.308  36 

—  0.643  17 

+  0.97029 

51 

+  0.30196 

+  0.32727 

—  0.62923 

+  0.947  79 

52 

+  0.42084 

+ 

0.440  62 

—  0.861  46 

+  1.301 21 

52 

+  0.373  30 

+  0.469  14 

—  0.84244 

+  1.26849 

53 

+  0.57924 

+ 

0.614  18 

—  I.I93  43 

+  1.80520 

53 

+  0.50661 

+  0.66075 

—  1. 167  37 

+  1.75769 

54 

+  0.89775 

+ 

0.81982 

-  I.7I7S5 

+  2.60239 

54 

+  0.77960 

+  0.90268 

—  1.682  27 

+  2.53509 

55 

+  1.592  91 

+ 

0.983  93 

—  2.57684 

+  3.901 43 

55 

+  1.388  11 

+  1. 144  02 

—  2.532  13 

+  3.815  21 

56 

+  3-21360 

+ 

0.814  77 

—  4.02836 

+  6.01562 

56 

+  2.84329 

+  I.I4I94 

—  3.08524 

+  5.946  55 

57 

+  7-07792 

— 

0.596  54 

—  6.481  38 

+  9.12585 

57 

+  6.43787 

+  0.05782 

—  6.495  70 

+  9.25271 

58 

+1548372 

— 

5.189  93 

—10.29380 

+11.00597 

58 

+  14.71782 

—  4.162  63 

—  10.555  20 

+  12.78088 

59 

+28.021  10 

~ 

13-352  48 

—14.66860 

+  8.801 20 

59 

+28.397  74 

—12.848  84 

-15.54889 

+10.09673 

COEFFICIENTS  FOR  DIRECT  ACTION. 
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TABLE  VIII. 
Development  of  A,  B,  C,  and  D  for  Venus  in  periodic  Series. 


Coeff.  of 
V,  g' 

A 

B 

c 

D 

cos 

sin 

COS 

sin 

COS 

sin 

COS 

sin 

0      0 

+2.1947 

O.OOOO 

-0.5886 

0.0000 

— 1.6061 

0.0000 

—0.0005 

0.0000 

0+  1 

+0.1742 

—O.0428 

—0.0314 

+0.0085 

—0.1428 

+0.0343 

+0.0080 

+0.0774 

0+  2 

+0.0523 

—0.0556 

—0.0086 

+0.0084 

—0.0438 

+0.0471 

+0.0124 

+0.013 1 

0+  3 

+0.0046 

—0.0075 

—0.0008 

+0.0012 

—0.0038 

+0.0063 

+0.0022 

+0.0016 

0+  4 

+0.0001 

—0.0015 

0.0000 

0.0000 

—0.0001 

+0.0012 

+0.0004 

0.0000 

0+  5 

—0.000 1 

—0.OO02 

0.0000 

+0.0002 

0.0000 

+0.0002 

0.0000 

0.0000 

0+  6 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

1-  7 

0.0000 

0.0000 

—0.000 1 

+0.0001 

0.0000 

0.0000 

+0.0001 

0.0000 

1—  6 

—0.0004 

+0.0003 

—0.0003 

0.0000 

+0.0001 

—0.0003 

0.0000 

—0.0001 

1-  5 

+0.0004 

+0.0014 

—0.0002 

—0.0005 

—0.000 1 

—O.OOIO 

+0.0005 

—0.0005 

1-  4 

+0.0049 

+0.0084 

—0.0013 

—0.0017 

—0.0038 

—0.0068 

+0.0031 

—0.0021 

1—  3 

+0.0546 

+O.0552 

—0.0127 

—0.01 15 

—0.0423 

—0.0441 

+0.0182 

—0.0199 

1—  2 

+0.2534 

+0.0552 

—0.0820 

—0.0156 

—0.1708 

—0.0393 

+0.0201 

— 0.1214 

1—  1 

+4.0006 

—0.0006 

— 1.1590 

+0.0004 

—2.8416 

0.0000 

—0.0015 

— 1.1602 

1+  0 

+0.0924 

—O.0288 

+0.01 18 

+0.0030 

—0.1036 

+0.0255 

—0.0010 

+0.0525 

1+  1 

+0.0501 

—0.0549 

—0.0058 

+0.0060 

—0.0445 

+0.0490 

+0.0063 

+0.0068 

1+  2 

+0.0038 

—O.O064 

—0.0002 

+0.0008 

—0.0030 

+0.0059 

+0.0013 

+0.0009 

1+  3 

0.0000 

—O.OOI4 

0.0000 

+0.0005 

0.0000 

+0.0013 

+0.0004 

+0.0001 

1+  4 

—0.000 1 

—0.0002 

0.0000 

0.0000 

+0.0002 

+0.0004 

—0.0002 

0.0000 

1+  5 

0.0000 

O.OOOO 

—0.0001 

+0.0001 

0.0000 

0.0000 

+0.0001 

0.0000 

2-  8 

0.0000 

O.OOOO 

—0.000 1 

—0.0001 

+0.0001 

0.0000 

+0.0001 

0.0000 

2-  7 

0.0000 

+O.OOO4 

—0.0002 

—0.000 1 

+0.0001 

—0.0006 

+0.0002 

0.0000 

2-  6 

+0.0004 

+O.OOI5 

0.0000 

—0.0005 

—0.0002 

—0.00 1 1 

+0.0002 

—0.0001 

2-  5 

+0.0054 

+O.OO92 

—0.0016 

—0.0025 

—0.0036 

—0.0065 

+0.0037 

—0.0027 

2—  4 

+0.0567 

+0.0542 

—0.0174 

—0.0144 

—0.0398 

—0.0398 

+0.0223 

—0.0252 

2—  3 

+0.3093 

+O.0648 

— 0.1281 

—0.0245 

-0.1826 

—0.0402 

+0.0315 

—0.1729 

2—  2 

+3.7105 

—0.O0I4 

—  1.3562 

+0.00 1 1 

-2.353s 

0.0000 

—0.0018 

— 1.6716 

2—    I 

+0.0402 

—O.OI73 

+0.0321 

+0.0010 

—0.0730 

+0.0162 

—0.0016 

+0.0516 

2+  O 

+0.0483 

—O.0536 

—0.0049 

+0.0052 

—0.0430 

+0.0486 

+0.0001 

+0.0012 

2+    I 

+0.0032 

—0.O054 

—0.0003 

+0.0003 

—0.0028 

+0.0048 

+0.0008 

+0.0007 

2+   2 

+0.0001 

— O.OOIO 

0.0000 

+0.0002 

.00000 

+0.001 1 

+0.0001 

0.0000 

2+  3 

—0.0002 

—0.0002 

—0.0003 

—0.000 1 

+0.0003 

—0.0002 

+0.0002 

0.0000 

2+  4 

0.0000 

0.0000 

—0.000 1 

—0.000 1 

+0.0001 

0.0000 

+0.0001 

0.0000 

3—  9 

— 0.0001 

+0.0001 

— 0.0001 

0.0000 

+0.0001 

0.0000 

+0.0001 

+0.0001 

3-8 

0.0000 

+0.0006 

0.0000 

—0.0003 

+0.0001 

—0.0003 

+0.0001 

0.0000 

3-  7 

+0.0004 

+0.0020 

+0.0001 

—0.0007 

—0.0003 

— 0.00 1 1 

+0.0007 

—0.0002 

3-6 

+0.0062 

+0.0093 

—0.0020 

—0.0032 

—0.0041 

—0.0064 

+0.0046 

—0.0033 

3-  5 

+0.0586 

+0.0524 

—0.0217 

—0.0168 

—0.0366 

—0.0354 

+0.0252 

—0.0305 

3-  4 

+0.3454 

+0.0705 

—0.1657 

—0.0317 

—0.1789 

—0.0387 

+0.0408 

—0.2154 

3—  3 

+3-3553 

—0.0017 

—1.4697 

+0.0012 

-1.8858 

+0.0003 

—0.0014 

—1.8630 

3—  2 

+0.0042 

—0.0079 

+0.0456 

—0.0014 

—0.0490 

+0.0094 

+0.0008 

+0.0547 

3-  1 

+0.0454 

—0.0516 

—0.0044 

+0.0049 

—0.0410 

+0.0463 

—0.0056 

—0.0043 

3—  0 

+0.0030 

—0.0045 

—0.0002 

0.0000 

—0.0030 

+0.0044 

0.0000 

+0.0003 

3—  1 

—0.0003 

—O.OOIO 

+0.0004 

+0.0002 

+0.0001 

+0.001 1 

+0.0002 

0.0000 

3—  2 

—0.0004 

0.0000 

—0.0002 

—0.000 1 

+.00002 

—0.0002 

0.0000 

+0.0001 

3—  3 

—0.000 1 

+0.0001 

—0.000 1 

0.0000 

+0.0001 

0.0000 

+0.0001 

+0.0001 

4—10 

—0.0001 

+0.0002 

+0.0001 

+0.0001 

+0.0002 

0.0000 

+0.0001 

0.0000 

4—  9 

—0.000 1 

+0.0004 

+0.0003 

+0.0001 

0.0000 

—0.0002 

0.0000 

—0.0002 

4-8 

+0.0003 

+0.0018 

0.0000 

—0.0008 

—0.000 1 

—0.0014 

+0.0013 

—0.0003 

4-  7 

+0.0064 

+0.0096 

—0.0025 

—0.0036 

—0.0038 

—0.0060 

+0.0052 

—0.0036 

4-  6 

+0.0584 

+0.0498 

—0.0252 

—0.0190 

—0.0332 

—0.0308 

+0.0267 

—0.0344 

4—  5 

+0.3605 

+0.0726 

—0.1938 

—0.0370 

—0.1 67 1 

—0.035s 

+0.0468 

—0.2442 

4—  4 

+2.9597 

—0.0013 

—1.4783 

+0.0012 

-1.4817 

+0.0002 

—0.0014 

-1.8596 

4—  3 

—0.0206 

—0.0005 

+0.0526 

—0.0043 

—0.0330 

+0.0045 

+0.0037 

+0.0580 

4—  2 

+0.0424 

—0.0483 

—0.0058 

+0.0059 

—0.0369 

+0.0420 

—0.0090 

—0.0075 

4—  1 

+0.0023 

—0.0034 

0.0000 

—0.0001 

—0.0025 

+0.0034 

0.0000 

+0.0003 
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TABLE   VIII.— Concluded. 
Development  of  A,  B,  C,  and  D  for  Venus  in  periodic  Series. 


Coeff.  of 
V,  g' 

A 

B 

c 

D 

cos 

sin 

COS 

sin 

COS 

sin 

COS 

sin 

4+  o 

—0.0002 

—0.0010 

+0.0001 

+0.0001 

+0.0002 

+0.0013 

—0.0002 

—0.0003 

4+  I 

0.0000 

+0.0002 

—0.0001 

—0.0001 

0.0000 

+0.0003 

—0.0001 

0.0000 

4+   2 

+0.0001 

+0.0002 

—0.0001 

+0.0001 

+0.0004 

0.0000 

+0.0001 

O.0OO0 

5-n 

0.0000 

0.0000 

—0.0001 

0.0000 

+0.0001 

—0.0001 

0.0000 

—0.000 1 

5— io 

—0.0004 

0.0000 

—0.0001 

—0.0004 

+O.OO0J 

+0.0001 

+0.0002 

0.0000 

5-  9 

+0.0004 

+0.0018 

—0.0001 

—0.0008 

0.0000 

—0.00 1 1 

+0.001 1 

—0.0003 

5-8 

+0.0063 

+0.0095 

—0.0028 

—0.0036 

—0.0037 

—0.0056 

+0.0057 

—0.0040 

5-  7 

+0.0579 

+0.0465 

—0.0284 

—0.0200 

—0.0298 

—0.0268 

+0.0276 

—0.0374 

5-  6 

+0.3602 

+0.0712 

—0.2094 

—0.0400 

— 0.1501 

—0.0313 

+0.0497 

—0.2587 

5-  5 

+2.5539 

—0.0014 

—1.4070 

+0.0012 

—1. 1467 

+0.0002 

—0.0015 

—1.7422 

5-  4 

—0.0350 

+0.0047 

+0.0564 

—0.0068 

—0.0205 

+0.0016 

+0.0067 

+0.0598 

5-  3 

+0.0389 

—0.0445 

—0.0064 

+0.0069 

—0.0328 

+0.0375 

—0.0122 

—0.0108 

S-   2 

+0.0018 

—0.0028 

+0.0001 

+0.0001 

—0.0018 

+0.0029 

+0.0002 

+0.0002 

5-  i 

+0.0004 

—0.00 1 1 

0.0000 

+0.0002 

+0.0002 

+0.0012 

—0.0002 

0.0000 

5+  o 

— 0.0001 

+0.0002 

—0.0002 

+0.0002 

—0.0001 

+0.0001 

+0.0002 

0.0000 

5+  i 

0.0000 

0.0000 

—0.0001 

0.0000 

+0.0001 

—0.0001 

0.0000 

—0.000 1 

6—12 

— 0.0001 

0.0000 

0.0000 

0.0000 

+0.0002 

0.0000 

+0.0001 

—0.0002 

6-n 

—0.000 1 

+0.0003 

+0.0002 

0.0000 

+0.0004 

+0.0001 

+0.0002 

0.0000 

6— io 

+0.0003 

+0.0018 

—0.0002 

—0.0008 

—0.0005 

—0.0009 

+0.0012 

—0.0005 

6-  9 

+0.0061 

+0.0091 

—0.0035 

—0.0038 

—0.0033 

—0.0050 

+o.oo5o 

—0.0040 

6-  8 

+0.0557 

+0.0428 

—0.0295 

—0.0203 

—0.0264 

—0.0225 

+0.0274 

—0.0380 

6-  7 

+0.3455 

+0.0684 

—0.2150 

—0.0414 

— 0.1312 

—0.0274 

+0.0500 

—0.2500 

6-  6 

+2.1645 

—0.0007 

—1.2859 

+0.0009 

—0.8788 

—0.0001 

—0.0009 

-1.5648 

6-5 

—0.0436 

+0.0086 

+0.0558 

—0.0084 

—0.0128 

+0.0002 

+0.0086 

+0.0588 

6-4 

+0.0356 

—0.0403 

—0.0075 

+0.0078 

—0.0282 

+0.0321 

—0.0139 

—0.0120 

6-  3 

+0.0016 

—0.0022 

0.0000 

—0.000 1 

—0.0018 

+0.0021 

+0.0002 

—0.0001 

6-   2 

0.0000 

—0.0009 

+0.0002 

+0.0002 

—0.0005 

+0.0009 

0.0000 

+0.0005 

6-  i 

—0.000 1 

+0.0002 

—0.0002 

+0.0001 

— 0.0001 

+0.0001 

—0.0002 

—0.0006 

6+  o 

—0.000 1 

0.0000 

0.0000 

0.0000 

—0.0002 

0.0000 

—0.000 1 

—0.0002 

7-13 

—0.000 1 

0.0000 

0.0000 

—0.000 1 

—0.000 1 

0.0000 

—0.0002 

0.0000 

7—12 

0.0000 

+0.0005 

+0.0003 

—0.0001 

—0.0001 

—0.0001 

+0.0004 

+0.0002 

7-n 

+0.0006 

+0.0017 

+0.0001 

—0.0009 

—0.0002 

—0.0009 

+0.0007 

—0.0001 

7—io 

+0.0064 

+0.0088 

—0.0033 

—0.0042 

—0.0030 

—0.0046 

+0.0058 

—0.0043 

7-  9 

+0.0532 

+0.0392 

—0.0305 

—0.0200 

—0.0223 

—0.0184 

+0.0260 

—0.0386 

7-8 

+0.3227 

+0.0632 

—0.21 12 

—0.0407 

—0.1 1 16 

—0.0226 

+0.0486 

—0.2508 

7-  7 

+1.8074 

—0.0006 

— 1.1384 

+0.0008 

—0.6689 

—0.0002 

—0.0009 

—1.3643 

7-6 

—0.0458 

+0.0106 

—0.0547 

—0.0102 

—0.0074 

—0.0009 

+0.0105 

+0.0567 

7-  5 

+0.0315 

—0.0359 

—0.0074 

+0.0082 

—0.0240 

+0.0274 

—0.0148 

—0.0129 

7-  4 

+0.0012 

—0.0015 

+0.0001 

—0.0004 

—0.0012 

+0.0016 

+0.0002 

+0.0002 

7-  3 

0.0000 

—0.001 1 

+0.0003 

+0.0003 

0.0000 

+0.0008 

—0.0005 

+0.0002 

7-  2 

—0.0001 

—0.0002 

— 0.0001 

+0.0002 

0.0000 

+0.0001 

—0.000 1 

0.0000 

7-  i 

—0.000 1 

0.0000 

0.0000 

—0.0002 

—0.000 1 

0.0000 

—0.0002 

0.0000 

8-14 

—0.000 1 

0.0000 

0.0000 

—0.000 1 

0.0000 

—0.0002 

+O.COOI 

0.0000 

8-13 

—0.0002 

+0.0002 

+0.0002 

—0.0002 

0.0000 

—0.000 1 

+0.0002 

— 0.CO03 

8—12 

+0.0002 

+0.0014 

—0.0002 

—0.0008 

—0.0002 

— 0.0010 

+0.0013 

—0.0006 

8-i  i 

+0.0058 

+0.0080 

—0.0034 

—0.0044 

—0.0027 

—0.0037 

+0.0050 

—0.0041 

8— io 

+0.0496 

+0.0351 

—0.0306 

—0.0190 

—0.0193 

—0.0155 

+0.0250 

—0.0374 

8-9 

+0.2941 

+0.0577 

—0.1996 

—0.0385 

—0.0942 

—0.0192 

+0.0459 

—0.2335 

8-  8 

+14892 

—0.0001 

—0.9842 

+0.0003 

—0.5050 

— 0.0001 

—0.0000 

—1. 1034 

8-7 

—0.0461 

+0.01 18 

+0.0500 

—0.0104 

—0.0048 

—0.0012 

+0.01 15 

+0.0508 

8-  6 

+0.0278 

—0.0316 

—0.0081 

+0.0085 

—0.0198 

+0.0228 

—0.0144 

—0.0122 

8-  5 

+0.0010 

—0.00 10 

+0.0001 

—0.0004 

—0.0012 

+0.0012 

—0.0005 

0.0000 

8-  4 

—0.000 1 

—0.0009 

0.0000 

—0.000 1 

—0.0002 

+0.0009 

+0.0001 

+0.0002 

8-  3 

+0.0002 

0.0000 

0.0000 

—0.0002 

—0.0001 

+0.0002 

— O.COOI 

+0.0005 

8—   2 

—0.000 1 

0.0000 

0.0000 

—0.000 1 

0.0000 

—0.0002 

+0.0001 

0.0000 
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TABLE   IX. 

Computation  of  the  Coefficients  for  the  Hansenian  Venus-term  of 

Long  Period. 


System. 

A  " 

Kx 

A     2 

c,2 

Ai 

A2 

0 

+33.3948 

—48.0672 

—  15.2486 

+ 1.6810 

+ 1.6959 

1 

+30.4226 

—44.3154 

—  14.3087 

+  5.2845 

+  5.6929 

2 

+27.3802 

—404460 

—  13.3384 

+  6.9388 

+  7.7952 

3 

+25.7695 

-38.3437 

—  12.7915 

+  6.7824 

+  7.8308 

4 

+25.3715 

—37.7570 

—  12.6090 

+  5.0267 

+  5.8930 

5 

+25.2326 

—37.5000 

-12.5055 

+  1.9933 

+  2.3924 

6 

+24.7525 

-36.8595 

—  I2.3300 

— 14599 

—  1.6609 

7 

+24.2976 

—36.3246 

—  I2.2I9O 

—  4.3516 

—  5.1130 

8 

+24.8273 

—37.1237 

—  12.4835 

—  6.2219 

—  7.2996 

9 

+27.0732 

—40.1587 

—  13.3322 

—  6.9149 

—  7.9252 

10 

+30.7124 

—44.8651 

-I4.5505 

-  5-9534 

-  6.5819 

11 
0 

+33.6483 

—484814 

—  154035 

—  2.7899 

—  3.0391 

B" 

B« 

*« 

A. 

*.* 

—  I9.9I36 

+27.3868 

+    7.9770 

—   I.339I 

— 1.2601 

1 

—  I8.5I30 

+25.9046 

+    7.76l2 

—  4.02IO 

-  4.0255 

2 

—  I6.903I 

+24.1227 

+    74655 

—  5.0839 

-  5.2866 

3 

-15.8666 

+22.8730 

+    7.2028 

—  4-7701 

—  5.0902 

4 

—  154249 

+22.2499 

+    7-0232 

-  34567 

—  3.7608 

5 

—  15.2448 

+21.9597 

+    6.9235 

—  I449I 

— 1.6516 

6 

—  15.0836 

+21.7873 

+    6.9OO8 

+  0.8330 

+  0.8101 

7 

—  15.0404 

+21.8370 

+   6.9698 

+  2.9218 

+  3.1445 

8 

—  I5.4663 

+224592 

+    7.1627 

+  44869 

+  4.9005 

9 

-16.6559 

+23.9194 

+    74839 

+  5.2206 

+  5.6178 

10 

—  18.4569 

+25.9344 

+    7.8260 

+  4-5771 

+  4.7687 

11 
0 

—  19.9292 

+27.4474 

+   8.0139 

+  2.1201 

+  2.1782 

C" 

Qx 

Q2 

c.A 

Q. 

—1348 1 1 

+20.6804 

+    7.27l6 

—  0.3420 

-  0.4358 

1 

—11.9096 

+  184IO7 

+   6.5475 

—  1.2636 

— 1.6673 

2 

—10.4771 

+  16.3233 

+    5.8729 

-  1.8550 

—  2.0586 

3 

—  9-9030 

+  154707 

+    5.5887 

—   2.0122 

—  2.7407 

4 

—  9.9466 

+  15.5072 

+    5.5856 

—    1.5700 

—  2.1323 

S 

-  9.9878 

+  15.5402 

+    5.5820 

—  0.5442 

—  0.7409 

6 

—  9.6689 

+  15.0722 

+    54291 

+  0.6270 

+  0.8508 

7 

—  9-2573 

+  I44877 

+    5.2492 

+    14299 

+  1.9685 

8 

—  9.361 1 

+  14.6645 

+    5.3207 

+    I-735I 

+  2.3991 

9 

—10.4173 

+  16.2394 

+    5.8483 

+    1.6943 

+  2.3074 

10 

-12.2555 

+  I8.9306 

+   6.7244 

+    1.3762 

+ 1.8 132 

11 
0 

— 13.7191 

+21.0340 

+    7.3897 

+   O.6699 

+  0.8608 

A" 

A,, 

Ai 

A. 

A. 

+ 1.1897 

—    1.3484 

—   O.2485 

—29.8546 

—38.9716 

1 

+  3.5868 

—   4.2373 

—   0.8724 

—27.51 1 1 

—36.6653 

2 

+  4.5580 

—    5-5349 

—    I.2II7 

—24.9093 

—34.0089 

3 

+  4.3152 

—   5-3345 

—    I.2I53 

—23.3292 

—32.2553 

4 

+  3.1531 

—   3-9457 

—   O.9269 

—22.7393 

—314609 

5 

+ 1.3233 

—    I.7080 

—   04334 

—22.5117 

—31.0906 

6 

—  0.7706 

+   0.8979 

+    O.1689 

—22.2069 

—30.7822 

7 

—  2.6659 

+   3-3202 

+   0.7653 

—22.0282 

—30.7403 

8 

—  4.0554 

+   5.I025 

+    I.2I08 

—22.6267 

-31.5788 

9 

—  4.6806 

+   5.8349 

+    1.3576 

—24.5324 

—33.7503 

10 

—  4.1057 

+   4.9831 

+    I. 1038 

—27.4981 

—36.8202 

11 

— 1.9060 

+   2.28l6 

+   04940 

—29.9252 

—39.1222 
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TABLE   X. 
Coefficients  of  cos  18Z  and  sin  18Z  for  A,  B,  C,  and  D  in  each  of 

12    SYSTEMS  (Z  =  V— £•'). 


System. 

3o^c 

30-4. 

3oBe 

3<>B, 

3oCe 

30C. 

30A 

3oDt 

-5.4864 

o 

+6.2049 

+0.6020 

—4.9971 

—0.5329 

—1.2077 

—0.0692 

+0.5720 

i 

+5.1524 

+  1.6797 

—4.2291 

—1.4580 

—0.9233 

—0.2217 

+1.5716 

—4-6133 

2 

+4.0908 

+2.0174 

—3.4091 

—1.7277 

-0.6816 

—0.2896 

+1.8673 

—3.7002 

3 

+3-5721 

+1.8476 

—2.9712 

—1.5447 

—0.6009 

—0.3028 

+1.6835 

—3.2281 

4 

+3-503I 

+1.3168 

—2.8674 

—1.0770 

-0.6358 

—0.2398 

+ 1. 1840 

—3-1341 

5 

+3-5273 

+0.4896 

-2.8577 

—0.4074 

—0.6697 

—0.0821 

+0.4448 

—3-1352 

6 

+3.3871 

—0.4122 

—2.7680 

+0.3160 

— 0.6191 

+0.0962 

-0.3565 

—3.0267 

7 

+3-1874 

— 1.1332 

—2.6537 

+0.9305 

—0.5337 

+0.2028 

—1.0208 

-2.8813 

8 

+3-2562 

—  1.6267 

—2.7313 

+1.3868 

—0.5250 

+0.2401 

—1. 2991 

—2.9577 

9 

+3-8775 

— 1.9181 

—3.2097 

+1.6630 

—0.6677 

+0.2552 

-1.7883 

—3.4938 

io 

+5.0768 

—1.7932 

—4. 1 1 14 

+1.5501 

-0.9655 

+0.2431 

—1.6730 

—4-5098 

ii 

+6.2050 

-0.8671 

—4.9641 

+0.7360 

—1.2409 

+0.1311 

—0.8012 

-5.4650 

do 

+4.2534 

+0.0169 

-3.4808 

—0.0138 

—0.7726 

—0.0031 

+0.0154 

—3.8026 

Oi 

+1.3404 

+0.4237 

— 1.0631 

—0.3618 

—0.2773 

—0.0620 

+0.3915 

— 1.1728 

£i 

—0.2170 

+1.9499 

+0.1657 

-1.6577 

+0.0512 

—0.2923 

+1.7968 

+0.1855 

tta 

+0.5358 

+0.0646 

—0.3961 

—0.0834 

—0.1397 

+0.0188 

+0.0796 

—0.4480 

0* 

—0.3789 

+0.2585 

+0.2565 

—0.2410 

+0.1224 

—0.0174 

+0.2547 

+0.3019 

as 

+0.0682 

+0.0800 

—0.0512 

—0.0602 

—0.0170 

—0.0197 

+0.0608 

—0.0569 

0. 

—0.0679 

+0.0673 

+0.0488 

—0.0540 

+0.0192 

—0.0133 

+0.061 1 

+0.0554 

The  coefficients  Acy  As,  etc.,  have  a  separate  value  for  each  ot  the  12  systems. 
These  special  values  are  developed  in  a  periodic  series  proceeding  according  to  the 
sines  and  cosines  of  multiples  of  g\  in  the  form  [a)  §36  with  results  shown  in  the 
last  seven  lines  above.     The  final  development  is  then  shown  below  in  the  form  (b). 

TABLE  XI. 

Computation  of  A-  and  K-Coefficients  for  the  Hansenian  Inequality  of 

Long  Period. 


Arg. 

3oAe 

3<^4. 

3oBc 

3oBs 

3oCc 

3oC, 

3oDc 

3°Ds 

—3.8026 
+0.3120 
—0.0966 
+0.0021 

18  V— 18^ 
i8v— 17^ 
l8v— 16^ 
18  V— 15^ 

+4-2534 
—O.3048 
+O.1387 
+0.0005 

+0.0169 
+0.1034 
—0.1572 
+0.0061 

-3.4808 
+0.2973 
—0.0775 
+0.0014 

—0.0138 
—0.0981 
+0.0865 
—0.0057 

—0.7726 
+0.0075 
—0.061 1 
—0.0019 

—0.0031 
—0.0054 
+0.0706 
—0.0003 

+0.0154 
+0.1030 

—O.IIII 

+0.0072 

Arg. 

30^e 

3onrt 

iozMKc 

io*MK, 

ioWCc 

ioWC, 

ioWZ>c 

—0.5376 
+0.0441 
—0.01366 
+0.00030 

l8v— 18^ 

18  v— 17? 
i8v— 16^ 
i8v— 15^ 

+3.8671 
—0.3010 
+0.108 1 
—0.0004 

+0.0104 
+0.1008 
—0.12 18 
+0.0059 

+0.5469 
—0.0426 
+0.01528 
—0.00006 

+0.0015 
+0.0142 
—0.01723 
+0.00083 

—0.1093 
+0.001 1 
—0.00864 
—0.00027 

—0.0004 
—0.0008 
+0.00998 
—0.00004 

+0.0022 
+0.0146 

— 0.01571 
+0.00102 
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§  37.  Coefficients  E  and  F  for  Venus.  Some  preliminary  computations  ren- 
der it  doubtful  whether  the  planetary  coefficients  E  and  F  would  lead  to  sensible 
inequalities  in  any  case.  But,  in  order  to  leave  no  doubt,  they  are  computed  for 
six  ot  the  twelve  systems  and  thirty  alternate  values  of  the  index  for  Venus.  The 
separate  numerical  results  are  shown  in  Table  XII.  The  general  development 
will  be,  so  far  as  it  seemed  useful  to  use  it,  found  in  Part  IV. 

TABLE   XII. 
Special  Values  of  E  and  F  for  the  Action  of  Venus  on  the  Moon. 


Coefficient  E. 


10 
11 
12 
13 
14 

15 
16 
17 
18 
19 

20 
21 
22 
23 
24 

25 

26 
27 
28 
29 


System 
o 


+3-528 
+2.216 
+0.643 
+0.218 
+0.094 

+0.049 
+0.028 
+0.017 
+0.01 1 
+0.007 

+0.004 
+0.003 
+0.001 
0.000 
—0.00 1 

—0.002 
—0.003 
—0.004 
—0.005 
—0.006 

—0.008 
— 0.010 

—0.012 
—O.Ol6 
—0.021 

—0.028 
—0.039 
—0.050 
O.OOO 
+0.730 


System  System 
2  4 


+6.997 
+3-683 
+0.872 
+0.233 
+0.078 

+0.030 
+0.012 
+0.004 
0.000 
—0.002 

—0.003 
—0.004 
—0.004 
—0.005 
—0.005 

—0.005 
—0.005 
—O.005 
—0.005 
—0.005 

—0.004 
—0.004 
—0.003 
0.000 
+0.005 

+0.018 
+0.050 
+0.152 
+0.569 
+2.564 


+3-567 
+  1.277 
+0.160 
—0.006 
—0.024 

—0.022 
—0.018 
—0.014 
—O.012 
—0.009 

—O.008 
—0.007 
—0.005 
—0.005 
—O.004 

—0.003 
—0.002 
— 0.001 
0.000 
+0.001 

+0.003 
+0.005 
+0.009 
+0.014 
+0.024 

+0.043 

+0.084 
+0.194 
+0.561 
+1.885 


System 


+0.002 
+0.003 
+0.004 
+0.005 
+0.006 

+0.007 
+0.009 
+0.012 
+0.015 
+0.020 

+0.027 
+0.037 
+0.045 
—0.017 
-0.681 


+0.003 
+0.004 
+0.004 
+0.004 
+0.005 

+0.005 
+0.005 
+0.005 
+0.005 
+0.005 

+0.005 
+0.004 
+0.002 
0.000 
—0.007 

—0.023 
—0.065 
—0.208 
—0-799 

—3-325 


System 
10 


-4.684 
—1.248 
—0.150 
O.OOO 
+0.019 

+0.018 
+O.OI5 
+0.013 
+0.01 1 

+0.009 

+0.008 
+0.006 
+0.005 
+0.004 
+0.004 

+0.003 
+0.002 
+0.001 
0.000 
—0.002 

—0.003 
—0.006 
— 0.010 
—0.017 
—0.029 

—0.053 
—0.108 
—0.264 
—0.819 

—2.919 


Coefficient  F. 


10 
11 
12 
13 
14 

15 
16 
17 
18 
19 

20 
21 
22 

23 

24 

25 
26 
27 
28 
29 


System 
o 


+0.071 
— I.I54 

-0-571 
—0.229 
— 0.100 

—0.048 
—0.025 
—0.014 
—0.007 
—0.004 

—0.002 

—0.00 1 

0.000 

0.000 

0.000 

0.000 

0.000 

—0.00 1 

—0.00 1 

—0.002 

—0.004 
—0.006 
—0.008 
—0.012 
—0.019 

—0.028 
—0.042 
—0.053 
0.000 
+0.406 


System 
2 


+0.617 
— 1.613 
+0.701 
—0.226 
—0.077 

—0.028 
— 0.010 
+0.003 
0.000 
+0.001 

+0.002 
+0.001 
+0.001 
+0.001 
0.000 

0.000 
—0.00 1 
— 0.001 
—0.00 1 
—0.002 

—0.002 
—0.002 
—0.00 1 
0.000 
+0.005 

+0.018 
+0.055 

+0.167 
+0.543 

+  I-557 


System 
4 

+0.231 
-0.556 
—0.126 
—0.005 
+0.023 

+0.020 
+0.015 
+0.01 1 
+O.007 
+0.005 

+0.003 
+0.002 
+0.001 

+0.001 
0.000 

0.000 
o.oco 
o.oco 
0.000 

0.000 

+0.001 
+0.003 
+0.006 

+0.01 1 
+0.022 

+0.043 

+0.090 
+0.205 
+0.507 

+1.061 


System 
6 


+0.039 
+0.836 

+0.459 
+0.198 
+0.090 

+0.045 
+0.024 
+0.013 
+0.007 
+0.004 

+0.002 

+0.001 

0.000 

0.000 

0.000 

0.000 

0.000 

+0.001 

+0.001 

+0.002 

+0.003 
+0.005 
+0.008 
+0.012 
+0.017 

+0.026 
+0.038 

+0.044 
—0.014 
—0.325 


System 


+0.532 
+1.484 
+0.574 
+0.192 
+0.069 

+0.026 
+0.010 
+0.003 
0.000 
—0.00 1 

—0.00 1 
—0.001 
—0.00 1 
— 0.001 
—0.00 1 

0.000 
0.000 

+0.001 

+0.001 

+O.O02 

+0.002 

+0.002 

+O.O02 

O.OOO 

—O.O06 

—0.021 
—O.064 
—O.IO8 
—O.623 
—  I.402 


System 
IO 


+0.345 
+0.750 

+0.144 

O.OOO 

—0.021 

—0.019 
—0.014 
—O.OIO 
—0.007 
—0.005 

—0.004 
—0.002 
—0.002 
—0.00 1 
0.000 

0.000 

0.000 

0.000 
0.000 

—0.00 1 

—0.002 
—0.003 
—0.007 

—0.012 

—0.025 

—0.050 
—0.109 
—0.260 
—0.672 

— 1.331 


B.   Action  of  Mars. 

§  38.  For  Mars  the  coefficients  A,  B,  C,  and  D  were  developed  much  in  the  same 
way  as  for  Venus.  But,  owing  to  the  supposed  absence  of  terms  having  a  high  mul- 
tiple of  the  mean  longitude  of  Mars,  it  was  considered  sufficient  to  divide  the  mean 
orbit  of  Mars  into  24  parts  for  the  special  computations  of  the  yl-coefficients.  The 
adopted  number  of  systems  was  12,  as  in  the  case  of  Venus. 

The  following  statements,  with  the  diagram,  will  make  clear  the  method  of  carry- 
ing out  the  computation.     In  system  o  the  Earth  remains  at  rest  at  its  perihelion 
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and  is,  therefore,  in  longitude  approximately  7r0'  =  99°-5-  Mars  starting  from  this 
same  mean  longitude,  ttq',  takes  the  twenty-four  consecutive  mean  longitudes  7r0', 
ir0'  +  1 50,  7r0'-f-3o°,  etc.,  to  irU/  +  345°-  These  twenty-four  positions  are  designated 
by  the  twenty-four  indices  o,  I,  2,  3,  .  .  .   23. 

In  system  1  the  Earth  is  in  mean  anomaly  300.  Then,  as  before,  Mars  takes  the 
successive  mean  longitudes  7r0'  + 300,  7r0'  + 45° ?  •  <  •  up  to  ir0'  -f-  150. 

The  same  plan  is  carried  through;  the  constant  mean  anomaly  of  the  Earth  in 
the  iih  system  being  i  X  300,  while  Mars,  starting  with  the  same  mean  longitude, 
goes  through  its  twenty-four  consecutive  mean  positions,  the  indices  which  express 
the  mean  longitude  of  Mars  always  starting  with  the  value  o  when  Mars  is  in  mean 
conjunction  with  the  Earth. 

As  in  the  case  of  Venus,  the  elements  were  taken  with  their  values  for  1800,  in 
order  to  correspond  to  the  mean  of  the  period  during  which  the  longitude  of  the 
Moon  has  been  observed.  The  numbers  and  data  for  computing  the  longitude  of 
Mars  are,  then,  as  follows : 

7r0' ;  long,  of  ©  's  perihelion  for  1800 ;  .  .  .  . 

tt4;        "       "  Mars'      "  "       "     ;  .  .  . 

7r0'-7r4;  initial  mean  anom.  of  Mars  for  1800 

Initial  mean  anomaly  of  Mars  in  system  j 

^4=i2707'24".7  +  3o°xy 

For  system  j  and  index  i 

o-4  =  i2707'24//.7  +  3o0  xj+  150  x  i 

From  the  numbers  found  in  Tables 
of  Mars,  page  397,  it  is  found  that  to 
this  initial  mean  anomaly  corresponds 

Fund.  Arg.  JV=  243^.0948 

and  that  the  increment  of  TV  for  150  of 
mean  anomaly  is 

m\t=  28^.62482 

For  the  numbers  arising  from  the 
inclination  of  the  orbit  of  Mars  we 
have : 


99°  3o' 

7".6 

332   22 

42  .9 

127     7 

24  .7 

Equinox 


Arrangement  of   Coordinate  Axes  in  Systems  o,  i,  etc., 
for  Mars. 


Long,  of  node,  1800;  .  0  =  480  o'  52". 5 
Node  from  © 's  perihelion  ;  3o8°3o'44,/.9 
Inclination,  1800;  ....  /=i°5i'   3". 6 
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The  results  of  the  main  steps  in  the  computation  of  the  coordinates  of  Mars  are 
shown  in  the  following  table.  The  first  column  corresponds  to  the  indices  of 
system  o.     In  the/th  system  they  are  diminished  by  27. 

The  second  column  shows  the  value  of  N  actually  used  in  entering  the  tables. 
The  discrepancy  of  two  units  in  the  fourth  place  results  from  using  two  computa- 
tions of  N.  Columny*  gives  the  mean  anomaly  as  taken  from  the  tables,  reduced 
by  the  secular  variation  to  1800.  Column  u  is  formed  by  adding  X.o  f  the  distance 
from  the  node  to  the  perihelion  of  Mars  and  applying  the  reduction  to  the  ecliptic. 
This  reduction  was  applied  in  order  to  use  for  x  and  y  simple  formulae  for  the 
ecliptic  longitude.  Actually,  through  a  misapprehension,  the  rectangular  coordi- 
nates were  computed  on  the  supposition  that  u  was  counted  along  the  orbit,  as  in 
the  case  of  Venus.  There  is  therefore  an  error  in  the  last  figures  of  the  coordinates, 
the  amount  of  which  can  readily  be  determined,  but  which  has  been  deemed  too 
small  to  need  correction  for  the  present  problem. 


TABLE   XIII. 
Computation  of  Heliocentric  Coordinates  of  Mars. 


i 

N 

/ 

u 

log.  r 

X 

y 



z 

0 

243.0946 

0   / 
135   3 

11 
17 

59 

24 

20 

0.208  749 

— 1.601 16 

—0.222  32 

+0.04497 

1 

271.7194 

148   7 

1 

72 

28 

19 

0.214  918 

—1.53086 

—0.586  91 

+O.050  53 

2 

300.3442 

160  52 

11 

85 

13 

52 

0.219 143 

—1.376  61 

—0.919  51 

+0.053  32 

3 

328.0690 

173  26 

7 

97 

48 

12 

0.221 310 

—1. 149  04 

—1.203  24 

+0.053  27 

4 

357-5939 

185  56 

13 

no 

18 

38 

0.221 364 

—0.86l  21 

—1.42386 

+O.05043 

5 

386.2187 

198  29 

47 

122 

52 

26 

0.219303 

—O.528  30 

—1.569  81 

+0.044  95 

6 

4I4-8435 

211  14 

12 

135 

36 

56 

0.215  179 

—O.16745 

—1.63228 

+0.037  08 

7 

443-4683 

224  16 

54 

I48 

39 

31 

0.209 102 

+0.202  38 

—1.605  53 

+0.027  19 

8 

472.0932 

237  45 

02 

162 

7 

24 

0.201 264 

+O.560  38 

-1.48737 

+0.015  76 

9 

500.7180 

251  45 

55 

176 

7 

52 

0.191 962 

+O.88448 

—1.27995 

+0.003  39 

10 

529.3428 

266  25 

53 

I90 

47 

23 

0.181 634 

+  1.151  73 

—0.990  76 

—0.009  19 

11 

557.9676 

281  49 

50 

206 

10 

58 

0.170884 

+  1.33964 

—0.633  72 

—0.021  13 

12 

586.5924 

298   0 

12 

222 

21 

9 

0.160502 

+  1.42836 

—0.230  06 

—0.031  49 

13 

615.2172 

314  55 

23 

239 

16 

26 

0.151 419 

+  1.40360 

+0.191 54 

—0.039  35 

14 

643.8421 

332  28 

46 

256 

50 

12 

0.144609 

+  1.26023 

+0.59686 

—0.043  88 

IS 

672.4669 

35o  28 

12 

274 

50 

n 

0.140  910 

+  1-005  34 

+0.94909 

—0.044  52 

16 

14.0961 

8  37 

13 

2Q2 

59 

42 

0.140  817 

+0.65923 

+1.21507 

—0.041 12 

17 

42.7209 

26  37 

36 

311 

00 

19 

0.144  343 

+0.253  23 

+1.37065 

—0.033  99 

18 

71-3457 

44  12 

35 

328 

35 

12 

0.151  014 

—0.175  28 

+1.40475 

—0.023  84 

19 

99-9705 

61   9 

53 

345 

32 

8 

0.160006 

-0.589  17 

+1.31988 

—0.0 1 1 66 

20 

128.5954 

77    22 

34 

1 

44 

20 

0.170346 

—0.956  46 

+ 1. 129  79 

+0.001 45 

21 

1572202 

92  48 

5o 

17 

10 

10 

0.181  098 

—  1.25306 

+0.855  63 

+0.01447 

22 

185.8450 

107  30 

5i 

3i 

51 

56 

0.191  465 

—  1.46347 

+0.522 13 

+0.026  50 

23 

214.4698 

121  33 

36 

45 

54 

32 

0.200  829 

-1-579  94 

+0.154  73 

+0.036  84 
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TABLE   XIV. 

G-COORDINATES    OF    MARS    REDUCED    TO    THE    DIFFERENT    SYSTEMS. 


System  o. 

System  1. 

Systi 

;m  2. 

System  3. 

X 

r 

X 

r 

X 

r 

X 

r 

o 

—0.617  95 

—0.222  32 

—0.666  54 

—0.091 17 

—0.67231 

+0.063  05 

—0.632  56 

+0.201 03 

I 

-0.54765 

—0.586  91 

—0.61 1  33 

—0450  67 

—0.632  25 

—0.298  23 

—0.605  81 

—0.16880 

2 

—0.393  40 

—0.919  51 

—0.472  37 

-0.785  65 

—0.505  93 

—0.641 08 

—0.487  65 

—0.526  80 

3 

—0.165  83 

—1.203  24 

—0.257  03 

—1.078  49 

—0.297  85 

—0.948  87 

—0.280  23 

—0.850  90 

4 

+0.12200 

—1.42386 

+0.024  24 

— 1.31303 

—0.016  52 

—1. 199  84 

+0.008  96 

— 1.11815 

5 

+0.454  91 

—1.569  81 

+0.35789 

-147477 

+0.325  iC 

—1.376  81 

+0.366  00 

—1.305  06 

6 

+0.815  76 

—1.63228 

+0.727  02 

— 1.35144 

+0.709  23 

—1.46366 

+0.769  66 

—1.39478 

7 

+1.185  59 

—1.605  53 

+1.111  41 

-1.53386 

+1. 112  39 

—1.44788 

+  1.191  26 

—1.37002 

8 

+  1-543  59 

—1.48737 

+1.48744 

— 1.41703 

+  1.50633 

-1.32288 

+1.59658 

—1.22665 

9 

+  1.86769 

—1.27995 

+  1.82870 

— 1.201 79 

+  1.85907 

—1.090  63 

+  1.948  81 

—0.971 76 

10 

+2.134  94 

—0.99076 

+2.107  36 

—0.896  57 

+2.13839 

—0.763  82 

+2.214  79 

—0.625  65 

ii 

+2.322  85 

—0.633  72 

+2.296  71 

—0.51907 

+2.31600 

—0.366  96 

+2.370  37 

—0.219  65 

12 

+2.41 1  57 

—0.230  06 

+2.375  22 

—0.096  37 

+2.373  28 

+0.065  77 

+2.404  47 

+0.208  86 

13 

+2.38681 

+0.191 54 

+2.330  58 

+0.336 12 

+2.305  02 

+0.495 16 

+2.319  60 

+0.622  75 

14 

+2.243  44 

+0.59686 

+2.163  83 

+0.739  52 

+2.12030 

+0.883  32 

+2.129  51 

+0.990  04 

IS 

+  1.988  55 

+0.949  09 

+1.89002 

+1.07726 

+  1.83987 

+1.19933 

+1.855  35 

+1.28664 

16 

+1.64244 

+1.21507 

+1.535  96 

+1.32104 

+  I.49I  59 

+142236 

+  1.52185 

+  1.49705 

17 

+  1.23644 

+1.37065 

+1.13509 

+145449 

+1.10586 

+1.542 15 

+I-I54  45 

+1-613  52 

18 

+0.80793 

+1.40475 

+0.721  96 

+1473  51 

+0.71 1  84 

+1.557  61 

+0.777  40 

+1.634  74 

19 

+0.394  04 

+1.31988 

+0.328  01 

+1.38438 

+0.335  42 

+1.474  78 

+0.412  81 

+  1.56444 

20 

+0.026  75 

+1.12979 

—0.020  95 

+1.20076 

—0.00 1  73 

+1.30464 

+0.08021 

+1.410  19 

21 

—0.269  85 

+0.855  63 

—0.305  52 

+0.940  82 

—0.282  32 

+1.06147 

—0.203  52 

+ 1. 182  62 

22 

—0.480  26 

+0.522 13 

—0.51242 

+0.624  89 

—0493  23 

+0.761 58 

—0.424  14 

+0.894  79 

23 

—0.596  73 

+0.154  73 

—0.633  83 

+0.274  00 

—0.625  17 

+0.422  63 

—0.570  09 

+0.561  88 

Syste 

m  4. 

Syst 

em  5. 

Sysl 

em  6. 

System  7. 

O 

—0.560  10 

+O.287  39 

—047834 

+0.298  89 

—041 1  57 

+0.230  06 

—0.375  36 

+0.096  49 

I 

—0.542  52 

—O.097  00 

—0.462  56 

—0.104  27 

-0.38681 

— 0.191  54 

—O.330  72 

—0.336  00 

2 

—0.425  69 

—0.473  03 

—0.337  56 

—0.49821 

—0.243  44 

—0.596  86 

—0.16397 

—0.739  40 

3 

—0.21045 

—O.81429 

—0.105  31 

—0.850  95 

+0.01 1  45 

—0.949  09 

+0.10984 

—1.077  14 

4 

+0.094  77 

—1.09295 

+0.221  50 

— 1.130  27 

+o.357  56 

— 1.21507 

+0463  90 

—1.32092 

5 

+0.47227 

—I.282  30 

+0.618  36 

-I.30788 

+0.763  56 

—1.37065 

+0.864  77 

—1454  37 

6 

+0.894  97 

—1.360  81 

+  1.05 1  09 

—1.365  16 

+ 1. 192  07 

—1.404  75 

+  1.27790 

—1473  39 

7 

+1.32746 

— 1.316  17 

+  1.48048 

—I.29690 

+  1.60596 

-1.31988 

+  1.67185 

—1.38426 

8 

+1.73086 

— I.I49  42 

+  1.86864 

—  1. 112  18 

+  1.973  25 

—1. 129  79 

+2.020  81 

—1.200  64 

9 

+2.06860 

—0.875  61 

+2.184  65 

—0.831  75 

+2.269  85 

-0.855  63 

+2.305  38 

—0.940  70 

IO 

+2.312  38 

—0.521  55 

+2.407  68 

—0.483  47 

+2.480  26 

—0.522  13 

+2.512  28 

—0.624  77 

ii 

+2.445  83 

—0.12068 

+2.52747 

—0.097  74 

+2.596  73 

—0.154  73 

+2.633  69 

—0.273  88 

12 

+2.46485 

+0.292  45 

+2.542  93 

+0.296  28 

+2.617  95 

+0.222  32 

+2.666  40 

+0.091 29 

13 

+2.375  72 

+0.686  40 

+2.460  10 

+0.672  70 

+2.547  65 

+0.586  91 

+2.61 1  19 

+0.450  79 

14 

+2.192  10 

+1.03536 

+2.289  96 

+  1.00985 

+2.393  40 

+0.919  51 

+2.472  23 

+0.785  77 

IS 

+1.932  16 

+I.3I9  93 

+2.046  79 

+  1.29044 

+2.16583 

+1.20324 

+2.256  89 

+1.078  61 

l6 

+  1.61623 

+  1.52683 

+  1.74690 

+1.501  35 

+1.87800 

+1.42386 

+  1.97562 

+  1.313  15 

17 

+1.26534 

+  1.64824 

+  1407  95 

+  1.63329 

+1.54509 

+1.569  81 

+1-641  97 

+  1.47489 

18 

+0.900  17 

+  1.680  95 

+  1.04837 

+1.68043 

+1.18424 

+  1.63228 

+  1.27284 

+  I.55I  56 

19 

+0.540  67 

+  1.62574 

+0.687  09 

+1.64037 

+0.814  41 

+1.605  53 

+0.88845 

+  1.533  98 

20 

+0.205  69 

+1.48678 

+0.343  34 

+1.51405 

+0.456  41 

+148737 

+0.51242 

+141715 

21 

—0.087  15 

+1.271  44 

+0.03645 

+  1.305  97 

+0.132  31 

+  1.27995 

+0.171  16 

+  1.20191 

22 

—0.321  69 

+0.990  17 

—0.214  52 

+  1.02464 

—0.134  94 

+0.990  76 

—0.107  5o 

+0.896  69 

23 

-048343 

+0.656  52 

—O.391  49 

+0.682  96 

—0.322  85 

+0.633  72 

—0.20685 

+0.519  19 
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TABLE   XIV.— Concluded. 

G-COORDINATES    OF    MARS    REDUCED    TO    THE    DIFFERENT    SYSTEMS. 


System  8. 

Syst 

em  9. 

System  10. 

System  II. 

X 

r 

X 

r 

X 

r 

X 

r 

o 

—0.373  70 

—0.065  64 

—0.405  03 

-0.20886 

—0.465  27 

—0.292  58 

—0.543  07 

—0.296  40 

I 

—0.305  44 

—0.495  03 

—0.320  16 

—0.622  75 

—0.376 14 

—0.686  53 

—0.460  24 

—0.672  82 

2 

—0.120  72 

-0.883 19 

—0.130  07 

—0.990  04 

—0.192  52 

—1.03549 

—0.290  10 

—1.00997 

3 

+0.159  7i 

—1. 199  20 

+0.144  09 

-1.28664 

+0.067  42 

—1.32006 

—0.046  93 

—1.29056 

4 

+0.507  99 

—1.42223 

+0.47759 

—1.49705 

+0.383  35 

—1.52696 

+0.252  96 

— 1.501 47 

5 

+0.893  72 

—1.54202 

+0.844  99 

— 1.613  52 

+0.734  24 

-1.64837 

+O.591  91 

—1.63341 

6 

+  1.28774 

-1.55748 

+  1.22204 

—1.634  74 

+  1.09941 

— 1.681 08 

+0.951  49 

—1.68055 

7 

+  1.664  16 

—1.47465 

+  1.58663 

—1.56444 

+  1.458  91 

—1.62587 

+1.31277 

—1.64049 

8 

+2.001  31 

—1.304  51 

+ 1. 919  23 

— 1.410 19 

+  1.79389 

—1.486  91 

+  1.65652 

— 1.514 17 

9 

+2.281  go 

— 1.061 34 

+2.202  96 

—1. 182  62 

+2.086  73 

-1.271 57 

+1.963  41 

—1.30609 

10 

+2.492  81 

—0.761 45 

+2.423  58 

—0.894  79 

+2.321  27 

—0.990  30 

+2.214  38 

—1.02476 

ii 

+2.624  75 

—0.422  50 

+2.569  53 

-0.561  88 

+2.483  01 

—0.656  65 

+2.391  35 

-0.68308 

12 

+2.671  89 

—0.062  92 

+2.632  00 

—0.201  03 

+2.55968 

—0.287  52 

+2.478  20 

—0.299  01 

13 

+2.631  83 

+0.298  36 

+2.605  25 

+0.16880 

+2.542  10 

+0.096  87 

+2.462  42 

+0.104 15 

14 

+2.505  5i 

+0.642 1 1 

+2.487  09 

+0.526  80 

+2.425  27 

+0.472  90 

+2.337  42 

+0.498  09 

15 

+2.297  43 

+0.949  00 

+2.279  67 

+0.850  90 

+2.210  03 

+0.814 16 

+2.105  17 

+0.85083 

16 

+2.016  10 

+1.19997 

+  1.99048 

+1.11815 

+1.904  81 

+1.09282 

+  1.77836 

+1.13015 

17 

+  1.67442 

+1.37694 

+  1.633  44 

+1.30606 

+  1.527  31 

+1.282 17 

+  1.381  50 

+1.30776 

18 

+  1.29035 

+1.46379 

+  1.22978 

+1.39478 

+  1. 104  61 

+1.36068 

+0.948  77 

+1.36504 

19 

+0.887  19 

+1.448  01 

+0.808  18 

+1.37002 

+0.672  12 

+1.31604 

+0.51938 

+1.29678 

20 

+0.493  25 

+1.323  01 

+0.402  86 

+1.22665 

+0.268  72 

+1.14929 

+0.13 1  22 

+1. 112  06 

21 

+0.140  51 

+1.09076 

+0.050  63 

+0.971  76 

—0.069  02 

+0.87548 

—0.18479 

+0.831 63 

22 

-0.138  81 

+0.763  95 

—0.215  35 

+0.625  65 

—0.312  80 

+0.521 42 

—0.407  82 

+0.483  35 

23 

—0.31642 

+0.367  09 

—0.370  93 

+0.21965 

—0.446  25 

+0.12055 

—0.527  61 

+0.097  62 

TABLE   XV. 
Special  Values  of  A,  B,  C,  and  D  for  Mars. 


System  0. 

System  1. 

i 

A 

B 

C 

D 

i 

A 

B 

c 

D 

0 

+1.920  41 

—0.768  57 

— 1.15195 

+1.111 16 

0 

+2.08860 

—1.02497 

—1.06403 

+0.433  99 

1 

+0.250  33 

+0.382  65 

—0.633  03 

+0.954  82 

1 

+0.705  52 

+0.038  62 

—0.744 19 

+1.07600 

2 

—0.17822 

+0.507 19 

—0.328  97 

+0.358  95 

2 

—0.088  66 

+0.515  53 

—0.426  83 

+0.56893 

3 

-0.175 15 

+0.359  60 

—0.18443 

+0.075 13 

3 

—0.204  72 

+0.44751 

—0.242  79 

+0.16480 

4 

—0.1 1 1 50 

+0.225  06 

—0.1 13  56 

—0.029  05 

4 

—0.146  86 

+0.29351 

—0.14666 

—0.008 13 

5 

—0.058  53 

+0.134  50 

—0.076  06 

—0.061 07 

5 

—0.079  42 

+0.17465 

—0.095  23 

—0.065  51 

6 

—0.021 97 

+0.076  72 

—0.054  76 

—0.065  74 

6 

—0.030  47 

+0.096  73 

—0.066  25 

—0.076  39 

7 

+0.002  45 

+0.039  44 

—0.041 89 

—0.06008 

7 

+0.001  61 

+0.047  44 

—0.049  04 

—0.069  91 

8 

+0.018  80 

+0.015  03 

—0.033  83 

—0.050  72 

8 

+0.022  02 

+0.016  43 

—0.038  44 

—0.057  60 

9 

+0.029  90 

—0.00 1 19 

—0.028  72 

—0.040 17 

9 

+0.034  83 

—0.003  03 

—0.031  8o 

—0.043  79 

10 

+0.037  54 

—0.0 1 1 98 

—0.025  57 

—0.029  29 

10 

+0.042  73 

—0.014  09 

—0.027  72 

—0.029  98 

11 

+0.042  79 

—0.018  92 

—0.023  87 

—0.018 19 

11 

+0.04731 

—0.021  81 

—0.025  51 

—0.01646 

12 

+0.046  23 

—0.02281 

—0.023  43 

—0.006  65 

12 

+0.049  46 

—0.024  68 

—0.024  77 

—0.003  01 

13 

+0.048  05 

—0.023  80 

—0.024  25 

+0.005  80 

13 

+0.049  46 

—0.023  96 

—0.025  49 

+0.010  81 

14 

+0.047  95 

—0.021 35 

—0.026  60 

+0.01984 

14 

+0.046  97 

—0.019  12 

—0.027  83 

+0.025  58 

15 

+0.044  92 

—0.013  81 

—0.031 10 

+0.036  30 

15 

+0.040  91 

—0.008  56 

—0.032  35 

+0.041  77 

16 

+0.036  65 

+0.002  37 

—0.039  01 

+0.056  01 

16 

+0.029  03 

+0.01 1  04 

—0.040  06 

+0.05944 

17 

+0.018  30 

+0.034  61 

—0.052  92 

+0.079  00 

17 

+0.007  19 

+0.045  88 

—0.053  06 

+0.077  22 

18 

—0.019  93 

+0.098 16 

—0.078  25 

+0.101 49 

18 

—0.031  63 

+0.10709 

—0.075  45 

+0.089  44 

19 

—0.096  22 

+0.223  72 

—0.12750 

+0.10486 

19 

—0.097  28 

+0.212  99 

—0.1 15  69 

+0.077  88 

20 

—0.230  56 

+0.461 52 

—0.230  95 

+0.016  40 

20 

—0.192  14 

+0.384  18 

—0.192  04 

— 0.010  06 

21 

—0.33621 

+0.797  25 

—0.461 05 

—0.396  96 

21 

—0.245  44 

+0.58762 

—0.342  21 

—0.302  42 

22 

+0.347  58 

+0.580  43 

—0.927  87 

—1.39090 

22 

+0.12735  . 

+0.495  62 

—0.622  00 

—0.922  00 

23 

+2.549  00 

— 1.148  74 

—1.400 16 

—1.02790 

23 

+1.52082 

—0.532  46 

-0.98831 

—1. 091 63 
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TABLE   XV .—Continued. 
Special  Values  of  A,  B,  C,  and  D  for  Mars. 


System 

2. 

System 

3- 

i 

A 

B 

C 

D 

* 

A 

B 

c 

D 

o 

+2.I0I  41 

—1.045  67 

—1.055  73 

—0.297  76 

0 

+1.94747 

-0.823  38 

—1. 124  08 

—0.979  52 

i 

+  I400  17 

—0.44244 

-0.957  75 

+1.11788 

1 

+2.376  80 

—1.04803 

—1.32882 

+1.034  57 

2 

+0.08q45 

+0.51534 

—0.604  76 

+0.885  66 

2 

+0.345  55 

+0.55368 

—0.899  is 

+1.34603 

3 

—O.24749 

+0.585  27 

—o.337  75 

+0.289  97 

3 

—0.327  52 

+0.791 16 

—0463  59 

+0413  24 

4 

—O.I92  78 

+0.385  57 

—0.192  79 

+0.007  96 

4 

—0.238  32 

+0476  68 

—0.238  32 

—0.005  73 

5 

—O.O99  08 

+0.21683 

— 0.U7  74 

—0.079  02 

5 

—0.10437 

+0.237  83 

—O.I33  43 

—0.104  o5 

6 

—0.033  27 

+0.1 10  73 

—0.077  45 

—0.091  19 

6 

—0.024  71 

+0.10704 

—0.082  30 

—0.10454 

7 

+O.O06  21 

+0.048  52 

—0.054  73 

—0.079  34 

7 

+0.016  21 

+0.039  39 

—0.055  58 

—0.082  65 

8 

+0.028  67 

+0.012  65 

—0.041  33 

—O.061  50 

8 

+0.036  14 

+0.004  61 

—0.040  75 

—0.059  12 

9 

+0.040  97 

—0.007  72 

—0.033  24 

—0.043  55 

9 

+0.045  21 

—0.013  00 

—0.032  22 

—0.03863 

10 

+0.047  22 

—0.018  80 

—O.028  43 

—0.027  03 

10 

+0.04858 

—0.021  27 

—0.027  30 

—0.021 44 

ii 

+0.049  75 

—0.023  94 

—0.025  81 

—0.0 1 1  08 

11 

+0.048  76 

—0.024  07 

—0.024  68 

— o.oo58i 

12 

+0.049  7i 

—0.024  83 

—0.024  87 

+0.002  07 

12 

+0.046  87 

—0.023  18 

—0.023  70 

+0.006  13 

13 

+0.047  48 

—0.022  06 

—0.025  41 

+0.015  66 

13 

+0.043  26 

—0.019  21 

—0.024  06 

+0.01807 

14 

+0.042  80 

—0.015  30 

—O.027  49 

+0.029  29 

14 

+0.037  75 

—0.012  02 

—0.025  74 

+0.029  52 

IS 

+0.034  78 

—0.003  32 

—O.031  46 

+0.043  18 

15 

+0.029  70 

—0.000  75 

—0.028  96 

+0.040  68 

16 

+0.021  75 

+0.016  33 

—O.038  07 

+0.05704 

16 

+0.017  96 

+0.016  27 

—0.034  24 

+0.051  37 

17 

+0.000  92 

+0.04785 

—0.048  76 

+0.069  29 

17 

+0.00066 

+0.041  96 

—0.042  62 

+0.060  55 

18 

—0.031  96 

+0.09826 

—0.066  29 

+0.075  22 

18 

—0.025  10 

+0.081  14 

—0.056  05 

+0.065  29 

19 

—0.082  07 

+0.178 16 

—0.09609 

+0.062  41 

19 

—0.063  25 

+0.141  60 

+0.078  35 

+0.058  10 

20 

—0.149  84 

+0.299 14 

—0.149  31 

—0.00060 

20 

—0.1 16  89 

+0.23443 

—0.1 17  53 

+0.020  05 

21 

—0.201 17 

+0.45032 

—0.249  17 

—0.18647 

21 

-0.175  77 

+0.366  96 

— 0.191  20 

—0.096  25 

22 

—0.051  76 

+0.491 04 

—0.439  33 

—0.605  5i 

22 

—0.154  23 

+0.493  56 

-0.339  3i 

—0.396  04 

23 

+0.807  50 

—0.049  04 

-O.75848 

—1.06638 

23 

+0.334  45 

+0.306  39 

—0.640  81 

—0.967  23 

System 

4- 

System  5. 

0 

+  1.832  10 

—0.500  77 

—1.33 1  96 

—1.624  80 

0 

+2.148  IS 

—0.293  03 

-I.85S  19 

—2.502  41 

I 

+3.797  02 

—1.806  10 

—1.99090 

+1.03488 

I 

+5764  33 

—2.665  97 

—3.098  75 

+2.002  10 

2 

+0.44209 

+0.849  47 

—1.29202 

+T.92787 

2 

—0.089  37 

+  1.600  16 

—1.510  72 

+2.1 16  20 

3 

—0.454  66 

+  1.01321 

-0.558  66 

+0.406  52 

3 

—0.503  27 

+  1.02700 

—0.S23  75 

+0.192  32 

4 

—0.246  47 

+0.497  94 

—0.251 49 

—0.065  04 

4 

—0.193  56 

+0.41028 

—0.216  73 

—0.123  06 

5 

—0.083  76 

+0.213  91 

—0.130  15 

—0.126  83 

5 

—0.049  74 

+O.I59  37 

—0.109  ^3 

—0.127  33 

6 

—0.00731 

+0.084  J9 

—0.076  89 

—0.106  05 

6 

+0.007  54 

+0.057  46 

—0.065  01 

—0.094  38 

7 

+0.026  10 

+0.024  79 

—0.050  89 

—0.076  42 

7 

+0.030  46 

+0.013  21 

—0.043  66 

—0.064  96 

8 

+0.040  16 

—0.003  05 

—0.037  10 

—0.051  33 

8 

+0.039  37 

—0.00608 

—0.032  40 

—0.042  72 

9 

+0.045  38 

—0.01600 

—0.029  38 

—O.031  65 

9 

+0.042  28 

—0.016  18 

—0.026  09 

—0.026  03 

IO 

+0.046  40 

—O.021  39 

—0.025  01 

—0.016  II 

10 

+0.042  40 

—0.019  89 

—0.022  51 

—0.013  03 

ii 

+0.045  24 

—0.022  53 

—0.022  70 

—0.003  35 

11 

+0.041  09 

—0.02051 

—0.020  60 

—0.002  39 

12 

+0.042  68 

—0.020  89 

—0.021 80 

+0.007  65 

12 

+0.038  92 

—0.019  06 

—0.019  85 

+0.006  85 

13 

+0.03898 

—0.01695 

—0.022  04 

+0.017  63 

13 

+0.035  97 

—0.015  89 

—0.020  07 

+0.015  33 

14 

+0.033  97 

—O.010  59 

—0.023  38 

+0.027  09 

14 

+0.032  1 1 

—0.0 10  87 

—0.021  23 

+O.023  53 

15 

+0.027  18 

—0.001  19 

—0.025  99 

+0.035  51 

15 

+0.026  95 

—0.003  45 

—0.023  48 

+0.031  81 

16 

+0.017  72 

+0.012  55 

—0.030  27 

+0.045  37 

16 

+O.OI9  75 

+0.007  46 

—0.027  21 

+0.040  39 

17 

+0.004  14 

+O.032  90 

—0.037  05 

+0.053  75 

17 

+0.009  24 

+0.023  92 

—0.033  is 

+0.049  24 

18 

—0.015  94 

+0.063  85 

—0.047  91 

+0.059  91 

18 

—0.006  86 

+0.04963 

—0.042  78 

+O.057  70 

19 

—0.04643 

+0.1 12  41 

—0.065  99 

+0.059  39 

19 

—0.032  71 

+0.091  80 

—0.059  09 

+0.063  25 

20 

—0.092  87 

+0.19096 

—0.09808 

+0.040  04 

20 

—0.075  96 

+0.164  81 

—0.08886 

+0.057  56 

21 

—0.15848 

+0.318  61 

—0.160  13 

—0.032  86 

21 

—0.14903 

+0.298  19 

—0.149  19 

+0.012  49 

22 

—0.35745 

+1.20062 

—0.843  21 

—1.00468 

22 

-0.25388 

+0.544  16 

—0.290  26 

—0.174  74 

23 

+0.032  96 

+0.579 17 

—0.612  03 

-0.87868 

23 

—0.17633 

+0.85951 

—0.683  21 

-0.88434 
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TABLE   XV '  .—  Continued. 
Special  Values  of  A,  B,  C,  and  D  for  Mars. 


System  6. 

System  7. 

i 

0 

^4 

B 

c 

D 

i 
0 

A 

B 

c 

D 

+4.029  84 

—0.912  73 

-3. 1 16  74 

—4.018  27 

+9.09063 

—4.58621 

—5.404  24 

—4.012  20 

i 

+5.687  73 

—1.69528 

—3.992  42 

+4.843  56 

1 

+145390 

+1.601 76 

— 3-055  56 

+4.666 10 

2 

-0.709  53 

+1.928 11 

— 1.2187.J 

+1.20050 

2 

—0.656  79 

+1.41386 

-0.757  15 

+0.482  93 

3 

-0.38833 

+0.774  20 

—0.385  94 

—0.014  03 

3 

—0.254 14 

+0.51557 

—0.261  46 

—0.079  32 

4 

—0.12466 

+0.287  92 

—O.163  25 

—0.13292 

4 

—0.081 45 

+0.202  75 

— 0.121  32 

—0.1 13  85 

5 

—0.024  09 

+0.1 1 1 12 

—0.086  12 

—0.10995 

5 

—0.014  79 

+0.08351 

—0.068  73 

—0.090  63 

6 

+0.013  63 

+0.039  63 

—0.053  26 

-0.07885 

6 

+0.012  94 

+0.032  00 

—0.04493 

—0.066  72 

7 

+0.029  34 

+0.007  77 

—0.037  10 

—0.054  60 

7 

+0.025  42 

+0.007 18 

—0.032  59 

—0.048  03 

8 

+0.035  71 

—0.007  35 

—0.028  35 

—0.036  68 

8 

+0.031 23 

—0.00558  ! 

—0.025  65 

—0.033  80 

9 

+0.037  98 

—0.014  63 

—0.023  35 

—0.023  12 

9 

+0.033  91 

—0.012  35 

—0.021  58 

—0.022  65 

10 

+0.038  32 

—0.017  86 

—0.020  46 

—0.012  38 

10 

+0.035  04 

—0.01585 

—0.019  18 

—0.013  49 

ii 

+0.037  65 

—0.018  73 

—0.018  92 

—0.003  37 

11 

+0.035  30 

—0.017  36 

—0.017  92 

—0.005  54 

12 

+0.036  33 

—0.017  98 

—0.01835 

+0.004  65 

12 

+0.035  00 

—0.017  48 

—0.017  52 

+0.001  80 

13 

+0.034  45 

—0.015  82 

—0.018  62 

+0.012  23 

13 

+0.034  24 

—0.016  35 

-0.017  88 

+0.00900 

14 

+0.031  88 

—0.012  14 

—0.019  73 

+0.01984 

14 

+0.032  90 

—0.013  83 

—0.019  06 

+0.016  52 

15 

+0.028  28 

—0.00641 

—0.021  87 

+0.02788 

15 

+0.030  68 

—0.00942 

—0.021  27 

+0.024  84 

16 

+0.023  00 

+0.002  40 

—0.025  42 

+0.036  73 

16 

+0.026  06 

—0.002  02 

—0.024  94 

+O.034  51 

17 

+0.014  84 

+0.016  27 

—0.031  11 

+0.046  70 

17 

+0.020  46 

+0.010  52 

—0.030  99 

+0.046  22 

18 

+0.001  39 

+0.039  19 

—0.040  59 

+0.057  91 

18 

+0.008  52 

+0.032  70 

—0.041  23 

+0.060  66 

19 

—0.022  05 

+0.079  14 

—0.057  07 

+0.069  1 1 

19 

+0.008  53 

+O.O32  71 

—0.041  24 

+0.060  67 

20 

—0.065  65 

+0.154  13 

—0.088  47 

+0.074  45 

20 

—0.063  61 

+O.16098 

—0.097  38 

+0.093  42 

21 

—0.15498 

+0.31509 

—0.160  14 

+0.04951 

21 

—0.175  09 

+O.361  07 

—0.18602 

+0.07793 

22 

—0.315  17 

+0.648  46 

—0.333  30 

—0.133  72 

22 

—0.432  50 

+O.882  46 

—0.450  02 

—0.159  94 

23 

—0.353  82 

+  1.27669 

—0.922  91 

—1. 121  87 

23 

—0.408  83 

+  1.937  IO 

—1.528  17 

—1.992  73 

System 

5. 

System 

9- 

o 

+  11.25307 

—5.464  71 

-5.78803 

+3.030  00 

0 

+4.782  03 

—1.303  27 

-347385 

+4.27464 

I 

—  0.29587 

+  1.96385 

—1.66747 

+2.251  42 

1 

—0.362  00 

+I.33I  70 

—0.969  66 

+  1.18354 

2 

—  0.44425 

+0.913  37 

—0.469  09 

+0.189  10 

2 

+0.317  73 

+0.652  46 

—o.334  77 

+0.129  70 

3 

—  0.17840 

+0.366  62 

—0.188  19 

—0.073  90 

3 

-0.14787 

+0.301  39 

—0.153  52 

—0.050  95 

4 

—  0.06393 

+0.160  71 

—0.096  78 

—0.091  97 

4 

—0.062  08 

+O.14789 

—0.085  80 

—0.074  57 

5 

—  0.01447 

+0.073  33 

-0.05887 

—0.076  63 

5 

-0.019  55 

+O.074  61 

—0.055  06 

—0.067  95 

6 

+  0.00879 

+O.031  56 

—0.040  36 

—0.059  48 

6 

+0.002  94 

+O.036  19 

—0.039  12 

—0.056  34 

7 

+  0.02061 

+0.009  67 

—0.030  29 

—0.045  12 

7 

+0.015  67 

+0.014  40 

—0.030  06 

—0.045  14 

8 

+  0.02700 

—O.002  58 

—0.024  40 

—0.033  52 

8 

+0.023  35 

+O.OOI  26 

—0.024  62 

—0.035  28 

9 

+  0.03062 

—O.009  76 

—0.020  87 

—0.023  97 

9 

+0.028  30 

—0.007  01 

—0.021  28 

—0.026  63 

10 

+  0.03279 

—0.014  00 

—0.018  79 

—0.015  76 

10 

+0.031  67 

—0.012  37 

—0.019  30 

—0.018  82 

ii 

+  0.03409 

—0.01639 

—0.017  71 

—0.008  34 

11 

+0.034  10 

—0.015  80 

—0.018  29 

— 0.011  46 

12 

+  0.03485 

—0.01742 

—0.017  43 

— 0.001  23 

12 

+0.035  9i 

—0.017  80 

—0.018  11 

—0.004  13 

13 

+  0.035  17 

—0.01725 

—0.017  91 

+O.O06  02 

13 

+0.037  22 

—0.018  50 

—0.018  72 

+0.003  63 

14 

+  0.034  95 

—0.015  70 

—0.019  25 

+0.013  89 

14 

+0.037  06 

—0.017  67 

—0.020  28 

+0.012  31 

15 

+  0.03390 

—0.012  21 

—0.021  69 

+0.022  97 

15 

+0.037  78 

—0.014  65 

—0.023  14 

+0.022  74 

16 

+  0.031  36 

—0.005  56 

—0.025  81 

+0.034  03 

16 

+0.035  87 

—0.007  85 

—0.028  01 

+0.03588 

17 

+  0.02684 

+0.006  88 

—0.032  72 

+0.048 15 

17 

+0.030  24 

+0.006  33 

—0.036  58 

+0.053  56 

18 

+  0.01399 

+0.030  88 

—0.044  86 

+0.066  76 

18 

+0.016  16 

+0.035  d3 

—0.051  78 

+0.077  10 

19 

—  0.01233 

+0.080  37 

—0.068  02 

+0.09094 

19 

—0.018  70 

+O.101  31 

—0.082  60 

+0.10859 

20 

—  0.07503 

+0.193  18 

—0.1 18  15 

+0.1 16  14 

20 

!  —0.109  51 

+0.263  59 

—0.15408 

+0.137  35 

21 

—  0.23787 

+0.486  97 

—0.249  14 

+0.094  95 

21 

1  —0.35772 

+0.716  16 

—0.358  39 

+0.056  10 

22 

—  0.64095 

+  1.34280 

—0.701  91 

—0.372  76 

22 

-0.781  89 

+  1.91271 

—1. 130  82 

—1.052  12 

23 

+  0.77527 

+2.043  47 

—2.818  93 

—4.253  90 

23 

+4-977  43 

—0.931  51 

—4.045  98 

-5.388  50 
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ACTION  OF  THE  PLANETS  ON  THE  MOON. 

TABLE   XV .—Concluded. 
Special  Values  of  A,  B,  C,  and  D  for  Mars. 


1— — 

System 

IO. 

System  11. 

i 

^4 

B 

c 

D 

i 

A 

B 

c 

D 

0 

+  2.30884 

—0.300  86 

—2.007  82 

+2.714  50 

0 

+1.83503 

—0.43893 

—1.395  96 

+1.76763 

i 

—  0.21364 

+0.907  37 

—0.693  77 

+0.877  62 

1 

—0.028  01 

+0.63767 

—0.609  70 

+0.85584 

2 

—  0.25648 

+0.541  01 

—0.284  49 

+0.153  58 

2 

—0.221 09 

+0.506  01 

—0.284  90 

+0.227  63 

3 

—  0.14304 

+0.28686 

—0.143  82 

—0.022  01 

3 

—0.153  79 

+0.307  48 

—0.153  69 

+0.10680 

4 

—  0.06906 

+0.152  61 

—0.083  56 

—0.058  96 

4 

—0.086  46 

+0.18040 

—0.093  91 

—0.046  27 

5 

—  0.02852 

+0.085  09 

—0.05651 

—0.063  13 

5 

—0.041 39 

+0.104  70 

—0.063  30 

—0.060  95 

6 

—  0.004 18 

+0.045  19 

—0.040  99 

—0.056  42 

6 

—0.012  59 

+0.05871 

—0.046  14 

—0.05941 

7 

+  0.01077 

+0.021  12 

—0.031  00 

—0.047  63 

7 

+0.006 13 

+0.029  72, 

—0.035  86 

—0.052  53 

8 

+  0.02048 

+0.005  83 

—0.026  29 

—0.038  80 

8 

+0.01868 

+0.010  76 

—0.029  46 

—0.044  02 

9 

+  0.027 1 1 

—0.004  29 

—0.022  81 

—0.030  43 

9 

+0.027  43 

—0.002  03 

—0.025  41 

—0.035 16 

IO 

+  0.031 87 

—0.01 1  16 

—0.020  72 

—0.022  44 

10 

+0.033  75 

—0.010  80 

—0.022  94 

—0.026  23 

ii 

+  0.03548 

—0.015  81 

—0.019  66 

—0.014  59 

11 

+0.038  44 

—0.016  77 

—0.021  67 

—0.017 17 

12 

+  0.03827 

—0.018  77 

—0.019  50 

—0.00649 

12 

+0.041  94 

—0.02051 

—0.021  43 

+0.007  65 

13 

+  0.04040 

—0.020  16 

—0.020  25 

+0.002  31 

13 

+0.044  40 

—0.022  14 

—0.022  25 

+0.002  82 

14 

+  0.041 76 

—0.019  67 

—0.022  10 

+0.012  45 

14 

+0.045  64 

—0.021  24 

—0.024  41 

+0.014  93 

IS 

+  0.041 87 

—0.016  37 

—0.025  50 

+0.024  82 

15 

+0.04491 

—0.016  48 

—0.028  43 

+0.029  65 

16 

+  0.03955 

—0.00809 

—0.031  45 

+0.040  74 

16 

+0.040  45 

—0.004  89 

—0.035  56 

+0.048  33 

17 

+  0.031 89 

+0.010  08 

—0.041  96 

+0.062  04 

17 

+0.028  13 

+0.020  18 

—0.048  30 

+0.072  42 

18 

+  0.01 1 82 

+0.049  94 

—0.061  74 

+0.090  76 

18 

—0.001  69 

+0.074  06 

—0.072  36 

+0.101 84 

19 

—  0.03920 

+O.14208 

—0.102  88 

+0.12525 

19 

—0.071  54 

+0.19350 

— 0.121  06 

+0.12643 

20 

—  0.17093 

+0.372  57 

—0.201  62 

+0.13442 

20 

—0.227  49 

+0.464  42 

—0.236  94 

+0.082  80 

21 

—  048193 

+0.970  66 

—0.488  81 

—0.1 15  23 

21 

—0.462  90 

+  1.001  54 

-0.53866 

—0.342  30 

22 

—  0.30663 

+  1.77927 

—1.47252 

—1.95483 

22 

+0.326  63 

+0.090  93 

— I.3I7  50 

—1.948 18 

23 

+  6.04955 

—2.684  17 

—3-365  26 

—2.545  06 

23 

+4.092  27 

— I.94I  57 

—2.150  75 

— 1.155  97 

TABLE   XVI. 
Mars  ;  Direct  Action  ;  Development  of  A-coefficients. 


A 

B 

c 

D 

M>  g' 

cos 

sin 

cos 

sin 

COS 

sin 

cos 

sin 

0      0 

+0.2634 

0.0000 

+0.0962 

0.0000 

-0.3595 

0.0000 

+0.0004 

0.0000 

0      I 

—0.0870 

—0.0950 

—0.0158 

—0.0104 

+0.1029 

+0.1054 

—0.0252 

+0.0182 

O       2 

—0.0020 

+0.0208 

—0.0030 

—0.0062 

+0.0050 

—0.0144 

0.0000 

—0.0014 

0      3 

+0.0072 

—0.0056 

—0.0016 

+O.0048 

—0.0056 

+0.0006 

+0.0080 

+0.0068 

0      4 

—0.0108 

—0.0044 

+0.0082 

+O.0070 

+0.0026 

—0.0026 

+0.0006 

—0.0142 

0      5 

+0.0026 

+0.0104 

—0.0046 

—0.0126 

+0.0020 

+0.0023 

—0.0146 

+0.0104 

0      6 

+0.0024 

0.0000 

0.0000 

0.0000 

—0.0024 

0.0000 

+0.0100 

0.0000 

1-  7 

+0.0024 

+0.0014 

—0.0004 

—0.0022 

—0.0020 

+0.0008 

+0.0100 

—0.0023 

1—  6 

+0.0036 

—O.OI29 

—0.0034 

+O.0156 

—0.0002 

—0.0027 

—0.0129 

—0.0016 

1-  5 

—0.0144 

+0.0050 

+0.0098 

—0.0064 

+0.0046 

+0.0015 

—0.0030 

+0.0108 

1-  4 

+0.0096 

+O.0076 

—0.0052 

—0.0090 

—0.0045 

+0.0013 

+O.OIOI 

—0.0152 

1—  3 

— 0.0022 

—0.0143 

+0.0002 

+O.OOQ6 

+0.0020 

+0.0048 

+0.00 1 1 

+0.0025 

1—  2 

—0.0530 

+0.0562 

—0.0084 

+O.0066 

+0.0615 

—0.0629 

— 0.0141 

—0.0210 

I—  1 

+04997 

+O.00I2 

+0.105 1 

—0.0023 

—0.6049 

+O.O0I  I 

+0.0004 

+0.0972 

0      0 

— 0.I20I 

—0.1 3 14 

—0.0316 

—0.0280 

+0.1516 

+O.I593 

+0.0019 

—0.0005 

1+  1 

—0.0026 

+0.0319 

—0.0049 

—0.000 1 

+0.0075 

—0.0317 

—0.0026 

+0.0004 

1+  2 

+0.0064 

—0.0042 

+0.0002 

+O.0009 

— 0.0066 

+O.0033 

+0.0062 

—0.0003 

1+  3 

—0.0084 

—0.0039 

+0.0076 

+O.0071 

+0.0007 

—0.0031 

+0.0045 

—0.0091 

1+  4 

+0.0014 

+0.0077 

—0.0050 

-O.0088 

+0.0035 

+0.001 1 

—0.0159 

+0.0195 

1+  5 

+0.0024 

+0.0014 

—0.0004 

—O.OO22 

—0.0020 

+O.OO08 

+0.0100 

—0.0023 

COEFFICIENTS  FOR  DIRECT  ACTION. 
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TABLE    XVI.— Concluded. 
Mars;  Direct  Action;  Development  of  A-coefficients. 


^4 

B 

c           I 

D 

M,  g' 

cos 

sin 

cos 

sin 

COS 

sin 

COS 

sin 

2-   8 

+0.0028 

+O.OO25 

—0.0014 

—O.0038 

—0.0013 

+0.0013 

+0.0094 

+0.0015 

2-  7 

+0.0046 

—0.0154 

—0.0020 

+0.0169 

—0.0026 

—0.0016 

—0.0217 

—0.0147 

2-   6 

—0.0186 

+0.0054 

+0.0127 

—0.0050 

+0.0059 

—0.0004 

+0.0059 

—O.0203 

2-  5 

+0.0134 

+O.OI05 

—0.0102 

—0.0129 

—0.0033 

+O.0024 

+0.0128 

—0.0096 

2—  4 

—0.0026 

—O.OI28 

+0.0032 

+0.01 19 

—0.0006 

+0.0008 

—0.0098 

—0.0020 

2—  3 

—0.0190 

+O.0169 

—0.0134 

+0.0176 

+0.0324 

—0.0345 

+0.0102 

—0.0034 

2 —   2 

+0.5775 

+O.OO28 

—0.1 1 53 

—0.0055 

—0.4622 

+0.0026 

—0.0016 

+0.2950 

2—    I 

—0.1498 

—O.1646 

—0.0258 

—0.0248 

+0.1757 

+0.1893 

+0.0235 

—0.0256 

2        0 

—0.0041 

+O.0481 

—0.0054 

+O.0090 

+0.0095 

—0.0573 

+0.0047 

—0.0038 

2+    I 

+0.0078 

—0.0044 

+0.0002 

—O.0027 

—0.0080 

+O.0070 

+0.0040 

+0.0075 

2+   2 

—0.0066 

—0.0036 

+0.0078 

+O.0062 

— 0.00 1 1 

—0.0028 

—0.0041 

— 0.0112 

2+   3 

+0.0004 

+0.0054 

—0.0044 

—0.0050 

+0.0040 

—0.0004 

—0.0068 

+O.0068 

2+  4 

+0.0028 

+O.OO25 

—0.0014 

—0.0038 

—0.0013 

+0.0013 

+0.0094 

+0.0015 

3-  9 

+0.0029 

+0.0034 

—0.0026 

—0.0046 

—0.0003 

+0.0012 

+0.0086 

+0.0018 

3-  8 

+0.0059 

—0.0172 

—0.0014 

+0.0168 

—0.0045 

+0.0004 

—0.0237 

—0.0173 

3-  7 

—0.0237 

+0.0058 

+0.0174 

—0.0033 

+0.0063 

—0.0026 

+0.0085 

+0.0249 

3-  6 

+0.0186 

+O.OI44 

—0.0164 

—0.0168 

—0.0021 

+0.0025 

+0.0158 

—0.0133 

3-  5 

—0.0028 

—O.OI55 

+0.0052 

+O.0150 

—0.0024 

+0.0004 

—0.0139 

—O.0030 

3-  4 

+0.0099 

—O.OI46 

—0.0236 

+0.0321 

+0.0136 

—0.0174 

+0.0297 

—O.OI53 

3-  3 

+0.5826 

+0.0046 

—0.2491 

—0.0085 

—0.3334 

+0.0039 

—0.0040 

+O.3882 

3—  2 

—0.2006 

—0.2207 

+0.0269 

+0.0297 

+0.1736 

+0.1910 

+0.0898 

—O.0863 

3—  I 

—0.0064 

+O.0694 

—0.0044 

+0.0132 

+0.0108 

—0.0826 

—0.0055 

—0.0048 

3      o 

+0.01 14 

—0.0064 

—0.0006 

—0.0050 

—0.0108 

+0.01 13 

+0.0020 

+O.0077 

3+  I 

—0.0059 

—0.0028 

+0.0080 

+0.0042 

—0.0021 

—0.0014 

—0.0041 

—0.0 100 

3+  2 

—0.0005 

+O.O036 

—0.0032 

—0.0016 

+0.0038 

— 0.0020 

—0.0048 

+0.0063 

3+  3 

+0.0029 

+O.O034 

—0.0026 

—O.0046 

—0.0003 

+0.0012 

+0.0086 

+0.0018 

4—IO 

+0.0029 

+O.OO39 

—0.0035 

—0.0048 

+0.0006 

+O.0009 

+0.0078 

+0.0013 

4-  9 

+0.0076 

-O.OI83 

—0.0024 

+O.OI59 

—0.0052 

+O.0029 

—0.0246 

—O.0183 

4-8 

—0.0300 

+0.0063 

+0.0239 

—0.0020 

+0.0060 

—0.0043 

+0.0094 

+O.0314 

4-  7 

+0.0250 

+0.0189 

—0.0240 

—0.0202 

—0.0010 

+0.0013 

+0.0190 

—0.0407 

4-6 

—0.0032 

—0.0219 

+0.0062 

+0.0198 

—0.0031 

+0.0021 

—0.0168 

—0.0038 

4-  5 

+0.0294 

—O.0348 

—0.0316 

+O.0428 

+0.0021 

—0.0079 

+0.0444 

+0.0325 

4-  4 

+0.5247 

+0.0050 

—0.2945 

—0.0092 

—0.2302 

+0.0042 

—0.0052 

+0.3954 

4—  3 

—0.2464 

—O.2718 

+0.0905 

+0.0972 

+0.1559 

+O.I745 

+0.1605 

—0.1485 

4—  2 

— O.OIOI 

+0.1033 

— 0.0010 

—0.0032 

+0.01 10 

— O.IOOI 

—0.0334 

—0.0055 

4—  I 

+0.0168 

—0.0104 

—0.0016 

—0.0052 

—0.0152 

+0.0155 

+0.0017 

+0.0082 

4      o 

—0.0060 

—0.0021 

+0.0074 

+0.0012 

—0.0014 

+0.0010 

—0.0033 

—0.0091 

4+  I 

—0.0012 

+0.0020 

—0.0014 

+O.0014 

+0.0026 

—0.0034 

—0.0077 

+0.0060 

4+  2 

+0.0029 

+O.OO39 

—0.0035 

—O.0048 

+0.0006 

+0.0009 

+0.0078 

+0.0013 

s-ii 

+0.0030 

+O.OO42 

—0.0042 

—0.0042 

+0.0012 

0.0000 

+0.0071 

—O.OOOI 

5-io 

+0.0094 

—0.02c  ', 

—0.0043 

+0.0150 

—0.0050 

+0.0053 

—0.0231 

—0.0187 

5-  9 

—0.0364 

+O.0072 

+0.0316 

—0.0024 

+0.0050 

—0.0049 

+0.0101 

+0.0383 

5-  8 

+0.0328 

+O.0240 

—0.0324 

—0.0232 

—0.0005 

—0.0009 

+0.0228 

—O.0282 

5-  7 

—0.0034 

—0.0310 

+0.0064 

+0.0264 

—0.0029 

+0.0047 

—0.021 1 

—0.0019 

5-  6 

+0.0390 

—O.0439 

—0.0346 

+0.0464 

—0.0044 

—0.0027 

+0.0517 

+O.0443 

5-  5 

+0.4335 

+O.OO41 

—0.2804 

—0.0072 

—0.1530 

+0.0032 

—0.0054 

+O.3500 

5-  4 

—0.2706 

—0.2995 

+0.1394 

+0.1500 

+0.1313 

+0.1493 

+0.21 15 

— O.1914 

5-  3 

—0.0146 

+O.1452 

+0.0046 

—0.0378 

+0.0099 

—0.1074 

—0.0758 

—0.0080 

5—  2 

+0.0260 

—0.0174 

—0.0054 

—0.0016 

—0.0204 

+0.0189 

+0.0056 

+0.0123 

5-  i 

—0.0068 

—0.0017 

+0.0054 

—0.0018 

+0.0012 

+0.0035 

—0.0027 

—0.0071 

5      o 

—0.0018 

+O.OOI  I 

+0.0012 

+0.0032 

+0.0007 

—0.0042 

—0.0032 

+0.0064 

5+  i 

+0.0030 

+0.0042 

—0.0042 

—0.0042 

+0.0012 

0.0000 

+0.0071 

—O.OOOI 

6—12 

+0.0029 

+O.OO42 

—0.0044 

—0.0032 

+0.0015 

—0.00 10 

+0.0062 

—0.00 1 1 

6-n 

+0.1080 

—O.0215 

—0.0068 

+O.0144 

—0.0040 

+0.0071 

—0.0220 

—0.0170 

6— io 

—0.0432 

+O.0088 

+0.0386 

—0.0042 

+0.0045 

—0.0046 

+0.0083 

+0.0445 

6-  9 

+0.0418 

+0.0297 

—0.0404 

—0.0256 

—0.0014 

—0.0041 

+0.0282 

—0.0394 

6-  8 

—0.0041 

—0.0425 

+0.0058 

+0.0348 

—0.0017 

+0.0077 

—0.0259 

0.0000 

6-  7 

+0.0396 

—O.0432 

—0.0322 

+0.0433 

—0.0074 

0.0000 

+0.0544 

+0.0527 

6-  6 

+0.3336 

+O.0024 

—0.2353 

—0.0038 

—0.0984 

+0.0014 

—0.0042 

+0.2824 

6-  5 

—0.2706 

—0.2998 

+0.1642 

+0.1783 

+0.1063 

+0.1216 

+0.2345 

—0.2093 

6-4 

—0.0192 

+O.185 1 

+0.01 14 

—0.0798 

+0.0078 

—0.1052 

— 0.1213 

— 0.0117 

6-3 

+0.0388 

—0.0274 

—0.0138 

+0.0063 

—0.0251 

+0.021 1 

+0.0136 

+0.0195 

6-   2 

-0.0088 

—O.OO16 

+0.0034 

—0.0036 

+0.0054 

+0.0052 

+0.0010 

—0.0067 

6-  i 

—0.0024 

+O.0009 

+0.0040 

+0.0032 

—0.0016 

—0.0041 

—0.0039 

+0.0070 

6      o 

+0.0029 

+O.OO42 

—0.0044 

—0.0032 

+0.0015 

—0.0010 

+0.0062 

—0.001 1 
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C.   Action  of  Jupiter. 

§  39.  The  action  of  Jupiter  being  computed  on  the  same  general  method  as 
Venus  and  Mars,  but  being  much  simpler,  no  detailed  explanation  seems 
necessary.  Six  systems,  which  suffice  to  carry  the  coefficients  to  terms  of  the 
third  order  in  the  eccentricities,  were  deemed  enough. 

The  principal  numbers  used  or  derived  are  shown  in  the  following  tables.  The 
fundamental  data  in  the  first  table  were  derived  from  Hill's  Tables  of  Jupiter. 

TABLE  XVII. 
Ecliptic  Coordinates  of  Jupiter  for  the  12  Points  of  Division. 


i 

Arg.  1. 

f+  Red.  to 

Ecliptic 
(Table  37). 

log.  r 
(Table  60). 

0.716  624 

/ 

/ 

—  71 
p 

X 

y 

z 

0 

1062.6047 

0       /        // 
93    49     10 

105 

I 

44 

185 

31      36 

-5.1832 

—0.5015 

+0.0137 

I 

I423-6537 

123      0    50 

0.726  708 

134 

13 

23 

214 

43     16 

-43816 

—3.0364 

+0.0714 

2 

1784.7027 

151      3      0 

0.733  962 

162 

15 

33 

242 

45    26 

—2.4808 

-4.8184 

+0.1114 

3 

2I4S.75I7 

178    26    55 

0.736  606 

189 

39 

28 

270 

9    21 

+0.0148 

-5.4537 

+0.1248 

4 

2506.8007 

205    48    41 

0.734  5I4 

217 

1 

IS 

297 

31      7 

+2.5072 

—4.8125 

+0.109 1 

5 

2867.8497 

233    44    42 

0.727  800 

244 

57 

16 

325 

27     8 

+4.4010 

—3.0300 

+0.0675 

6 

3228.8987 

262    47      7 

0.717  865 

273 

59 

41 

354 

29    33 

+5.1982 

—0.5012 

+0.0092 

7 

3589.9477 

293     16    S3 

0.707018 

304 

29 

26 

24 

59     19 

+4.6167 

+2.15 17 

—0.0512 

8 

3950.9967 

325     13    29 

0.608343 

336 

26 

2 

56 

55    55 

+2.7242 

+4.1841 

— 0.0959 

9 

4312.0457 

358      7      4 

0.694  769 

9 

19 

38 

89 

49    30 

+0.0151 

+4.9518 

—0.1 134 

10 

340.5067 

31      3    59 

0.697  634 

42 

16 

32 

122 

46    24 

—2.6983 

+4.1912 

—0.0948 

n 

701.5557 

63      9      2 

0.705  860 

74 

21 

36 

154 

51     28 

-4.5987 

+2.1583 

—0.0474 

TABLE   XVIII. 
Jupiter  ;  Direct  Action  ;  Special  Values  of  the  A-coefficients  for  6  Systems. 


System 

0. 

System 

1. 

i 

A 

B 

c 

D 

i 

A 

B 

C 

D 

0 

+0.008  62 

—0.004  22 

—0.004  40 

+0.001 56 

0 

+0.007  65 

—0.003  80 

—0.003  83 

+0.00060 

1 

+0.002  35 

— 0.001 17 

—0.003  52 

+0.005  25 

1 

+0.003  28 

+0.000 13 

—0.003  40 

+0.004  86 

2 

— 0.001  91 

+0.004  50 

—0.002  59 

+0.002  20 

2 

— 0.00 1 51 

+0.004  27 

—0.002  76 

+0.002  97 

3 

—0.00 1  76 

+0.003  72 

—0.00 1  95 

— 0.001  04 

3 

—0.002 13 

+0.004  33 

—0.002  20 

—0.000  70 

4 

+0.000  05 

+0.001  53 

— 0.001  58 

—0.002  26 

4 

—0.000 13 

+0.001 95 

—0.00 1 82 

—0.002  52 

5 

+0.001  81 

—0.000  39 

—0.001 41 

— 0.001 81 

5 

+0.002  06 

—0.000  46 

—0.001 61 

—0.00206 

6 

+0.002  77 

— 0.001  37 

—0.001 40 

—0.00034 

6 

+0.003 1 1 

—0.001 55 

—0.001 56 

—0.000  19 

7 

+0.002  49 

—0.000  95 

—0.001  54 

+0.001  55 

7 

+0.002  43 

—0.000  76 

—0.00 1 67 

+0.001 93 

8 

+0.000  61 

+0.001  30 

—0.00 1  91 

+0.002  84 

8 

+0.000 10 

+0.001 87 

—0.00 1 97 

+0.002  81 

9 

—0.002  28 

+0.004  86 

—0.002  58 

+0.001  50 

9 

—0.002  39 

+0.004  87 

—0.002  48 

+0.000  81 

10 

—0.002  04 

+0.005  63 

—0.003  58 

—0.003  77 

10 

—0.00 1 40 

+0.004  56 

—0.003 15 

—0.003  68 

11 

+0.005  41 

—0.000  95 

—0.004  46 

—0.005  89 

11 

+0.004  49 

—0.000  75 

—0.003  73 

—0.004  95 

System 

2. 

System  3. 

0 

+0.007  67 

—0.003  81 

—0.003  85 

—0.00069 

0 

+0.008  73 

—0.004  27 

—0.004  46 

—0.001  58 

1 

+0.004  63 

—0.000  83 

—0.003  81 

+0.005  02 

1 

+0.005  47 

—0.000  95 

—0.00451 

+0.005  97 

2 

—0.001  42 

+0.004  67 

—0.003  25 

+0.003  80 

2 

—0.002  06 

+0.005  67 

—0.003  60 

+0.003  79 

3 

—0.002  45 

+0.005  00 

—0.002  55 

—0.000  84 

3 

—0.002  28 

+0.004  86 

—0.002  58 

—O.oo  1  50 

4 

+0.000  12 

+0.001  88 

—0.002  00 

—0.002  87 

4 

+0.000  61 

+0.001  29 

—0.00 1 90 

—0.002  82 

5 

+0.002  46 

—0.000  78 

— 0.001  68 

—0.00 1  92 

5 

+0.002  47 

—0.00004 

—0.001 53 

—0.001  54 

6 

+0.003  09 

—0.001  54 

— 0.001  55 

+0.00021 

6 

+0.002  74 

— 0.001  36 

—0.00 1 39 

+0.000  33 

7 

+0.002  01 

—0.000  43 

—0.001  58 

+0.002  04 

7 

+0.001 79 

—0.000  39 

—0.001 40 

+0.001  80 

8 

—0.000  15 

+0.001  92 

—0.00 1  76 

+0.002  46 

8 

+0.00006 

+0.001  52 

— 0.001  58 

+0.002  25 

9 

—0.002  08 

+0.004  23 

—0.002  15 

+0.00068 

9 

—0.001 76 

+0.003  7i 

—0.001  95 

+0.001  04 

10 

—0.00 1  49 

+0.004  19 

—0.002  70 

—0.002  90 

10 

—0.001 92 

+0.004  52 

—0.002  60 

—0.002  21 

11 

+0.003  18 

+0.000  19 

—0.003  36 

—0.004  82 

11 

+0.002  36 

+0.001  19 

—0.003  55 

—0.005  30 
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TABLE   XVIII.—  Concluded. 
Jupiter  ;  Direct  Action  ;  Special  Values  of  the  A-coefficients  for  6  Systems. 


System 

4- 

System  5. 

i 

0 

A 

B 

c 

D 

i 

A 

B 

C 

D 

+  o.oio  47 

—0.005  21 

—0.005  26 

—0.00094 

0 

+0.010  36 

—0.005 15 

—0.005  21 

+0.001 06 

i 

+0.004  29 

+0.000  44 

—0.004  73 

+0.00684 

1 

+0.002  55 

+0.001 57 

—0.004 12 

+0.006 16 

2 

—0.002  58 

+0.005  91 

—0.003  33 

+0.002  64 

2 

—0.002  34 

+0.005 16 

—0.002  82 

+0.001 95 

3 

—0.00 1  75 

+0.004  00 

—0.002  25 

—0.001 77 

3 

—0.001 58 

+0.003  55 

—0.001 97 

—0.001 48 

4 

+0.000  68 

+0.00096 

—0.001  65 

—0.002  46 

4 

+0.000  41 

+0.001 11 

—0.001  51 

—0.002  24 

5 

+0.002  16 

—0.00080 

—0.00 1  35 

—0.001 39 

5 

+0.001 88 

—0.000  57 

—0.001 30 

—0.001 52 

6 

+0.00251 

— 0.001 25 

— O.ooi  25 

+0.000 14 

6 

+0.002  51 

—0.001 25 

—0.001 26 

—0.000 16 

7 

+0.001  00 

—0.000  59 

— 0.00 1  31 

+0.001 52 

7 

+0.002  20 

—0.000  83 

—0.001  37 

+0.001 39 

8 

+0.000  43 

+0.001 11 

—0.001  54 

+0.002  28 

8 

+0.000  72 

+0.00096 

—0.001  68 

+0.002  52 

9 

—0.00 1  61 

+0.003  62 

—0.002  02 

+0.001 52 

9 

—0.001  79 

+0.004 10 

—0.002  31 

+0.001 82 

10 

—0.002  41 

+0.005  30 

—0.00200 

—0.002  01 

10 

—0.002  64 

+0.00606 

—0.003  42 

—0.002  72 

ii 

+0.002  68 

+0.001  55 

—0.004  23 

—0.006  32 

11 

+0.004  44 

+0.000  36 

—0.004  80 

—0.006  91 

TABLE  XIX. 
Jupiter  ;  Direct  Action  ;  Development  of  the  A-coefficients. 


Arg. 

IO6 

A 

IO6 

B 

IO6 

c 

IO 

sz> 

^hg' 

cos 

sin 

cos 

sin 

cos 

sin 

cos 

sin 

0    0 

0      I 

+1347 

—      4 

0 

-58 

+1237 

—      I 

0 
—   19 

-2583 

+      4 

O 

+  76 

—    I 

-  18 

0 
+      3 

1—2 
I  — I 
I      O 

I  +  I 

—  7 
+1112 

—  11 

—  3 

-  77 
0 

—211 
0 

+  17 
+  358 

-  16 

—  I 

+  86 
0 

—184 
+    2 

—     12 
—1470 
+    28 
+      5 

—   10 

0 

+395 

0 

+  82 

0 

0 

0 

—     13 

+  539 
+      2 

+      1 

2-3 

2—2 
2—1 
2     O 

+3878 

—  7 

-  16 

0 

-  82 
+    2 
-165 
+    2 
0 

+     8 

-3526 

-  5 

—  15 

0 

+  82 

—  5 

-  53 
+    3 

0 

—  4 

—  355 
+     12 
+    30 

0 

—  1 

+    2 
+217 

-  5 
0 

+  83 

—    3 

+  53 

+     1 

0 

—  5 
+3699 

—  2 

—  11 

0 

3—4 
3—3 
3—2 
3—1 

+     13 

+  1779 

-  28 

-  18 

—  40 

+     1 
—672 

+    3 

—  12 

—  1700 
+      24 

—  6 

+  40 
—    3 

+595 
+     1 

—  3 

-  79 
+      5 
+    24 

0 

+     1 
+  77 
—    4 

+  42 
—    2 

+633 
0 

+     12 
+1737 

-  25 

-  6 

4-5 
4-4 
4-3 
4-2 

+     10 
+  587 

-  18 

-  80 

—  10 

—  3 

—434 
+    7 

-  8 

—  570 
+    16 
+    7o 

+  10 

+     1 
+412 
-    6 

0 
-     18 

+      2 
+     11 

+     I 

+     I 

+  22 

0 

+  21 
+    2 
+423 
-    6 

+      9 
+  575 

-  17 

-  76 

5-6 

5-5 
5-4 
5-3 

+      2 
+  176 

-  8 

-  66 

+  16 
—    2 
-185 
+    6 

—  3 

—  172 

+      7 
+    64 

—  14 
+    2 
+  180 

-  6 

+      1 

—      3 

0 

+      4 

—  1 
0 

+    5 

—  1 

+  26 
+    3 
+184 
-    6 

+      6 

+  154 

-  8 

-  67 
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D.   Action  of  Saturn  and  Mercury. 

§  40.  The  inequalities  due  to  the  direct  action  of  Saturn  are  so  minute  that  an 
approximate  development  will  suffice.  I  have  therefore  used  the  development  of 
A-3  and  A-5  by  spherical  harmonics.  We  put  av  for  the  mean  distance  of  Saturn, 
Z,  as  usual,  for  the  difference  of  mean  heliocentric  longitudes  of  the  planet  and 
Earth  (Z  =  s  —  g'),  and  a  for  the  ratio  of  the  mean  distances.  With  this  notation 
the  developments  to  a4  are 

|V  =  1  +  |«2  +  -W-«4  +  ■  •  •  +  (3  +  -V-*2  +  •••)«  cos  Z 

+  (¥"  +  -tb5-"2)*2  cos  2L  +  -r*3  cos  3Z  +  Wa4  cos  4Z 
^  =  1  +  -Y-*2  +  IffAa*  +  •  • .  +  (5  +  H1*2  +  •••)«  cos  Z 

+  (-¥-  +  ¥e6-a2  '")*  cos  2L  +  1lAotS  cos  3L  +  m-a<  cos  4^ 

This  development  is  valid  when  the  eccentricities  are  taken  account  of,  provided 
we  use  the  true  radii  vectores  and  true  longitudes  instead  of  the  mean  ones.  But 
this  is  unnecessary  in  the  present  case.     For  Saturn  we  have 

a  =  0.1070 
Reducing  to  numbers  this  gives 

*■ 

A  =  1.0262  4-  0.328  cos  Z  +  0.044  cos  2-^  +  0.005  cos  3^  '  * ' 

a6 

-A  =  1. 0741  4-  0.557  cos  L  +  0.1 10  cos  iL  4-  .016  cos  3Z  4-  •  •  • 

For  the  geocentric  coordinates  Jf,  Yy  Z,  of  Saturn  we  have 

X '=  a'  —  ax  cos  Z  =  a1(a  —  cos  Z)  Y=  —  a,  sin  Z  Z=o 

Then 

,3  5 

2K  =  "^{X*  -  Y2)  =  a3^  (a2  -  2a  cos  Z  4-  cos  2Z) 


3  -  a3   «,3 


C,  =  a'  C  =  — 

1  3    As 

Z>j  =  at%D  =  a3  A  (2  s^n  2Z  —  a  sin  Z) 

Reducing  to  numbers,  and  performing  the  necessary  multiplications  we  find 

io37iT=  4-  .0027  4-  .031  cos  Z  4-  .620  cos  2Z 
io'Cj  =  —  .419  —  .135  cos  Z  —  .018  cos  2Z 
io3Z>!  =  —  .029  sin  Z  4  .607  sin  2Z 
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Then,  the  principal  terms  are 

iozMK=  +  .0013  +  .015  cos  L  +  .307  cos  2L 
io3MCl  =  —  .208  —  .067  cos  L  —  .009  cos  2Z 
io3MDl  = —  .014  sin  L  -f  .302  sin  2Z 

§41.  The  mass  of  Mercury  is  so  minute  that  its  action  upon  Venus,  the  only 
planet  whose  motion  it  can  sensibly  affect,  has  never  been  determined  with  cer- 
tainty. There  is  every  reason  to  believe  that  the  uncertain  determinations  of  the 
mass  which  have  been  made  were  too  great  by  2  or  3  times  their  entire  amount. 
From  Hill's  estimate,  based  on  the  volume  and  probable  density  of  the  planet,  it  is 
very  probable  that  the  mass  is  less  than  1  -f-  10  000  000  that  of  the  Sun.  From  the 
results  of  §  30  it  is  inferred  that  its  secular  effect  on  the  motion  of  the  lunar  elements 
is  proportionally  yet  smaller  than  its  mass. 

The  only  periodic  inequalities  that  could  become  sensible  are  those  of  compara- 
tively long  period.  Their  probable  limiting  values  are  considered  in  Action, 
p.  273,  from  which  it  appears  that  the  largest  inequality  is  that  depending  on  the 
argument 

l+TT  +  lM'  +g' 

and  that  the  limiting  value  of  the  coefficient  was  estimated  at  o".i.  For  another 
argument  the  limiting  value  was  o".04.  These  estimates  rest  on  a  mass  double  of 
what  may  now  be  considered  the  most  probable  value.  For  these  reasons  it  was 
intended  to  leave  the  action  of  Mercury  entirely  out  of  consideration  in  the  present 
investigation.  But,  for  the  sake  of  completeness,  and  to  leave  open  as  few  questions 
as  possible,  it  was  at  length  decided  to  compute  the  action  in  the  same  way  as  that 
of  Venus.  Twelve  systems  and  twelve  indices  were  used.  With  144  special 
values,  it  is  easy  to  compute  not  only  the  secular,  but  the  principal  periodic  terms. 
Among  the  results  are  the  following  constant  terms  and  terms  depending  on  the 
above  argument,  the  form  being 

A  =  A0  +  Ac  cos  (3M'  +  g')  +  A,  sin  (3M'  +  g') 
A0  =  +  0.867  Ac=  —  .00059  A.  =  o 

B0  —  —  0.381  Be  =  +  .00035  B,  —  +  -00008 

C0  =  —  0.486  Cc=  +  .00026  Ca  =  —  .00006 

Z>0  =  +  0.0022  Dc  =  +  .0005  Dt  =  —  .0023 

K0  =  +  0.624  Ke  =  —  .00047  Kt  =  —  .00004 

§  42.  K-coefficients.  From  the  preceding  developments  of  A,  B,  C,  and  D  for 
the  four  disturbing  planets  the  coefficients  K=  x/2  (A  —  B)  are  formed,  and 
Ky  Cly  and  D±  are  multiplied  by  M. 

This  special  set  of  coefficients,  containing  the  factor  Af,  are  designated  as  K- 
coefficients.     Their  values  are  tabulated  for  Venus,  Mars,  and  Jupiter  as  follows. 
The  values  for  Saturn  are  found  at  the  end  of  §  40  preceding. 
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TABLE   XX. 

K-COEFFICIENTS    FOR    DlRECT    ACTION    OF   VENUS. 


v,    g' 

ios  iJ/^r 

io3  MKa 

y2io3Afcc 

y2io*  mc, 

io3  MD 

c 

io3  MDS 

0,       o 
O,        I 
O,        2 

+  5-903 
+  044 
+  0.13 

0.00 
—0.1 1 
—0.14 

—3.406 

—0.30 

—0.09 

0.000 
+0.07 
+0.10 

II 

0.000 
+0.03 
+0.05 

0.000 

+0.33 
+0.06 

I,   —2 
I,   —I 
I,       o 

+  0.71 
+10.95 
+  0.17 

+0.15 

0.00 

—0.07 

—0.36 
—6.03 
—0.22 

—0.08 

0.00 

+0.05 

+0.08 

—0.01 
0.00 

—0.52 
—4.92 
+0.22 

2,  —4 
2,  —3 
2,   —2 
2,   —I 

+  0.16 
+  0.93 
+IO-75 
+  0.02 

+0.14 

+0.19 

0.00 

—0.04 

-0.08 
—0.39 
—4.99 
—0.16 

—0.08 

—0.08 

0.00 

+0.03 

+0.09 
+0.13 

—0.01 
—O.OI 

— O.II 

—0.73 
—7.09 
+0.22 

3,  -6 
3,  —5 
3,  —4 
3,  —3 

+  0.02 
+  0.170 
+  1.08 
+10.24 

+0.03 
+0.147 
+0.22 
0.00 

—0.01 
—0.078 
-0.38 
—4.00 

—0.01 

—0.075 

—0.08 

0.00 

+0.02 
+O.I  I 
+0.17 
—O.OI 

—0.01 
—0.13 
—0.91 

-7.91 

4,  -6 
4,  -5 
4,  —4 

+  0.18 
+  1.17 
+  942 

+0.15 

+0.24 

0.00 

—0.07 
—0.36 
—3.14 

—0.07 

—0.08 

0.00 

+O.I  I 
+0.20 
—O.OI 

-0.15 

—1.04 

-7.89 

5,-8 
5,  -7 
5,-6 
5,  —5 

+  0.019 
+  0.19 
+  1.21 
+  8.40 

+0.028 
+0.14 
+0.24 
0.00 

—0.007 
—0.06 
—0.32 
—2.43 

—0.012 

—0.06 

—0.07 

0.00 

+0.024 

+0.12 
+0.21 
—O.OI 

—0.017 
—0.16 

— 1.05 

—7-39 

6,  -7 
6,  -6 

+  1.19 
+  7.32 

+0.24 
0.00 

-0.28 
-1.86 

—0.06 
0.00 

+0.21 
0.00 

—O.II 

-6.64 

TABLE   XXI. 

K-COEFFICIENTS    FOR    DlRECT   ACTION    OF    MARS. 


M,     g' 

io3  MKc 

io3  MK, 

y2io*Mce 

^io33/C8 

io3  MDe 

io3  MDa 

0,       0 

0,     I 

II 

+  0.0465 
—  0.020 

0.000 
—0.024 

—0.1006 
+0.028 

0.000 
+0.029 

0.000 
—0.008 

0.000 
+0.010 

I,   —2 
I,   —I 
I,        O 

—  0.012 
+  0.1 10 

—  0.025 

+0.014 
+0.001 
—0.029 

+0.017 
—0.169 
+0.042 

—0.018 

0.000 

+0.045 

—0.008 
0.000 
0.000 

—0.012 

+0.054 

0.000 

2,  —3 

2,   —2 
2,   —I 
2,        O 

—  0.002 
+  0.194 

—  0.035 
0.000 

0.000 
+0.002 
—0.039 
+0.01 1 

+0.009 
—0.129 
+0.049 
+0.003 

—0.010 
+0.001 
+0.053 
—0.016 

+0.006 

0.000 

+0.013 

+0.002 

—0.002 
+0.165 
—0.014 
—0.002 

3,  —3 
3,  —2 

+  0.233 
—  0.064 

+0.004 
—0.070 

—0.093 
+0.049 

+0.001 
+0.053 

—0.002 
+0.050 

+0.217 
—0.048 

4,  —4 
4,  -3 
4,  —2 

+  0.229 

—  0.094 

—  0.002 

+0.004 
—0.103 
+0.030 

—0.064 
+0.044 
+0.003 

+0.001 
+0.049 
—0.028 

—0.003 
+0.000 
—0.019 

+0.221 
—0.083 
—0.003 

5.  -4 

5,  —3 
5,  -2 

—  0.115 

—  0.005 
+  0.009 

—0.126 
+0.051 
—0.004 

+0.037 
+0.003 
—0.006 

+0.042 
—0.030 
+0.005 

+0.1 19 
—0.042 
+0.003 

—0.107 
—0.004 
+0.007 

6,  -5 
6,  —4 
6,  -3 

—  0.122 

—  0.009 
+  0.015 

—0.134 
+0.074 
—0.009 

+0.030 
+0.002 
—0.007 

+0.034 
—0.029 
+0.006 

+0.131 
—0.068 
+0.008 

—0.1 17 
—0.007 
+0.01 1 

COEFFICIENTS  FOR  DIRECT  ACTION. 
TABLE   XXII. 

K-COEFFICIENTS    FOR    DlRECT    ACTION    OF   JUPITER. 
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h 

g' 

io3JTe 

1 

y2io*Mcc 

^ioM/C, 

io*MDc 

iozMDt 

0, 
0, 

0 
I 

+  0.091 
—  0.002 

0.000 
—0.032 

—2.135 
+0.003 

0.000 
+0.063 

0.000 
—0.030 

0.000 
+0.005 

I, 

I, 
It 

I, 

—2 

—  I 

0 

+  1 

—  0.020 
+  0.623 
+  0.004 

—  0.002 

—0.135 

0.000 

—0.022 

—0.001 

—0.010 
— 1.215 
+0.023 
+0.004 

—0.008 
0.000 

+0.326 
0.000 

+0.135 
0.000 
0.000 
0.000 

—0.021 
+0.593 
+0.003 
+0.002 

2, 
2, 

2, 
2, 

—3 

—2 

—1 

0 

—  0.009 
+  6.1 19 

—  0.001 

—  0.001 

-0.135 
+0.006 

—0.093 
—0.001 

—0.003 
—0.293 
+0.010 
+0.025 

—0.001 
+0.001 

+0.179 
—0.004 

+0.137 
—0.005 

+0.087 
+0.001 

—O.OO8 
+6.II4 
—0.003 
—0.0l8 

3, 

3, 

—3 
—2 

+  2.875 
—  0.043 

+0.003 
—1.048 

—0.065 
+0.004 

+0.001 
+0.064 

—0.003 
+1.046 

+2.875 
—0.041 

CHAPTER   V. 

PLANETARY   COEFFICIENTS   FOR  THE   INDIRECT   ACTION. 

§  43.  Our  next  step  is  to  form  the  coefficients  GyJ,  and  /  which  are  the  planetary 
coefficients  for  the  indirect  action,  and  correspond  to  /Cy  ^C,  and  D.  These  we  have 
found  to  be  linear  functions  of  the  perturbations  in  the  motion  of  the  Earth  around 
the  Sun  produced  by  the  action  of  all  the  planets.  From  the  way  in  which  they 
are  formed  it  will  be  seen  that  they  should  include  all  deviations  in  the  motion  of 
the  Sun  from  the  actual  formulae  adopted  for  the  expression  of  fl  as  used  in  deter- 
mining the  action  of  the  Sun  itself.  It  would  therefore  be  necessary,  in  strictness, 
to  include  the  effect  of  any  corrections  that  may  be  necessary  to  the  elements  of 
the  Sun's  motion  employed  by  Delaunay.  But  as  the  eccentricity  of  the  Earth's 
orbit  enters  as  a  symbolic  quantity  into  the  theories  of  both  Delaunay  and  Brown, 
it  will  not  be  necessary  to  apply  any  correction  on  this  account.  The  same  remark 
applies  to  the  position  of  the  Earth's  perihelion.  But  as  the  solar  elements  are 
assumed  to  be  constant  in  the  first  integration  it  is  necessary  to  take  into  account 
the  effects  of  their  secular  variations,  as  well  as  of  the  periodic  inequalities. 

Moreover,  in  developing  the  action  of  the  Sun  upon  the  Moon  for  the  first  inte- 
gration, it  is  assumed  that  the  mean  distance  of  the  Earth's  orbit  is  strictly  connected 
with  its  mean  motion  by  the  fundamental  relation 

a3n2  =  m'  +  \i 

It  is  therefore  necessary  to  include  in  hp'  the  constant  correction  arising  from  the 
action  of  the  planets. 

We  may  conveniently  classify  the  various  terms  of  Sv'  and  Sp  which  are  to  be 
used  in  the  expressions  (60)  as  follows: 

1.  The  terms  arising  from  the  secular  variation  of  the  eccentricity  of  the 
Earth's  orbit. 

2.  Constant  and  periodic  terms  independent  of  the  mean  longitude  of  the  dis- 
turbing planet. 

3.  Periodic  terms  containing  that  mean  longitude. 

§  44.  Secular  terms  arising  from  the  variation  of  the  eccentricity  of  the 
Earth's  orbit. 

The  action  of  the  Sun  upon  the  Moon  being  a  function  of  the  eccentricit}'  of  the 
Earth's  orbit  it  follows  that  the  indirect  action  will  vary  with  that  element.  The 
variation  may  be  taken  account  of  by  assigning  to  Bv'  and  8p'  the  increments  of  the 
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Earth's  polar  coordinates  due  to  the  variation  of  the  eccentricity.  It  is  not  necessary 
to  take  into  account  the  variation  of  the  solar  perigee,  because  this  element  is 
retained  in  its  general  form  in  the  final  expressions  of  all  the  perturbations. 

To  find  the  required  values  of  5V  and  Bp'  we  differentiate  the  expressions  for  v' 
and  p'  in  terms  of  the  eccentricity,  thus  obtaining 

dv' 

^7  =  (2  -  \e'2)  smg'  +  {\e'  —  Ye'')  sin  2g'  +  l^e'2  sin  3g'  -f  -W*'3  sin  4^' 

(84) 
dp' 
qj  =  \ef  +  i*'3  —  (1  —  \e'2)  cosg'  —  (fV  -  -ye'3)  cos  2g'  —  if-e'*  cos  2g'  -  l\e,z  cos  $g' 

Putting  Ae'  for  the  increment  of  e'  due  to  secular  variation,  the  values  of  5V  and 
Bp'  to  quantities  of  the  first  order  are  found  by  multiplying  these  derivatives  by  Ae'. 
To  determine  what  terms  of  higher  order  are  necessary  we  remark  that  for  an 
interval  of  1000  years  before  or  after  1900  we  have 

Ae'  =  =fc  .000418  =  ±  86".o 

whence 

(Ae')2  =  o".o35 

This  quantity  is  so  small  that  the  powers  of  Ae'  above  the  first  order  may  be  dropped. 
But  Ae'  will  contain  terms  in  T2  which  it  will  be  well  to  include  for  the  sake  of 
approximation  to  rigor  in  the  theory. 

Substituting  in  the  values  of  the  differential  coefficients  just  found  the  numerical 
value  of  e'  for  1850, 

e'  =  .0167711 
we  shall  have 

dv' 

0~,  =  1.999  19  sing'  +  .041  92  sin  2g'  -f  .000  91  sin  $g'  +  .000  02  sin  ^g' 

v  (8s) 

q-,  =  .008  39  —  .999  68  cosg-'  —  .025  15  cos  2g'  —  .000  60  cos  $g'  —  .00001  cos  qg' 

The  value  of  Ae'  by  which  these  expressions  are  to  be  multiplied  is  that  used  in 
the  author's  Tables  of  the  Sun: 

Ae'  =  -  8',.595  T-  o,/.026o  T2 

T  being  counted  in  centuries  from  1850. 

The  corresponding  portions  of  G,  J,  and  /are  found  by  substituting  for  oV  and 
Bp'  in  the  expressions  (60)  the  quantities 

„  ,      dv'  dp' 
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If  we  suppose  that  G,  J,  and  /are  expressed  in  the  form 

G=G0  +  G^e' 
with  similar  forms  for  J  and  /,  we  find  by  developing  to  en 

Gl  =  +  ifJ  —  (f  —  W*'2)  cos  S'  —  ^re'  cos  2g'  ~  HV-e'2  cos  3g' 
Jx  =  -  \e'  -  (i  +  Ue'2)  cos  g'  —  Te'  cos  2£"'  —  we'2  cos  3£"' 
/t  _  (3  _  *™V2)  sing'  +  Qe'  sin  2£-'  +  ±&e'2  sin  3^' 

The  following  numerical  values  have  not  been  formed  from  these,  but  by  multi- 
plying the  numerical  values  of  the  factors  given  in  (60)  and  (85),  which  are  derived 
from  developments  to  e'  . 

Gx  =  4-  .06238  —  2.24517  cos  g'  —  .21296  cos  2gf  —  .01115  cos  2,g' 

Jx  =  —  .01257  —  0.75039  cos^''  —  .03771  cos  2g'  —  .00140  cos  3g'  (86) 

Ix  =  -f  2.96280  sin  g'  4-  .21366  sin  2g'  4-  .04342  sin  2g' 

§  45.  Terms  independent  of  the  mean  longitude  of  the  disturbing  planet. 
These  terms  arise  from  the  terms  of  5V  and  Sp'  which  are  either  constants,  or  func- 
tions of  g'  alone.  In  the  case  of  the  longitude  the  eccentricity  and  perihelion  of 
the  Earth's  orbit  are  so  adjusted  that  both  the  constant  terms  and  those  dependent 
on  Arg.  gf  shall  vanish,  leaving  the  only  terms  of  8V  to  be  considered  those  depend- 
ing on  Arg.  2g'  etc.  Both  these  terms  themselves  and  the  factors  by  which  they 
are  subsequently  multiplied  to  form  G,  J,  and  I  are  so  minute  that  the  results  are 
assumed  to  be  insensible;  we  have,  therefore,  only  to  consider  the  terms  of  hp' 
which  remain  after  the  adjustment  of  the  eccentricity  and  perihelion  just  mentioned. 
These  might  be  derived  from  the  numbers  in  Tables  of  the  Sun;  but  the  author 
finds  that  the  results  have  not  been  carried  out  with  the  precision  desirable  in 
the  present  problem.  He  has,  therefore,  computed  these  terms  independently  from 
theory,  using  the  method  of  variation  of  elements,  and  carrying  the  results  to  terms 
of  the  second  order  in  the  eccentricities  and  mutual  inclination.  The  general  for- 
mulae are  as  follows.*     The  accented  quantities  refer  to  the  outer  planet. 

Action  of  an  outer  on  an  inner  planet. 

Sp  =  m'a{p0  4-  px  cos  II  4-  (/j0>c  +  pic  cos  II)  cos^  +  pl>s  sin  II  sin^} 
where 

II  =  7r  —  irr 

^  e'2  ee' 

Po  =  -  \DA,  +  -8 (3  D  -  8&>  -  2  D*)A0-  -{B>  +  B)A0     Pl  =  -  ( -  7&  +  5^2  +  2&)A 

*,,-  |(3Z?  +  2Z>Vo       ft.*  =  7  (1  ~D2)AX        ft,.«  -  Ul  -  D*)AX 
044 


The  derivation  has  appeared  in  the  Astronomical  Journal,  vol.  xxv. 
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Action  of  an  inner  on  an  outer  planet. 

8p'  =  m{p0f  +  ft'  cos  IT  +  (p0ef  4-  pxJ  cos  IT')  cosg-'  +  px>t  sin  II'  sing'} 
where 

n'  =  7T'  -  7T 

p/  =  i6{l  +  n)AQ-e^(9  +  i3D+2B^-2B^A0  +  ^(B+2Bi  +  B^A0 

Plf=^o+nB-Bi-2B3)Al        p^  =  ^{-i+D+2D*)AQ 

Pl<  C>  =  --(2D  +  &)AX  ft,  J  =  -  {2D  +  D*)AX 

4  4 

The  two  actions  are  mutually  interchanged  by  replacing  D  by  —  (i  -J-  D)  in 
either.  They  were,  however,  developed  independently  in  order  that  this  relation 
might  serve  as  a  test  of  the  accuracy  of  both. 

The  coefficients  AQ  and  Ax  are  functions  of  the  mutual  inclination  of  the  orbits 
(<r  =  sin  %I)  and  of  the  coefficients  b{al)  defined  by  the  development 

(i  —  2«  cos  L  +  a2)'  =  A2#;>  cos  iL 
A,  =  bp  -  w*b{*  Ax  =  b$  -  \™\b^  +  b^) 

Dn  means  the  #th  derivative  as  to  log  a,  or  the  symbolic  value  of  [a(d/da)]n. 
If  it  be  desired  to  use  the  usual  successive  derivatives  as  to  a  itself,  we  may  do  so 
by  the  substitutions 

D=aZ)a  £F=aZ>a  +  aWl  D*  =  aZ)a  +  3aWl  +  aWl 

From  the  numerical  values  of  the  coefficients  A0y  Ax,  and  their  D's  we  have  the  fol- 
lowing results : 

Action  of  Venus  io9Bp'  =  +  1443.0        -f    31  cosg"'  —  17  sing-' 

Mars  —      30.           +    11  cosg-' —    3  sing"' 

Jupiter  —  1183.1         +    90  cosg-'  4-  50  sin  g' 

Saturn  —      55.4 

Uranus  —        1 .0 


Total  4-    173.5        +  132  cos g'  4-  25  sing' 

Additional  to  these  we  have,  for  Mercury,  with  mass  =  io-7 

io98/>'  =  4-  38.0  —  7  cosg"'  4-  3  sing-' 
which  I  treat  separately. 
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From  these  (60)  gives  the  following  coefficients  for  G,  J,  and  /,  these  quantities 
being  expressed  in  the  torm 

G=&0  +  Gc  cosg'  +  Gt  sin^' 

I09/c                 I09/4              IO9/0  I09/c                IO9/. 

+  77.8    -12.8    +1.3  -217.7 

4-     7.2    —  6.0    +   .6  +     4.5 

+    22.8     +37.5     -3.7  -.1     4-I78-2 

—     2.1         o          o  4-     8.4 

000  4-        .2 


Action  of 

io9G0 

109  Gc 

io'G.               io9/o 

Venus 

4-3246.8 

+  233-3 

-    38.2     41083.3 

Mars 

-     66.8 

+  21.4 

—    18.O     —      22.3 

Jupiter 

-2655.0 

4-  68.8 

4-II2.3     —    886.O 

Saturn 

—  124.6 

-     6.3 

O         —      4I.6 

Uranus 

—       2.2 

—       .1 

0       -         .8 

Total     4-  397-6    +316.8    4-  56.1    +   132.7     +  105.5    +18.7    -1.9   -.1    -  26.6 
Mercury  85.1    —   11. 4    4-     6.7    4-     28.4    —     3.9    +   2.2    —0.2      o      —     5.7 


(87) 


The  totals  here  given  are  not  formed  by  addition,  but  by  an  independent  com- 
putation of  the  entire  amount.  Hence  small  discrepancies  between  the  totals  and 
the  sums. 

§  46.  Periodic  perturbations  of  the  point  G,  containing  the  mean  longitude 
of  the  disturbed  planet. 

These  are  taken  from  Astronomical  Papers,  Vol.  Ill,  Part  V,  where  they  are 

found: 

For  Venus,  on  pp.  486-488 
For  Mars,  "  "  527-530 
For  Jupiter,   "    "    550-551 

The  perturbations  by  Venus  are  diminished  by  the  factor  .015  for  reduction  to  the 
adopted  value  of  the  mass. 

The  expressions  thus  found  are  shown  in  tabular  form  below.  In  the  original 
the  constituents  of  the  arguments  were  the  mean  anomalies  alone,  but,  in  the  present 
work,  the  longitudes  of  the  disturbing  planets  are  reckoned  from  the  Earth's  perihe- 
lion. In  order  that  the  arguments  for  the  direct  and  indirect  inequalities  may  coin- 
cide, these  perturbations  have  been  transformed  so  that  the  planet's  mean  longitude 
shall  be  reckoned  from  the  Earth's  perihelion.    The  following  are  the  numbers  used: 


Earth 

7T=  ioo°  21' 

o°    0 

Venus 

129    27 

29     6 

Mars 

333    18 

232   57 

Jupiter 

n    56 

271    35 

Then,  if  any  pair  of  terms  in  oV  or  Sp  be  represented  by 

ve  cos  (*£"<  +  i'g')  +  vt  sin  (igt  +  i'g ') 
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we  have  to  compute 


to  transform  them  into 


be  =  v  cos  i(Tri  —  ir')  —  vg  sin  i (tta  —  tr') 
bt  =  vc  sin  t(7ri  —  ir')  +  vt  cos  i (iri  —  irf) 

be  cos(*74  +  i'g')  +  bt  sin(*74  +  i'g') 


/4  being  the  mean  longitude  of  the  planet  from  ir',  designated  by  v,  m,  j,  and  s  in 
the  cases  of  the  individual  planets. 

The  original  and  transformed  values  of  §v'  and  Sp'  are  shown  in  Tables  XXIII 
to  XXVI. 

The  subsequent  steps  are  shown  in  Tables  XXVII-XXXIV  in  the  following 
order: 

The  values  of  G9J9  and  /given  in  Tables  XXVII-XXX  are  formed  from  the 
expressions  of  hv'  and  8//  in  terms  of  g4  by  the  formulae  (60).  These  are  then  sub- 
jected to  the  transformation  of  §46  and  multiplied  by  the  constant  coefficient 
10W  =  5.595.  The  factor  io3  is  introduced  in  order  to  have  the  most  convenient 
unit  in  subsequent  computation.  As  a  check  upon  the  work  the  values  of  J,  G,  and 
/were  also  computed  using  the  transformed  expressions  for  oV'  and  S/>',  and  the 
results  compared  with  the  others.  It  has  not  been  deemed  necessary  to  set  forth 
the  steps  of  this  simple  duplicate  computation. 


TABLE  XXIII. 

Action  of  Venus  on  the  Earth. 


Arg. 

do' 

dp' 

Arg. 

do 

' 

9p* 

gi    g' 

cos 

sin 

cos 

sin 

v, 

g' 

cos 

sin 

cos 

sin 

—I,    O 
—I,     I 
—  I,     2 

+0.03 
+2.35 

—0.06 

11 
—0.01 

-4.23 
—0.03 

—0.041 
—0.980 
+0.032 

—0.018 

— 0.544 

—0.006 

—I, 

—I, 
—I, 

0 
1 
2 

// 

0.00 
—0.0 1 

—0.06 

—0.07 

-4.84 

0.00 

—0.045 

— I.I2I 
+0.025 

+0.004 
+O.00I 
—0.021 

—2,      I 
—2,      I 

-2,    3 
—2,    4 

— O.IO 

—4.70 
+1.80 
+0.03 

+0.06 
+2.90 
-1.74 
—0.03 

+0.041 

+1.709 

—0.282 

+0.018 

+0.065 
+2.765 

—0.300 
+0.016 

—2, 
—2, 
—2, 
—2, 

1 
2 
3 

4 

0.00 
—0.02 
—0.53 

—0.01 

+0.1 1 

+5.52 
—245 
—0.05 

+0.O77 
+3.251 
—O.404 
+0.023 

—O.OOI 
+O.OO4 
+0.082 
—O.OO7 

—3.    3 
-3,    4 
—3.     5 
-3.    6 

—0.67 
+1.51 
+0.76 

+O.OI 

+0.03 
—040 
-0.68 
—0.01 

+0.020 
— O.I8I 
+O.059 
+O.OO6 

+0.496 
-0.689 

+0.069 
+0.006 

-3, 
—3, 
—3, 
—3, 

3 

4 
5 
6 

0.00 
—0.33 
—0.64 

—0.01 

+0.67 
-1.53 
—0.79 

—0.0 1 

+0497 
—0.697 
+0.072 
+O.OO6 

+0.003 

+0.149 
—O.056 
—O.O06 

-4,    4 
-4,    5 
—4,    6 

—0.19 
—0.14 
+0.15 

—0.09 
—0.04 
—0.04 

—0.079 
—0.024 
—0.012 

+0.160 
+0.089 
—0.04?. 

—4 

—4, 
—4. 

4 
5 
6 

0.00 
+0.02 

—O.I  I 

+0.21 
+0.15 
—O.I  I 

+0.178 
+0.091 
—0.034 

O.0OO 
—O.OI8 
+0.030 

-S,    6 
-5,    7 
-5,    8 

—0.03 
—0.12 
+0.134 

—0.02 
—0.03 
—0.001 

—0.0l8 

—0.0l8 

0.000 

+0.020 

+0.065 
—0.013 

-5, 
-5, 

-5, 

6 
7 
8 

+0.01 

+0.08 
—0.128 

+0.04 
+0.09 
-0.086 

+O.O26 
+0.052 
—0.007 

— O.OO6 
—0.044 
+O.OI  I 

-8,  11 
—8,  12 
-8,  13 
-8,  14 

0.000 
—0.008 
+1.268 
+0.021 

—0.002 
—0.041 
+1416 
+0.024 

—O.O0I 
—0.020S 
+0.004  23 

+0.010  6 

0.000 
+0.003  9 
—0.003  66 

+0.0043 

-8, 
-8, 
-8, 
-8, 

11 
12 
13 
14 

+0.002 

+0.038 
-1.895 

—0.032 

+0.001 

+0.019 
+0.153 
+0.002 

+O.0OI 
+O.OO93 
+0.000  36 
—O.OO98 

—0.O0I 

—0.018  7 
+0.005  58 
+0.005  8 

COEFFICIENTS  FOR  INDIRECT  ACTION. 
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TABLE   XXIV. 
Action  of  Mars  on  the  Earth. 


Arg. 
g*  g' 

dv' 

dp' 

Arg. 

dv' 

<y 

cos 

sin 

COS 

•in 

M,   g' 

cos 

sin 

cos 

sin 

I.  —I 

1,  o 

2,  —3 

2,   —2 
2,   —I 

2,  0 

3,  -3 

3.  -2 

4,  —4 
4,  -3 

4.  —2 

5,  -4 

5.  —3 

6,  -5 
6,  -4 
6,  -3 

15,  -9 
15.  -8 

// 

—0.216 
—0.008 

+0.040 

+1.963 
-1.659 

—0.024 

+0.053 
+0.396 

+0.O0I 

— 0.131 

+0.526 

+0.049 
—0.038 

—0.020 
—0.104 
— 0.0 1 1 

+0.018 

+0.201 

—O.167 
—0.047 
—O.OIO 

-0.567 

—0.617 
+0.015 

—0.1 18 
—0.153 
+0.032 

+0.483 

—0.256 

+0.069 
+0.200 

—0.002 
—0.1 13 
+0.100 

—0.023 
—0.030 

—0.043 
+0.013 

—0.006 
—0.272 
+0.030 
—0.008 

—0.073 
—0.037 

+0.022 
+0.219 
+0.021 

+0.04I 
+0.041 

—O.OOI 
—O.O48 
—0.013 

—O.O08 
0.000 

+0.056 
—0.003 

—0.024 
-0.937 
—0.065 
—0.012 

—0.032 
—0.096 

—0.008 
+0.059 
+0.045 
—0.029 
+0.008 

+0.014 
+0.045 
—0.002 

—0.007 
—0.003 

1.  —1 

1,  0 

2,  —3 
2,   —2 
2,   —I 

2,  O 

3,  —3 

3,  -2 

4,  —4 
4,  —3 

4.  —2 

5,  -4 

5,  —3 

6,  -5 
6,  —4 
6,  -3 

15,  —9 
15,  -8 

—0.003 
—0.033 

—O.OOI 

+0.007 
+  1.048 
—0.007 

+0.006 
+0.314 
+0.008 
+0.366 
—0.582 

—0.064 
—0.202 

—0.016 
—0.153 
+0.059 

—0.027 
—0.083 

+O.273 
+O.034 

+O.041 
+2.043 
—  1.427 
—O.027 

—O.I29 
—O.286 

—O.033 
—0.342 
—0.059 

+0.055 
—0.020 

+0.012 
—0.014 
+0.08l 

—0.01 1 

—0.184 

+0.071 
—0.010 

+0.025 
+0.977 
+0.054 

+0.014 

—0.080 
—0.070 

—0.023 

-0.155 

+0.006 

+0.033 
—0.004 

+0.008 
—0.006 

—0.01 1 

—0.005 
—0.003 

0.000 

—0.008 

+0.001 

—0.005 

+0.047 
—0.005 

—0.004 
—0.077 

—0.005 
—0.165 
—0.049 

+0.038 
+0.042 

+0.01 1 

+0.065 
+0.008 

+0.010 
+0.001 

TABLE   XXV. 
Action  of  Jupiter  on  the  Earth. 


Arg. 

dv' 

ip1 

Arg. 

dv' 

dp' 

gi    g' 

cos 

sin 

cos 

sin 

J' 

g' 

cos 

sin 

COS 

sin 

I,  —3 

—0.003 

// 
—0.001 

// 
—0.001 

+0.002 

I, 

—3 

// 

—0.001 

+0.003 

+0.002 

+0.001 

1.  —2 

-0.155 

—0.052 

—0.037 

+0.092 

I, 

—2 

—0.056 

+0.154 

+0.091 

+0.040 

1.  —1 

—7.208 

+0.059 

+0.026 

+3.356 

I, 

—1 

—0.140 

+7-207 

+3.356 

+0.067 

1,      0 

—0.307 

-2.582 

+0.108 

—0.042 

I, 

0 

-2.589 

+O.236 

—O.O39 

—0.109 

1,  +1 

+0.008 

—0.073 

+0.037 

+0.004 

I, 

+1 

—0.073 

—O.OIO 

+0.005 

—0.037 

2,  —3 

+0.01 1 

+0.068 

+0.049 

—0.008 

2, 

—3 

—0.008 

—0.069 

—0.049 

+0.005 

2,   —2 

+0.136 

+2.728 

+1.910 

—0.097 

2, 

—2 

+0.014 

—2.731 

— I.9I2 

—0.008 

2,   —I 

-0.537 

+1.518 

+0.654 

+O.231 

2, 

—  I 

+0.619 

—i486 

—O.64O 

—0.267 

2,        O 

—0.022 

—0.070 

0.000 

—0.004 

2, 

O 

+0.018 

+0.071 

O.00O 

+0.004 

3,  —4 

—0.005 

+0.002 

+0.001 

+0.004 

3, 

—4 

—0.002 

—0.005 

—O.OO4 

+0.001 

3,  —3 

—0.162 

+O.O27 

+0.021 

+0.132 

3, 

—3 

—0.014 

—0.164 

—O.I34 

+0.010 

3.  —2 

+0.071 

+0.55I 

+0.378 

—0.049 

3, 

—2 

-0.555 

+0.025 

+0.018 

+0.381 

3,  —I 

—0.031 

+O.208 

+0.082 

+0.012 

3, 

—  I 

—0.205 

—0.048 

—0.019 

+0.081 
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TABLE   XXVI. 

Action  of  Saturn  on  the  Earth. 


Arg. 

dvf 

ioW 

1 

Arg. 

dv' 

dp' 

gt     g' 

COS 

sin 

cos 

sin 

*l      g' 

COS 

sin 

cos 

sin 

It  -I 

1,  o 

2,  —2 
2,   —I 

// 

—0.077 
—0.003 

+0.038 
+0.045 

+0412 
—O.320 

—O.IOI 

—0.103 

+972 
+  18 

—350 
—236 

+  182 

—  2 

—  132 

—  IOI 

I,  —I 

1,  O 

2,  —2 
2,   —I 

—0.003 
—0.060 

—O.OOI 
+0.006 

+0419 
—O.314 

—0.108 
—O.1 13 

+0.204 
+0.004 

—0.077 
—0.053 

+0.001 
—O.OOI 

0.000 
—0.002 

TABLE   XXVII. 
Planetary  Coefficients  for  the  Indirect  Action  of  Venus. 


Arg. 

G 

/ 

/ 

£-4    g' 

sin 

cos 

sin 

cos 

sin 

cos 

—I,     0 

—  I.     I 

—  I,      2 

—0.190 
—1.220 
+0.074 

— o'.359 
—2.203 
+O.229 

—0.024 
—O.408 
—O.014 

—0.049 
—0.735 
+0.005 

—0-33 
—6-34 
—O.125 

+0.175 
+3.52 

—0.04 

-2,      I 
—2,     2 

—2,    3 

—2,     4 

+0.533 
+6.1 13 
-0.755 
+0.108 

+0.330 
+3.737 
-0.683 
+0.110 

+O.I0 1 
+2.069 
—0.173 
+0.007 

+0.062 

+1.278 

—0.180 
+0.009 

+O.32 
+4.26 
—2.63 
— O.IO 

—0.53 
-6.96 

+2.73 
+0.09 

—3.    3 
—3.    4 
—3.    5 
-3,    6 

+1.001 
—1.590 
+0.191 
+0.056 

+0.014 
—0.439 
+O.I43 
+O.051 

+0.359 
—0.507 
+O.039 
+0.005 

+0.012 
—0.133 
+0.041 
+0.005 

+0.016 
—O.62 
—I.02 
—0.045 

-0.895 
+2.30 
+1.145 
+0.05 

—4,    4 
-4,    5 
—4,    6 

+0.372 
+0.190 
—0.099 

-0.181 
-0.057 
—0.026 

+O.I22 
+O.069 
—0.030 

—0.059 
—0.019 
—0.009 

—O.13 
—O.06 
—O.06 

—0.30 
—0.20 
+0.23 

-5,    6 
-5,    7 
-5,    8 

+0.061 
+0.136 
—0.031 

—0.042 

—0.040 

0.000 

+O.OI  I 
+O.049 
—0.009 

—0.013 

—0.013 

0.000 

—O.03 
— O.04 
0.000 

—0.055 

—0.17 

+0.231 

—8,  12 
-8,  13 
— &  14 

—0.0550 
—0.0093 
+0.073 

+0.025 

-fO.0122 
—0.047 

+O.002  00 
—0.002  60 
+0.003 

—0.015 

+0.00298 

+0.008 

—0.007 
+2.126 
+0.093 

+0.036 
+1.903 
+0.079 

COEFFICIENTS  FOR  INDIRECT  ACTION. 
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TABLE  XXVIII. 
Planetary  Coefficient  for  the   Indirect  Action  of  Mars. 


Arg. 

£ 

/ 

I 

g*      g' 

sin 

COS 

sin 

COS 

sin 

COS 

I,  —I 
I,        0 

+O.I26 
+O.OI5 

—0.098 
+0.035 

+0.042 

—0.001 

—0.033 
+0.009 

—0.251 
—0.073 

—0.324 

—0.016 

2,  -3 

2,    —2 
2,   —I 
2,        O 

—0.209 
—2.026 
— O.IOO 

—0.1 13 

—0.057 
—0.641 

+0.082 
+0.015 

—0.036 

-0.704 

—0.067 
—0.010 

—0.009 
—0.203 
+0.017 
—0.005 

—0.058 
—0.871 

—0.924 
—0.003 

+0.208 

+2.884 
-2485 

—0.010 

3,  —3 
3,  —2 

—0.097 
—0.215 

-0.174 
—0.081 

—0.026 
—0.072 

—0.056 
—0.029 

—0.186 

—0.227 

+0.10 1 

+0.594 

4,  —4 
4,  —3 
4,  —2 

—0.009 

+O.1 1 1 

+0.097 

+0.085 
+0.480 

+0.035 

—0.005 
+0.045 
+0.035 

+0.020 

+0.164 
+0.020 

+0.083 
+0.714 
—0.383 

+0.008 
—0.180 

+0.788 

5,  -4 
5,  -3 

—0.063 

+0.018 

+0.104 
+0.091 

—0.022 
+0.006 

+0.032 
+0.032 

+0.1 14 
+0.209 

+0.071 
-0.057 

6,  -5 
6,  —4 
6,  -3 

+0.039 

+0.102 
—0.006 

—0.01 1 

—0.104 
—0.026 

+0.012 

+0.034 
—0.001 

—0.002 
—0.036 
—0.0 1 1 

—0.01 1 
—0.166 

+0.150 

—0.037 
—0.156 
—0.017 

15,  -9 
15,  -8 

—0.026 
—0.006 

—0.020 

+0.001 

—0.005 
—0.003 

—0.006 
0.000 

—0.036 
—0.046 

+0.035 
+0.301 

TABLE   XXIX. 
Planetary  Coefficients  for  the  Indirect  Action  of  Jupiter. 


Arg. 

G 

/ 

/ 

gl    g' 

COS 

sin 

cos 

sin 

cos 

sin 

if  —3 
1,  —2 
1,  —1 
1,      0 

1,  +1 

2,  —3 

2,   —2 
2,   —I 

2,  O 

3,  —4 
3,  —3 

3,  —2 
3,  -I 

—0.007 
—0.084 
—0.064 

+0.238 
+0.218 

+0.360 
+4.407 
+1437 
—0.039 

+0.006 
+0.096 

+0.865 
+0.177 

+O.039 
+0.759 
+7-554 
—0.266 
—0.012 

—0.030 

—0.177 
+O.522 
—0.023 

+0.024 
+0.290 
—0.109 
+0.028 

—0.002 
—0.028 

+0.020 

+0.082 
+0.029 

+0.073 
+1.447 
+0.527 
+0.013 

+0.001 
+0.023 
+O.286 
+O.069 

// 
+O.O06 
+O.132 
+2.518 
+O.032 
+0.004 

—O.O08 
—O.069 

+O.I7I 
+O.OOI 

+0.005 
+O.098 
—O.035 
+0.008 

—  0.039 

—  0.757 
—10.813 

—  0479 

—  0.007 

+  0.026 
+  0.167 

—  0.808 

—  0.036 

—  0.023 

—  0.236 
+  0.109 

—  0.047 

—0.006 
—O.079 
0.O0O 
—3.870 
—O.214 

+0.352 
+4.194 
+2.231 
—0.097 

+0.008 
+0.000 
+O.839 
+O.304 
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TABLE   XXX. 
Planetary  Coefficients  for  the  Indirect  Action  of  Saturn. 


Arg.                                    G 

/ 

/ 

h   J 

s,   g' 

COS 

sin 

COS 

sin 

COS 

sin 

i,  —i 

1,  o 

2,  —2 
2,   —I 

+o'.443 

— O.OOI 

—0.182 
-0.1 18 

+0.005 
—0.002 

0.000 
—O.OO4 

+o.'i53 
+0.007 

-0.059 
—0.041 

+0.001 
—O.OOI 

0.000 
—0.002 

—0.006 
—0.090 

+0.001 

+0.009 

+O.616 
—0.471 

— O.171 
—0.167 

TABLE   XXXI. 

G-COEFFICIENTS    FOR   VENUS. 


Arg. 

ioW£ 

iowy 

io5m2f 

v,     g' 

cos 

sin 

cos 

sin 

cos 

sin 

—  I.    O 

—  I,     I 

—  I,     2 

—  2.272 

—14.09 
+  1.320 

+O.048 
+O.031 
—O.261 

—  0.304 

—  4.703 

—  0.014 

+0.016 
+0.005 
—O.082 

—  O.042 

—  O.043 

—  O.536 

// 

—  2.089 
—40.572 

—  O.502 

—2,      I 
—2,     2 

—2,    3 

—2,     4 

+  3.508 

+40.100 

—  5.607 
+  0.838 

+0.002 
+O.253 
+  1.024 
—0.205 

+  0.663 
+13.764 
— 1.354 
+  0.060 

+0.003 
+0.I2I 

+0.346 

—0.022 

—  0.071 

—  O.263 

—  4-457 

—  0.209 

+  3.510 
+45.655 
—20.735 
—  O.723 

—3.    3 
—3,    4 

-3.    5 
-3,    6 

+  5.602 

—  9-004 
+  1.106 
+  0.326 

+  I.I86 
+2.O36 
—0.749 
—O.270 

+  2.010 
—  2.869 
+  0.229 
+  0.029 

+0.028 

+0.609 
—0.219 
—0.027 

—  0.146 

—  2.855 

—  5400 

—  0.239 

+  5-O06 
—13.017 

-  6.668 

—  0.292 

—4,    4 
-4,    5 
—4,    6 

+  2.314 
+  1.094 
—  0431 

—0.0l8 
—O.180 
+0.378 

+  0.759 
+  0.393 
—  0.128 

—0.008 
—0.077 

+O.I2I 

+  O.095 
+  0.197 
—  0.873 

+  1.827 
+  1.152 
—  1.003 

-5,    6 

-5,    7 
-5,    8 

+  0.389 
+  0.616 
—  0.098 

—O.I48 
—0.5O0 
+0.143 

+  0.095 
+  0.215 
—  0.029 

—O.OIO 
-O.185 
+O.O42 

+  0.159 
+  O.657 
—  1.065 

+  0.312 
+  0.723 
—  0.732 

—8,  11 
—8,  12 
-8,  13 
—8,  14 

+  0.016 
+  0.1611 
+  0.0045 
—  0.166 

—0.01 1 

+0.2994 
+0.0661 

-0.4588 

+  0.005 

+  0.039 
+  0.00145 
—  0.040 

—O.O06 

—0.077  7 
+0.022  05 
+0.024  6 

—  0.788 

—  0.091 
—15.912 

—  0.681 

+  1.039 
+  0.184 
+  1.289 
+  0.037 
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TABLE  XXXII. 

G-COEFFICIENTS    FOR    MARS. 


Arg. 

IO'W<9 

io*m2J 

io3m2I 

M,   g' 

cos 

sin 

cos 

sin 

cos 

sin 

I,  —I 
I,        0 

+  o' 893 

-  0.185 

+0.012 
—O.I05 

+0.300 
—0.035 

+0.006 
—O.036 

—0.065 
—0.272 

+  2.293 
+  O.318 

2,  -3 

2,   —2 
2,   —I 
2,        O 

+    I.2II 

+  12.777 
+   O.413 
—   0.309 

+0.013 

—O.089 

+0.595 

O.OOO 

+0.207 
+4.100 
+0.335 
+0.062 

+0.007 
—0.014 

+0.104 
—0.012 

—0.006 

+0.073 
+1.161 

—0.019 

+  1.208 

+X7-53I 
+  14.821 
+  O.129 

3,  —3 
3,  -2 

—  1.205 

-  0.857 

-O.I55 
-O.958 

—0.344 

—0.296 

—0.022 
-O.318 

+0.151 

+2.641 

—  I.I75 

—  2.384 

4,  —4 
4,  -3 
4,  —2 

—  0.431 

—  1.956 
+   O.1 19 

—O.208 
-1.943 
-0.565 

—0.109 

-0.638 

+0.009 

—0.035 
—O.695 
—O.224 

+0.207 
+2.961 

-4.877 

—  0418 

—  2.864 

—  O.502 

5,  -4 
5,  -3 

+   O.4O4 
—  0.054 

+0.548 
+O.516 

+0.139 

—0.018 

+O.167 
+0.181 

—0.600 

—1.695 

+  O.452 
—  0.166 

6,  -4 
6,  -3 

—  0.047 

—  O.I30 

+0.8I5 
+0.073 

—0.021 
—0.050 

+O.276 
+O.038 

— 1.271 

+0495 

—  O.IOO 

+  0.685 

15,  -9 
15,  -8 

—  0.109 

—  0.035 

+O.I47 
+0.0O3 

—O.Ol8 
—O.Ol6 

+O.041 
+0.005 

—0.246 

—0.704 

—  0.135 

-  1.551 

TABLE   XXXIII. 

G-COEFFICIENTS    FOR  JUPITER. 


Arg. 

ioW£ 

\ohn\J 

10W/ 

h     g' 

cos 

sin 

cos 

6  in 

COS 

sin 

I,  —3 

+  0.218 

+0.039 

// 
+   0.022 

+0.01 1 

—  0.039 

+  0.217 

1,  —2 

+  4.240 

+0.504 

+   0.738 

+0.173 

—  0.553 

+  4.241 

1,  —1 

+42.237 

+  1-534 

+  I4.088 

+0.274 

—  1.672 

+60.471 

I,      0 

—  1459 

-1.376 

+  O.I96 

—0458 

—21.709 

+  2.097 

1,  +1 

—  0.040 

—1.225 

+   O.OI7 

-0.168 

—  1.203 

+  0.006 

2,  —3 

—   2.012 

+O.050 

—  O.408 

+0.022 

—  0.061 

—  I.991 

2,   —2 

—24.668 

-0.358 

—  8.O96 

—0.061 

+  0.363 

-23488 

2,   —I 

-   7.872 

—3.363 

-   2.887 

—1. 119 

+  5.192 

—12.225 

2,        0 

+   0.2I8 

+O.140 

—   O.067 

—0.01 1 

+  0.173 

+  O.542 

3,  -4 

—   0.140 

+0.017 

—  O.O34 

+0.006 

—  0.017 

—  O.129 

3,  -3 

-    1.677 

+O.403 

—   0.559 

+0.078 

—  0.397 

-  1.365 

3,  —I 

+   0.212 

+4.874 

+   0.06l 

+1.611 

—  4.733 

+  0.212 

3,  -1 

—  0.240 

+0.984 

—   O.O78 

+0.380 

—  1.672 

—  O.402 

TABLE  XXXIV. 

G-COEFFICIENTS    FOR    SATURN. 


Arg. 

iohn2G                                    io3m2J 

xofaV 

s,  g' 

cos 

sin 

COS 

sin 

COS 

sin 

I,  -I 

1,  0 

2,  —2 
2,   —I 

+248 

+0.01 

—  1.02 

-0.66 

+0.03 
—0.01 

0.00 
—0.02 

+0.86 
+0.03 

-0.33 
—0.23 

+0.01 
+0.01 

0.00 

—0.01 

—0.03 
—0.50 

0.00 

+0.05 

+345 
+2.64 

—0.96 

—0.94 

PART  III. 

FUNCTIONS  OF  THE  COORDINATES 
OF  THE  MOON. 


CHAPTER   VI. 

FORMATION   OF   THE   LUNAR   COEFFICIENTS. 

§  47.  In  attacking  the  problem  before  us  it  has  been  assumed  that  we  have 
expressions  of  the  Moon's  coordinates  relative  to  the  centre  of  the  Earth  as  func- 
tions of  the  six  arbitrary  constants  introduced  through  integrating  the  differential 
equations  in  these  coordinates.  Moreover,  the  constants  in  question  enter  the 
expressions  for  the  disturbing  function  R  only  through  these  coordinates.  It 
follows  from  the  general  expression  of  R  that  if  c  represents  any  one  of  the  six 
lunar  elements,  the  partial  derivatives  of  the  disturbing  function  may  be  derived 
from  the  form 

It  is  therefore  necessary  to  have  such  expressions  tor  the  squares  and  products  of 
the  coordinates  of  the  Moon  that  each  of  the  required  derivatives  can  be  found  as 
easily  as  may  be. 

When  the  present  work  was  commenced  it  was  intended  to  make  use  of  the 
developments  of  the  powers  and  products  x*f  y2,  etc.,  as  derived  from  Delaunay's 
theory,  and  found  in  Action,  pp.  154-172  and  213-224,  where  the  processes  by 
which  these  quantities  may  be  expressed  are  fully  set  forth.  But,  before  the  work 
was  put  into  final  shape,  Brown's  work  on  the  Lunar  Theory  was  completed  and 
published  so  far  as  the  action  of  the  Sun  was  concerned;  and  it  therefore  became 
a  question  whether  to  use  Brown's  expressions  instead  of  those  of  Delaunay,  or  to 
go  on  with  the  latter.  Each  course  was  found  to  have  its  drawbacks.  The  former 
developments  from  Delaunay's  theory  being  intended  mainly  to  make  an  exhaustive 
search  for  possible  terms  hitherto  unknown  in  the  Moon's  motion,  were  not  com- 
pleted beyond  the  third  order,  though  the  constant  term  was  carried  to  the  sixth 
order.  To  speak  more  exactly,  the  development  was  carried  to  such  a  point  that 
the  square  of  each  coefficient  would  be  correct  to  the  sixth  order. 

It  was  found,  however,  that  the  use  of  Brown's  more  rigorous  theory  would  be 
quite  convenient  except  in  a  single  point.  In  this  theory  the  coordinates  are  explicit 
functions  of  all  the  lunar  elements  except  the  Moon's  distance,  which  enters  into  «*, 
and  of  which  Brown  used  only  the  numerical  value  in  his  developments.  Brown 
has  shown  how  it  is  possible  from  the  data  and  methods  of  his  theory  to  form  the 
complete  derivatives  as  to  this  element  without  using  an  analytic  development  in 
powers  of  m.  But  as  the  application  of  this  method  would  require  a  longer  and 
more  laborious  study  of  the  subject  than  the  author  was  prepared  to  enter  upon,  it 
was  decided  to  use  the  Delaunay  developments  for  obtaining  the  derivatives  as  to 
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log  a.  The  outcome  of  these  considerations  has  been  that,  for  the  sake  of  trial  and 
comparison,  both  Delaunay's  and  Brown's  developments  have  been  to  a  large  extent 
independently  used,  and  the  results  compared  with  a  view  of  facilitating  an  esti- 
mate of  the  errors  to  which  the  analytic  development  is  subject. 

§  48.  Reduction  of  coordinates  to  the  radius  vector  of  the  Mean  Sun  as 
X-axis. 

In  the  developments  in  Action  the  Sun's  perihelion  was  taken  as  the  origin 
from  which  longitudes  were  measured,  When  the  present  work  was  undertaken,  it 
being  found  that  the  development  of  the  yl-coefficients  would  be  most  easily  effected 
by  taking  the  direction  of  the  mean  Sun  as  the  axis  of  X,  the  same  origin  had  to 
be  taken  for  the  lunar  coordinates.  This  has  been  done  throughout  the  work;  and 
it  must  be  understood  in  the  subsequent  developments  that  x  and  y  are  referred  to 
the  radius  vector  of  the  mean  Sun  as  axis  of  X  except  in  terms  arising  from  the 
motion  of  the  ecliptic. 

In  the  use  of  either  theory  we  take,  as  the  initial  data  of  the  problem,  the  rec- 
tangular coordinates  of  the  Moon  referred  to  the  mean  Moon  as  the  axis  of  Xy 
which  coordinates  we  represent  by  xl  and  yx.  These  coordinates  are  those  which 
Brown's  theory  gives  in  the  first  instance,  and  they  are  also  those  which  I  have 
developed  in  powers  of  m,  etc.,  from  Delaunay's  theory  in  Action,  pp.  167  and  169. 
The  notation  of  arguments  from  the  latter  paper  is: 

g>  the  Moon's  mean  anomaly;  g',  the  Sun's  mean  anomaly; 
X,  the  mean  elongation  of  the  Moon  from  the  Moon's  ascending  node, 
equivalent  to  Delaunay's  F,  or  the  mean  argument  of  latitude  ; 
X',  the  same  for  the  mean  Sun  ; 
0,  the  longitude  of  the  Moon's  node; 
/  =  g -f-  ir  -f-  0,  the  Moon's  mean  longitude;   /'  =  g'  -f-  X'  -f-  0,  the  Sun's 

mean  longitude  ; 
D  =  I—  V  =  X  —  X',  as  in  Delaunay,  the  mean  Moon's  departure  from  the 
mean  Sun. 
Putting  Sv  for  the  excess  of  the  true  longitude  over  /,  we  then  have 

xx  =  r  cos  £  cos  Bv  =  aLk  cos  N 

yx  =  r  cos  /8  sin  Bv  =  aLk'  sin  N  (2) 

z  =  r  sin  /8  =  a2c  sin  N' 

where  k,  k'y  and  c  of  dimensions  o  are  developed  in  powers  of  e,  e',  y,  and  m. 
The  general  form  of  the  arguments  jVand  N'  is 

N  or  N'  =  ig  +  i'g'  +/X  +/v  (3) 

where  g  =  I  -  w,  g'  =  V  -  tt',  X  =  /  -  0,  X'  =  /'  -  0. 

The  equations  for  transforming  xx  and  yx  into  x  and  y  are 

x  =  xl  cos  D  —  yy  sin  D  y  —  xx  sin  D  +  yx  cos  D  (4) 
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If  we  put 

h  =  \(k  +  k')  h'  =  \(k  -  kf) 

the  substitution  of  the  development  will  give 


-  =  2>fc  cos  (D  +  JV)  +  2/z'  cos  (D  -  JV)  =  £ 


^  =  2/fc  sin  (Z>  +  iV)  +  2*'  sin  (Z>  -  7T)  =  t; 


(5) 


§  49.  There  are  now  two  ways  of  proceeding  in  order  to  form  the  squares  and 
products.  We  may  either  form  the  last  expressions  for  x  and  y  and  square  them, 
or  we  may  torm  the  squares  and  products  of  xx  and  yl9  and  transform  them  from 
the  mean  Sun  to  the  mean  Moon.     Following  the  latter  method  we  have 


(6) 


x2  =  \(x2  +  y?)  +  %(x2  —  y2)  cos  2D  —  xlyl  sin  iD 

y2  =  K*ia  +  y?)  -  K*i2  -  y2)  c<>s  2D  +  xxyx  sin  2D 

x2  —  y2  =  (x2  —y*)  cos  2D  —  2xlyl  sin  2D 
2xy  =  2xxyx  cos  2D  4  (x2  —  y2)  sin  2D 

The  three  functions  required  in  the  work  being 

(x2  —  y2),         r2  —  t>z2         and         2xy 

we  see  from  the  preceding  equations  that  the  first  and  third  can  be  formed  at  once 
from  the  corresponding  functions  of  xx2  and  y*  by  a  transformation  through  the  angle 
2D.     If  we  have,  for  any  argument  JV, 

x2  —  y2  =  hv  cos  JV  ixxyv  =  h2  sin  JV  (7) 

the  corresponding  terms  referred  to  the  mean  Sun  are 

**  -  f  -  \(kx  +  h2)  cos  (2D  +  JV)  +  !(/%!  -  /*2)  COS  (2Z>  -  JV) 

(8) 

2#y  =  ^  +  h2)  sin  (22?  4-  JV)  +  %(hy  -  h2)  sin  (2D  -  JV) 

There  are  some  cases  in  which  a  reference  to  a  fixed  axis  is  convenient.  Let  us 
put, 

x0y  y0,  coordinates  referred  to  any  fixed  axis. 

So  long  as  this  axis  is  unrestricted  the  coefficients  for  x0  and  y0  will  be  equal,  as 
is  seen  from  (5).  Hence,  if  we  write  for  any  term  of  x0  and  of  y0  depending  on 
any  argument  JV 

x0  =  /i0  cos  jv  y0  =  K sin  n  (9) 

this  term  will  be  transformed  into  the  corresponding  term  of  x  and  of  y,  and  vice 
versa,  by  means  of  the  equations 
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x  =  xQ  cos  /'  +  y0  sin  V  y  =  y0  cos  V  —  x0  sin  V 

or 

x0  =  x  cos  V  —  y  sin  /'  y0  =  y  cos  /'  +  x  sin  /'  (10) 

The  special  term  (9)  will,  therefore,  transform  into  the  terms  of  at  and  of  y 

x  =  /i0cos(2V-l')  y  =  A0s'm(JV-l')  (11) 

For  the  special  functions  required  in  the  lunar  theory  we  shall  have  the  follow- 
ing transformations  of  the  same  form  as  (6) 

x2  —  y2  =  (x02—y02)  cos  2V  +  2x0y0  sin  2/' 

(12) 
2xy  =  2x0y0  cos  2/'  —  (x2  —  y2)  sin  2/' 

x2  —  y2  =  {x2  —  y2)  cos  2V  —  2xy  sin  2/' 

(13) 
2x0y0  =  2xy  cos  il'  +  (x2  —  y2)  sin  2/' 

The  transformation  of  any  one  term  may  be  made  by  the  equations  (6)  by  writ- 
ing -J-  2/'  or  —  2/'  for  2D. 

If,  as  in  most  of  the  present  work,  the  solar  perigee  is  taken  as  the  fundamental 
fixed  ^if-axis,  we  write  g'  instead  of/'  in  these  equations. 

An  important  remark  to  be  made  on  these  transformations  of  terms  from 
one  axis  to  the  other  is  that  the  equality  of  coefficients  expressed  in  the  equations  (9) 
and  (11)  is  true  only  when  the  fixed  axis  of  ^is  unrestricted.  If,  as  will  sometimes 
be  more  convenient,  we  take  the  direction  of  the  solar  perigee  for  this  axis,  some 
values  of  argument  N  in  (9)  will  be  equal  with  opposite  signs.  By  combining  the 
terms  depending  on  these  arguments  the  equality  in  question  will  cease  to  hold. 
If,  however,  the  Sun's  eccentricity  is  dropped,  the  general  equations  will  remain 
valid  for  the  Sun's  perigee  also. 

It  thus  happens  that,  in  the  developments  given  in  Action,  pages  213-215,  the 
coordinates  are  quite  general,  while  the  expressions  for  their  squares  and  products 
given  on  pp.  217-223  are  not  general,  because  the  solar  perigee  is  here  taken  as  the 
fundamental  axis. 

§  50.  Recalling  that  throughout  the  work  we  use  the  symbol  D  to  represent  the 
logarithmic  derivative  as  to  a  of  any  function,  a  serious  question  is  that  of  determin- 
ing the  value  of  this  derivative  with  the  necessary  precision  in  each  special  class 
of  terms.  In  actually  performing  the  work  so  many  tentative  combinations  have 
been  made,  as  better  and  better  methods  were  found,  that  it  is  difficult  to  present 
any  one  process  as  the  definitive  one.  The  following  method  was  at  length  seen 
to  be  the  best  under  the  circumstances  I  have  described.     Let 

be  any  function  of  the  coordinates  of  which  D  is  to  be  formed.     Practically  i  will 
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be  equal  to  1  or  2  according  as  the  expression  we  are  dealing  with  is  of  the  first  or 
second  degree  in  the  rectangular  coordinates.  If  we  can  compute  the  value  of 
D<f)(m)  with  sufficient  precision  the  complete  value  of  Du  will  be 

Du  =  icCfyiiri)  +  tfDfyini)  (14) 

If  it  is  developed  in  powers  of  my  <j>(m)  =  oq  +  axm  -f-  a^m2  -\-  •  •  •  and  we  shall  have 

Z)<f>(m)  =  \a.{ni  +  3<V«2  -f  •  •  • 

the  coefficient  of  each  term  being  f  of  the  exponent  of  m.     (v.  §12,  Eq.  23.) 

If  we  have  the  numerically  accurate  value  of  any  <f)(m)  from  Brown's  theory 
and  an  approximate  one  from  the  analytic  development,  the  comparison  of  the  two 
will  furnish  a  rude  index  to  the  probable  value  of  the  omitted  powers  of  m  in  the 
development.  It  follows  that  the  nearest  approximation  to  the  value  of  Du  will 
be  obtained  by  using  in  the  first  term  of  the  second  member  of  (14)  the  numerical 
value  of  «ty(/«)  =  //,  the  analytic  development  being  used  only  for  the  second  term. 
Moreover,  having  an  approximate  estimate  of  the  value  of  the  omitted  terms  of  the 
analytic  development  of  the  second  member  of  (14),  we  may  use  it  to  correct  the 
last  term  of  this  member.  I  conceive  that  no  lack  of  theoretical  rigor  pertaining 
to  this  process  will  lead  to  an  error  of  the  slightest  importance  in  the  present  work. 

§  51.  Formation  of  the  D'sfrom  Delaunay*  s  Theory. 

In  the  final  formation  of  the  /^-derivatives  I  have  extended  the  developments 
given  in  Action,  by  the  aid  of  Delaunay's  results,  as  follows.  Delaunay  expresses 
the  reciprocal  of  the  Moon's  radius  vector  in  a  form  which  we  may  write 

a 

where  nt  is  put  for  the  sum  of  an  infinite  series  of  terms,  each  developed  in  powers 
of  m9  as  well  as  of  e,  e\  and  y.  This  quantity  in  is  related  to  the  Moon's  parallax  n 
by  the  equation 

a\  /  \ 

Sin  7T  =  — -  (I   +  7T.) 

a   v  w 

ay  being  the  Earth's  equatorial  radius. 

It  is  to  be  remarked  that  Delaunay's  expression  for  the  parallax  was  only  carried 
to  terms  of  the  fifth  order,  so  that  it  does  not  suffice  for  all  theoretical  purposes. 
It  is  indeed  fairly  probable  that  it  would  suffice  for  the  object  now  in  view.  In 
order,  however,  to  lessen  the  danger  of  any  insufficiency  in  this  respect  I  have,  in 
forming  the  value  of  irly  compared  each  coefficient  in  the  expression  of  Delaunay's 
parallax  found  in  my  transformation  of  Hansen's  lunar  theory  with  the  more  accu- 
rate value  derived  from  Hansen's  or  Brown's  expression.  We  may  conceive  that 
the  correction  necessary  to  reduce  Delaunay's  coefficient  to  Hansen's  value   is  of 

the  form 

S7rl  =  apt?  -f  a.+1mi+1  +  •  •  • 
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in  which  *  is  the  power  of  m  next  above  the  highest  to  which  Delaunay  has  carried 
his  coefficient.  From  what  we  have  already  shown  it  follows  that  the  corresponding 
correction  to  Ditx  is 

f&y  + 1  (#  + 1)  «i+l™i+1  (15) 


an  approximate  value  of  which  is 


|*8r, 


In  order  to  make  this  correction  rigorously  exact  we  should  know  the  values  of 
the  coefficients  of  the  omitted  powers  of  i.  This  being  unknown,  the  minute  cor- 
rection is  to  a  certain  extent  a  matter  of  estimation.  I  do  not  conceive,  however, 
that  the  uncertainty  is  at  all  important  in  the  present  investigation. 

We  have  next  to  consider  the  /^-derivatives  of  the  three  functions 

p2-3%2;  fe1  —  %"■;  and  *6fi 

Starting  with  the  equations  (2)  the  values  of  Sv  and  0,  developed  in  powers  of  m, 
are  given  at  the  end  of  Delaunay's  Theorie,  Vol.  II.  The  values  of  Dhv  are 
formed  from  these  with  great  facility  by  means  of  the  form  (23)  of  §  12,  because 
Delaunay  gives  the  numerical  value  of  each  part  of  every  term  of  the  longitude. 

The  steps  of  the  subsequent  process  consist  in  simple  trigonometric  multiplica- 
tions, and  are  presented  in  tabular  form  on  the  following  pages.  The  fundamental 
quantities  are 

^  =  --1,    Sv,   /3         and         &-,    Z>8v,    D$ 

which  are  formed  from  Delaunay's  numbers  in  the  way  just  shown. 

The  following  functions  are  then  formed  by  trigonometric  multiplication 

P  =  I  -  Vx  +  IT2  -  IT*  +  •  •  •       P2  =   I  -  277-j  +  37TY5  -  4^  +   .  .  .        p3=  I  -3^  +  6lT2-  107^+   .  •  ■ 

In  the  final  work,  however,  p  has  been  formed  from  Brown's  theory.     Then 

p2  =  f  +  v2  +  ? 

sin  0  =  £  -  I/33  cos  0  =  1  -  IP  +  ^yS4  cos2/3  =  i  -  sin2# 

sin  hv  =  hv  —  IBv3  cos  Bv  =  i  —  JtSv2 

%\  —  V2  =  Pz  cos2  /3(i  —  2  sin2  Bv)         f^  =  p2  cos2  /3  cos  hv  sin  Sv 

{mmpmnfl  Z2  =  p2s'm2/3  D?--2f2)vl 

D  sin  #  =  cos  /SZ>/8       D  sin2  £  =  2  sin  $D  sin  £       Z>/d2  cos2  /3  =  cos2  £Z>/>2  +  p2D  cos2  /3   (16) 

D  sin2  8z>  =  2  sin  BvZ)  sin  8t>  =  2  sin  Bv  cos  BvDSv 

D  (V  -  V2)  =  (1  -  2  sin2  &;)  Dp2  cos2  £  -  2/>2  cos2  $D  sin2  Sz; 

Z?  •  fai  =  sin  8z>  cos  hvDp2  cos2  #  -f  p2  cos2  #  (1  —  2  sin2  Sz>)  Z>St> 
Z?  •  C2  =  *>*■#  sin2  £  +  sin2  &Dp2 
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The  same  method  might  be  used  to  form  the  derivatives  as  to  the  e  and  y,  but 
this  has  been  deemed  unnecessary,  as  they  can  be  formed  with  entire  precision 
from  Brown's  Theory,  and  probably  with  all  necessary  precision  from  the  develop- 
ments found  in  Action  with  some  extensions  in  special  cases.  As  a  matter  of 
fact  they  have  been  formed  by  both  methods. 

§  52.  Derivatives  from  Brown's  theory.  To  form  the  partial  derivatives  as  to 
Delaunay's  e  and  y  from  Brown's  expressions  it  is  to  be  noted  that  Brown  uses 
instead  of  e  and  y  two  constants  e  and  k  which,  omitting  unimportant  terms,  are 
expressed  thus  in  terms  of  the  Delaunay  elements: 

e  =  (2.000543  4-  .o^gen)e  —  .3668^  —  2.012672 

k  =  (1. 0001 28  —  .00046'  )7  —  .4967'  —  0-499<?27 

A  distinction  is  to  be  made  between  the  a  of  the  present  work,'  defined  by  the  con- 
dition asn2  =  fi,  and  Brown's  a,  used  in  his  work.  Brown's  e  is  defined  as  the 
coefficient  of  sin  g  in  the  development  ofjj/a,  or,  using  the  notation  of  the  present 
paper,  in  the  development  of 

a     r        o  •    st        a 
-  •  -  cos  p  sm  bv  =  -n 

a     a  a 

This  will  enable  us  to  make  a  comparison  of  the  preceding  value  of  e  with  that 
to  be  derived  from  the  analytic  development  in  Action,  p.  168,  from  which  we  find 

~a  e  =  (2  -  W  +  J^m*  +  WM-m*  +  ^m*e'2)e  -  (f  4-  W  ~  iVst™  V  -  («  +  H»72 

Brown's  2k  is  the  coefficient  of  sin  X,  X  being  the  mean  argument  of  latitude,  in 
the  development  of  r/a  sin  £,  tound  on  p.  159  of  Action.  From  the  coefficient  as 
developed  in  Action  we  find 

-a  k  =  (1  -  \m*  +  ^m3  +  W*  ~  Wef2)y  -  (i  +  f»27  -  (*  +  tV^V 

Brown  also  gives 

-=  .999093;  -=1.000908 

The  two  results  are  as  follows,  B  indicating  those  from  Brown's  formulas,  A  those 
trom  the  analytic  development. 

B;  e  =  2.0005576  —  .367c3  —  2.012672  B;  k  =  1. 0001287  —  .499^7  —  .4967s 

A  ;  e  =  2.000426^  —  .37 ic3  —  2.004672  A  ;  k  =  1. 0001087  —  . 501^7  —  .50073 

The  difference,  arising  from  the  dropping  of  higher  powers  of  m  in  the  analytic 
development,  is  too  small  to  affect  the  solution  of  our  present  problem.  ^ 

To  find  the  partial  derivatives  of  any  function  //  of  e  and  k  with  respect  to  e  and 
y  we  have  from  the  preceding  expressions 
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du      dude      dudk  du  du 

(17) 

du      du  de      du  dk  du  du 

dy  =  d-ed^  +  dkd^==0-995^ek-  -0025^ 

These  equations  enable  us  to  find  the  derivatives  as  to  e  and  y  from  Brown's  as  to 
e  and  k. 

§  53.    Tables  of  the  functions  and  derivatives  of  the  Moorfs  coordinates. 

The  numerical  processes  by  which  the  required  functions  of  the  coordinates 
were  developed  may  be  followed  and  tested  by  the  aid  of  the  following  tables. 
The  notation  of  the  arguments,  expressed  by  the  indices  in  the  first  column,  has 
been  defined  in  §  48. 

Owing  to  the  circumstances  mentioned  in  §  46,  and  to  the  widely  different  degree 
of  precision  required  in  the  coefficients  of  different  arguments,  the  numbers  of  these 
tables  are  not  always  consistently  continuous.  The  terms  of  many,  perhaps  more 
than  half  the  arguments,  lead  to  no  sensible  inequalities;  with  these  pains  were  not 
always  taken  to  reach  a  higher  degree  of  precision  than  was  required  to  show  the 
order  of  magnitude  of  the  results.  In  the  preliminary  steps  of  the  investigation  it 
was  deemed  sufficient  to  carry  the  expressions  for  the  Moon's  coordinates  to  the 
5th  place  of  decimals,  and  those  for  the  derivatives  to  the  3d  or  4th  place.  But 
when  the  inequalities  of  the  elements  themselves  were  reached  by  integration,  it 
was  found  that  this  degree  of  precision,  while  more  than  sufficient  for  the  periodic 
terms  in  general,  was  not  sufficient  either  in  the  terms  related  to  the  evection,  or 
in  those  determining  the  secular  variations  and  accelerations  of  /,  tt,  and  0.  A 
number  of  successive  revisions  was  found  to  be  necessary,  in  which  the  coefficients 
depending  on  the  argument  g'  were  carried  to  the  7th  place  of  decimals.  As  the 
last  place  was  always  more  or  less  doubtful  only  the  sixth  place  has  been  included 
in  the  printing. 

It  may  also  be  remarked  that  in  commencing  the  tables  it  was  supposed  that  the 
analytic  development  in  Action  would  suffice  for  the  work.  This  expectation 
proving  ill-founded,  the  developments  of  the  Moon's  coordinates  given  by  De- 
launay,  then  those  by  Hansen,  and  finally  those  by  Brown  were  successively 
used  in  the  case  of  those  terms  in  which  greater  precision  was  needed.  Finally 
the  /^-derivatives  were,  in  their  important  terms,  recomputed  by  formulae  proposed 
by  Dr.  Ross,  which  were  much  briefer  than  those  already  given  in  (16)  of  §  51. 

The  want  of  homogeneity  thus  arising  in  the  tables  could  be  cured  by  a  fresh 
development  from  the  fundamental  data  of  Brown  and  Delaunay,  but  I  do  not  think 
any  important  change  would  thus  result  in  the  expressions  for  the  inequalities  of 
the  Moon's  elements  found  in  Part  IV. 
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TABLE  XXXV. 
Functions  of  the  Latitude  and  their  Derivatives. 
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Arg. 

fi 

sin 

sin  /? 

D  sin/9 

£=p  sin  /9 

*K 

dC/de 

Klh 

g  g  iv 

sin 

sin 

sin 

sin 

sin 

sin 

sin 

—2010 

—  I        O      I        0 

OOIO 

1  0    I     0 

2  0      10 

0  —I      I        O 

1  —I      I        0 
—I    —I      I        0 

OIIO 

0030 
—I     03—2 

—  1  —I     3  —2 
0       0     3   —2 

—  I    —I      I    —2 
0   —I      1—2 

—  I        OI—2 

0  OI—2 

1  OI—2 
Oil   —2 

—.000 154 

—.004842 
+.089  503 
+.004898 
+.OOO  301 
+.000  023 

+.00009 
+.00032 
.00000 
—.00005 
—.00001 
—.000  038 

—.000 154 
—.004  840 

+.089413 

+.004806 
+.000  301 
+.000023 

+.00090 
+.00032 
.00000 
—.00005 
—.OOOOI 
—.000  038 

—.000088 
—.007  240 
+.089  474 
+  .002  466 
+.000  101 
+.000029 
+.000  017 
—.OOOO42 
—.000024 

+.00008 
+.OOO44 
—.00018 
+.00003 
—.00001 
—.000017 

—.0049 
—.1304 
—.0049 
+.045  4 

—0.003  0 
— 0.161  5 
+1.998 
+0.055 
+0.0023 
+0.000  642 
+0.000  39 
—0.00094 
—0.000  535 

+.000  052 
+.00032 
—.00076 
—.000  079 

—.000  032 
—.000  030 
+.000968 

+.000013 

+.00001 

+.00202 

—.000  030 
—.000  030 
+.000968 

+.000013 
+.000 

+.002  OI 

+.OOOO31 

+.000  545 
+.000  026 
+.000  177 
+.000051 
+.000  165 
+.001  179 
+.003  308 
+.000080 
—.000061 

+.OOI  24 

+.0097 
+.00047 

+0.012  2 

+.000568 

+.00180 

+.000  568 

+.OOI80 

+.00058 

+0.004  1 
—0.001 16 

+0.003  2 
+0.026  I 

+0.073  9 
+0.001  7 
—0.001  4 

—.00004 

+.000  144 
+.000808 

+  .003  022 

+.000  161 

—.000  000 

+.00030 
+.001  75 

+.005  42 

+.00028 

—.000  12 

+.000144 
+.000808 
+.003  020 
+.000  161 
—.000060 

+  .OOO3O 

+.001  74 
+.005  40 
+.00028 
—.000  12 

+.00018 
+.00244 
+.00647 
+.OOOI2 
+.000  18 

+.021  1 
—.0007 

TABLE   XXXVI. 
Functions  of  the  Radius  Vector  and  Latitude. 


Arg. 

Dxx     ! 

p2=r2\a2 

c! 

p2  cos2/? 

COS 

D.  p2 

cos 

D.  C 

cos 

D.  p2  cos2 'f 
cos 

g 

g' 

X 

X' 

cos 

cos 

COS 

0 

0 

0 

0 

+.002  638 

+1.002866 

+.004  038 

+.998828 

—.004  43 

+.000  01 

-.00444 

I 

0 

0 

0 

—.001 40 

-0.10858 

—.00042 

—.108 17 

+.00480 

+.00006 

+.00474 

2 

0 

0 

0 

—.000 16 

—0.001  52 

—.00002 

—.001  51 

+.00008 

+.00001 

+.00008 

—  I 

1 

0 

0 

+.000917 

—0.000  70 

—.00000 

—.00070 

—.001  77 

.00000 

—.001  76 

O 

1 

0 

0 

—.000  267 

+0.000  266 

+.000001 

+.000266 

+.000713 

+.000001 

+.000712 

I 

1 

0 

0 

—.000  637 

+0.000  54 

.00000 

+.00054 

+.001  27 

.00000 

+.001 26 

—  I 

0 

2 

0 

+.00010 

+0.000  32 

+.00065 

—.00033 

—.000  19 

—.00003 

—.000  15 

0 

0 

2 

0 

+.00006 

—0.000  02 

—.00398 

+.003  97 

—.00010 

+.000  02 

—.000  12 

I 

0 

2 

0 

+.00000 

+0.00000 

—.000  22 

+.00022 

.00000 

.00000 

+.00001 

—2 

0 

2 

—2 

—.00032 

+0.001  83 

.00000 

+.001  82 

+.00380 

+.00002 

+.003  77 

—  I 

0 

2 

—2 

+.01966 

—0.018  91 

—.000  03 

—.01888 

—.035  22 

—.00006 

—.035 15 

O 

0 

*2 

—2 

+.026  43 

—0.014  86 

—.000  29 

—.014  57 

—.049  46 

—.00054 

—.048  92 

I 

0 

2 

—2 

+.002  91 

—0.00048 

—.O0O02 

—.00046 

—.001  54 

—.00003 

—.001  50 

2 

0 

2 

—2 

+.00027 

—0.000  04 

.00000 

—.00004 

—.00007 

.00000 

—.00007 

—  I 

1 

2 

—2 

+.000216 

+0.000  06 

.000  00 

+.00006 

—.00048 

.000  00 

—.00047 

O 

1 

2 

—2 

—.000441 

+0.000  144 

+  .000005 

+.000  139 

+.00084 

—.000016 

+.000856 

I 

1 

2 

—2 

—.000  058 

0.00000 

.OOOOO 

.00000 

+.00001 

.00000 

+.000  01 

—  I 

—1 

2 

—2 

+.000844 

—0.00080 

.00000 

—.00080 

—.001  40 

.00000 

—.001  40 

O 

—1 

2 

—2 

+.002  027 

—0.001  043 

—.O00OI5 

—.001  028 

—.00386 

—.000  02 

—.00384 

I 

—  1 

2 

—2 

+  .000260 

0.00000 

.OOOOO 

.00000 

—.00015 

.000  00 

—.00015 

—  I 

0 

0 

2 

—.00002 

—0.000  05 

—.O0OO2 

—.00003 

—.00002 

—.00004 

+.000  01 

0 

0 

O 

2 

—.00008 

+0.0005 

+.OOO287 

—.00023 

+.000  16 

+.00056 

—.00040 

I 

0 

O 

2 

—.OOOO4 

+0.0006 

+  .000  II 

—.00005 

—.00007 

+.00023 

—.00030 

+.000  036 

+.000  036 

+.000  106 
—.000004 

O 

2 

2 

—2 

+.000008 

+.000008 

no 
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TABLE   XXXVII. 
Functions  of  the  Longitude  and  their  Derivatives. 


Arg. 

sin  #Z> 

cos  8v 

Jsin  2dv, 

sin2  8v 

Z>sin2dv 

m» 

\D  sin  2dv 

g   g'  *  *' 

sin 

COS 

sin 

cos 

cos 

+.001 483 
+.001 55 

+.000  20 

—.000  19 
+.000  249 
+.00036 
+.00003 
—.00001 

—.000  01 

+.005  31 

+.003  77 

—.004  83 

—.004  27 

—.00048 

+.00020 

+.000148 

+.00008 

+.00007 

—.000451 

—.00039 

—.00002 

—.00008 

—.00007 

sin 

sin 

0  o    o     o 

1  O     0       o 

2  0     O       O 

—  I       I     o      o 

0  I    o      o 

1  I     o      o 

—  I        O     2        O 

0  O     2        O 

1  O     2        O 
—2        O     2   —2 

—  I        O     2   —2 

0  O     2   —2 

1  O     2   —2 

2  O     2  —2 

—  112  —2 
O        I      2   —2 
112   —2 

—  I   —I      2   —2 

0  — I      2   —2 

1  —I      2   —2 

—  10     0        2 

0  O     O        2 

1  0     O        2 
O        2     O       O 
O  —2     2   —2 

+.99683 

—.00035 
+.00300 
+.00017 
—.00002 
—.00018 

+  .000  II 

—.00001 
—.000  II 
—.001 25 
—.00058 
+.001 17 
+.00067 
+.00007 
—.00003 
—.00003 

+.00633 
+.00070 

—.00597 
+.00033 
+.00004 
+.00036 

—.000  22 
+.000  02 
+.O00  22 

+.002  49 
+.001 16 

—.002  34 

—.001  34 
—.00015 
+.00007 
+.00006 

+.000  01 
+.000  02 

—.00016 
—.00010 
—.00003 
—.00002 

—.000  02 

+.109  58 
+.003  71 
—.00072 
—.003  233 
—.000  53 
—.000  19 
—.00199 
—.00022 
+.001 03 

+.022  17 

+.011  45 
+.00096 
+.00009 
—.00014 

—.000  12 

—.00002 
+.00100 
+.00080 
+.00007 

+.10903 
+.003  65 
—.00071 
—.00320 
—.00053 
—.00019 
—.001 97 
—.00022 
+.001 07 
+.02203 
+.011  35 
+  00098 
+.00015 
—.00014 
—.00012 
—.00002 
+.00099 
+.00080 
+.00008 

.000000 
—.000 138 

—.002  052 
—.002  8437 

—.001 199 
+.000215 
+.000091 

—.000  320 
—.000  314 
— .002008 

—.002  7992 

—.001206 

+.000  212 

+.000090 

+.002  545 

+.047405 
+.037838 

+.003  056 
+.000228 
+.000482 
—.0003608 
—.000  055 
+.002  274 
+.002  9357 
+.000271 

+.002  705 

+.046777 
+.037341 
+.003  273 
+.000469 
+.000490 
—.000  3662 
—xxx)  075 

+.002  223 

+.002  9079 
+.000  305 

—.00001 
+.00007 
+.00005 
+.00002 

+.000  01 

+.00001 

—.00027 

—.00027 

—.000  294 

—.000300 
+.000  008 

—.000  036 
+.000039 

—.000  036 
+.000  039 

—.000008 
+.000 156 

TABLE  XXXVIII. 

Coordinates  referred  to  mean  Moon  and  their  Derivatives. 


Arg. 


g  g*  *   * 


-1  —1 

0  —1 

1  —1 
o     o 


Brown. 


+.995  47 

—.05449 

+.001  51 

—.000  174 

+.0001034 

+.000095 

+.00004 

+.001  09 

+.00005 

—.000  593 

—.010  16 

—.00636 

+.00018 

+.00002 

+.000028 

+.0000478 

—.000002 

— XXX)  400 

—xxx)  4506 

+.000  013 

—.00010 


Anal. 

<£Jde 

Brown. 

XJ*r 

Brown. 

Brown. 

Anal. 

dyjde 

Brown. 

drjjdr 

Brown. 

cos 

cos 

cos 

sin 

sin 

sin 

sin 

—.00302 
+.001  27 
+.00001 
+.00004 
+.00033 
—.00004 
XXX)  00 

+.00001 
XXX)  00 
—.00063 
—.01931 
—.022  85 
+.00029 

-.0584 
-•995  5 
+.055  03 
—.003  17 
—.000346 
+.001  74 
+.0008 

+.0010 
—.021  56 
—.1844 
+.0237 
+.0048 

—.0894 
+.0046 
+.000  1 

+.10944 

+.00074 

—.000  643 

—.003  2283 

—.000440 

—.00025 

—.00199 

—.000O5 

+.000967 

+.022  24 

+.010  32 

+.000  20 
+.000  02 
—.000Il8 
—.000  0942 
—.OOOOO3 
+.000  993 
+.OOO  7327 
+.000  014 
+.OOO27 

—.000  17 
+.00001 
—.00038 
—.003  12 
—.00038 

.00000 
+.000  10 

XXX)  00 

+.00095 
+.04488 

+.035  21 

+.00040 

+I.991  4 
+O.026  7 
—O.0I  I  71 
—0.002  508 
—0.007  96 
—0.004  4 

—.000063 

+.001 511 

+.0018 
+.0981 
+.0025 
+.0026 
+.001  9 
+.0068 

— .010  9 
-.0978 
—.002  5 

—O.O0I  O 
+O.035  13 
+0403  7 
+0.010  6 
+0.004  8 

—0.002  15 
—0.000169 
—0.000  04 
+0.018  04 
+0.000  594 
+0.00026 

—.004  7 
—.0077 

-{-xxx)  19 
+.00020 

+.00052 

—.000262 

—.00004 

—.00728 

+.001  256 

+.00024 

—.00039 
—.00031 

—.000  118 

+.OOOI32 

—.00044 
-.001  55 

+.000337 

+.00090 
+.002  25 

—.000406 

—xxx)  17 

— .004  5 

+.00008 

+.012  2 

FUNCTIONS  OF  LUNAR  COO'RDINATES. 

TABLE  XXXIX. 

Functions  of  Coordinates  referred  to  mean  Moon. 


hi 


Are. 

7 

tf 

tf-v 

tftfi 

^7-V) 

2^1*1) 

Brown. 

Brown. 

Brown. 

Brown. 

Delaunay. 

Delaunay. 

g 

g' 

X 

yl' 

cos 

cos 

cos 

sin 

cos 

sin 

o 

o 

n 

o 

+.992  529 
—.108  50 

+.006299 
+.00033 

+.986  230 
—.10883 

—  007  345 
+.001  95 

I 

o 

o 

0 

+.217  74 

—.00070 

2 

0 

0 

o 

+.004  504 

—.005989 

+.010493 

—.004  501 

—.000  18 

+.O0O  12 

—  I 

I 

0 

0 

—.000  35 

—.00035 

.000  000 

—.001 10 

—.001  36 

—.00384 

O 

I 

0 

o 

+.000217 

+.OOOO49 

+.000168 

—.006386 

+.000  198 

—.005  552 

I 

I 

o 

0 

+.000  19 

+.00035 

—.00016 

—.00070 

+.00054 

—.002  10 

—  I 

o 

2 

o 

—.000  11 

—.000  22 

+.000  II 

—.O0OI2 

—.00021 

+.00041 

o 

o 

2 

o 

+.003  97 

•OOOOO 

+.003  97 

—.003  95 

—.00011 

+.00016 

I 

o 

2 

o 

.000000 

+.0OO22 

—.00022 

+.00022 

+.00003 

—.00003 

—2 

o 

2 

—2 

—.000  637 

+.OO2444 

—.003  081 

+.001  843 

—.00670 

+.00432 

—  I 

o 

2 

—2 

—.019  90 

+.OOI  02 

—.02092 

+.044  34 

—.04209 

+.09472 

0 

0 

2 

—2 

—.012  13 

—.002  44 

—.00969 

+.018  19 

—.038  63 

+.065  56 

I 

o 

2 

—2 

+.00069 

—.OOI  15 

+.00184 

—.00082 

+.00632 

—.003  03 

2 

o 

2 

—2 

—.00002 

—.O0OO2 

.00000 

+.00004 

+.00012 

+.OOO19 

—  I 

I 

2 

— 2 

+.00006 
+.000092 

+.00006 
+.000  036 

—.00024 
—.000  154 

—.00091 

+.000  587 

+.OOI  12 

—.000  553 

O 

I 

2 

—2 

+  .OOOO56 

I 

I 

2 

—2 

.00000 

.000  000 

—.00000 

.00000 

—.000  12 

+.00007 

—  I 

—I 

2 

—2 

—.00080 

.000000 

—.00080 

+.001  97 

— jooi  50 

+.004  41 

O 

—I 

2 

—2 

—.000  875 

—.000 154 

—.000  721 

+.001  336 

—.002889 

+.005  097 

I 

—  I 

% 

— 2 

+.00055 
—.00014 

—.00026 
—.00011 

I 

0 

0 

2 

—.00005 

.00000 

—.00005 

—.00005 

o 

o 

O 

2 

—.00021 

—.00002 

—.00019 

—.00056 

—.00024 

—.00060 

—I 

0 

o 

2 

.00000 

—.00003 

+.00003 

.00000 

+.00006 

+.00008 

—2 

0 

4 

-4 

+.000  187 

—.000  253 

+.000440 

—.000  175 

—.000  11 

—.00102 

—  I 

0 

4 

—4 

+.00006 

—.00023 

+.00029 

—.000  16 

+.00264 

—.00051 

O 

o 

4 

-4 

+.00002 

—.00006 

+.00008 

—XXX)  06 

+.00074 

+.00004 

Arg. 


g  g'     *    * 


OOOO 
IOOO 
2000 

— 1  1  o  o 
0100 
I       I    o      o 

—1020 
0020 
1020 

—2        O     2  —2 

—  I0     2  —2 

0       0     2  —2 

I02  —2 

OI2  —2 

—I    —I      2  —2 

0—12  —2 

0        0     0  2 


de 


—0.058  598 
-1.9784 
+0.163  69 
—0.0064 
—0.000419 
+0.001 8 


—0.023  02 
—0.360  o 
+0.067  295 
+0.014  3 
—0.000  620 
—0.014  7 
+0.003  395 


7l 


de 


de 


+.227  700 
+.0084 
-.217  35 


+.001  537 
—.0039 


+.0039 
+.08881 
+.017  7 
—.087  766 
—.021  7 
+.000877 


.004  482 


+3.940  o 
—0.164  64 
—0.023  5 
—0.003  478 
—0.015  9 
—0.002  o 


+0.005  8 
+0.026  3 

+0.7969 
—0.066  474 
—0.0087 
+0.000  230 
—0.036  2 
—0.002  870 


dJl 

dy 


-.178059 
+.011  7 
+.0006 


—.000067 
+.195  6 


+.0053 
+.014  604 


—.000 121 


+.000375 
—.0090 


dy 


-.000  281 


—.000  014 
+.010  7 


—.010  7 


+.000  597 
—.000044 
+.000049 


2d-^  I     3-C2 
dy 


de 


-x>247 


+.001  786 


—.0054 
—.1948 
+.016  1 


—.013  7 
—.016  720 


+.000106 


+.000  432 
—.0244 


.000695 
.0076 


+.000004 


+.011  5 
+.0018 
—.0039 


+.000  1 


+.179  588 
— .0192 


+.000040 


+.029  o 
—.178 1 
—.0098 


—.013  2 


+.013  2 
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TABLE   XL. 

Functions  of  Coordinates  referred  to  mean  Sun. 


Arg. 

P-tf 

P2-3C2 

iStj 

&?-f) 

^(/>2-3C2) 

iDsrj 

g      g1   *      i' 

COS 

cos 

sin 

cos 

cos 

sin 

0  0     0        0 

1  0     0       o 

2  0     O       O 

—  I         I     O       0 

0  I     O        0 

1  I     o      o 

—  I        0     2        O 

0  O     2        0 

1  O     2        O 
—2        O     2  —2 

—  I        O     2   —2 
O       O     2   —2 
10     2   —2 

2  0     2   —2 

—  112   —2 

0  12   —2 

1  12—2 

—  I   —I      2   —2 

0  — I      2   —2 

1  —I     2—2 
I        0     O        2 

0  O     O       2 

1  0     O  — 2 
0        2     0       O 

—.013  96 
—.031 26 
—.00250 
+.00013 
—.000933 

—.001  35 

—.00004 

—.00038 

—.00002 

+.007809 

—.163  02 

+.98619 

+•054  44 

+.00300 

—.00055 

—.003  18 

—.00042 

+.00027 

+.003  22 

+.00054 

—.00020 

+.00396 

+.000  10 

—.000  059 

+.99074 

—.10860 
+.00096 
—.00071 
+.000  264 
+.00055 
—.00032 
+.011 96 
+.00066 
+.001 807 
—.018  60 

—.013  99 
—.00042 
—.00002 
+.00015 
+.00003 

.00000 
—.00087 
—.00006 

.00000 
—.00032 
—.00084 
—.00004 
+.000005 

—.052  095 

—.063  73 

—.005  55 

—.00058 

—.003  423 

—.003  04 

—.00001 

—.00042 

—.000  12 

+.00030 

+.00291 

—.00700 

+.00062 

—.00003 

—.00260 

—.002  76 

—.00077 

+.001  33 

+.00289 

+.001  24 

+.OOO03 

—.000  13 

—.00031 

—.000  258 

—.004447 
+.004  62 
+.00007 
—.001  76 
+.000710 
+.001 26 
—.00009 
—.000  15 

+.000  01 

+.003  73 

—.035  03 
—.047  84 

—.001  53 
—.00007 
—.00047 
+.00089 
+.00001 
—.001 40 
—.00398 
—.00015 
—.00076 
—.001  52 
+.00008 
+.000  036 

—.033  92 
—.00243 
—.00008 
—.OOI  123 
—.00134 
+.000  10 
—.00038 
—.00002 
+.007  185 
— .163  54 
+.986  11 

+.054  44 
+.00300 
—.00056 
—.003  17 
—.00042 
+.00028 
+.003  14 
+.00054 
+.00024 
—.00396 
+.00010 
—.000  059 

—.073  08 

—.005  47 

+.001  37 

—.004  563 

—.00289 

—.00001 

—.00042 

—.00012 

—.00060 

—.00025 

—.007  70 

+.00062 

—.00003 

—.00260 

—.00276 

—.00077 

+.001  33 

+.00289 

+.001  23 

—.00003 

+.000  13 

—.00031 

—.000266 

Arg.                !      SbO 

^2-3C2) 
de 

2i* 

d(¥-tf) 
dy 

^2-3C2) 

dy 

dy 

*•    £"  *     * 

cos 

cos 

sin 

cos 

cos 

sin 

0  0     0        0 

1  0     O        0 

2  0     O       O 

—  I        I     O       o 

0  I      O        0 

1  I     o      o 

—  I        O     2        0 

0  O     2        O 

1  O     2        O 
—2        O     2   —2 

—  I        O     2  —2 

0  O     2   —2 

1  0     2—2 

2  0     2   —2 
112   —2 

—  I    —I      2   —2 
I    —I      2   —2 
O       O     O       2 

+0.1 10  765 
—0.565  7 
—0.073  3 
—0.0000 
+0.004519 
—0.025  2 

+0.170489 

-1.055 1 

—0.054  5 
—0.0064 
+0.001  109 
+0.003  6 
—0.023  0 
—0.003  6 
+0.007  8 
+0.065  69 
—0.3431 
—0.021  5 
—0.007  5 

+.015  359 
+.0094 

-.537  525 

+.050  2 

-O.6088 
—O.069  2 

+.009  5 

+O.OO6  220 

—0.025  6 

+.000  287 

—.OOO  l6l 

+.000469 

—.058  O 

+.55I  6 
+.019  6 

-.0173 

—.015  I 

+0.284  09 
—2.964  1 
—0.286  3 
+0.9769 
+0.1090 
—0.0064 
+0.0095 
+0.0088 

+0.26l  69 
—2.964  2 
—O.286  4 
+0.9768 
+O.IO9O 
—O.OO60 
+O.OO96 
+O.O084 

+.018  2 
—.1782 
—.0066 

+.0052 
+.041 0 

+.0183 
—.1780 
—.0064 

0.0000 

—0.014  7 

0.0000 

+.195  0 

—.035  4 

—.195  2 

PART  IV. 

DERIVATION   OF  RESULTS. 


CHAPTER   VII. 

CONSTANT   AND   SECULAR  TERMS. 

We  recall  the  arrangement  of  the  present  work.  In  Part  I,  the  general  equations 
have  been  formed,  the  theory  outlined,  and  the  methods  developed  so  far  as  could 
be  done.  Nearly  all  the  fundamental  quantities  were  developed  as  sums  of  prod- 
ucts of  two  factors,  one  factor  of  each  pair  being  a  function  of  the  Moon's  coordi- 
nates, the  other  a  function  of  the  coordinates  of  the  planets.  The  latter  functions 
are  developed  in  detail  in  Part  II,  one  chapter  of  which  is  devoted  to  the  develop- 
ments of  the  coefficients  of  the  direct  action,  the  other  to  the  coefficients  of  the 
indirect  action.  In  Part  III,  Chapter  VI,  have  been  developed  the  numerical 
functions  for  the  lunar  coefficients.  These  are  the  same  for  both  actions.  The 
present  concluding  Part  is  devoted  to  the  combination  of  these  factors  and  the 
derivation  and  discussion  of  results. 

We  may  divide  the  matter  of  this  part  into  three  chapters.  In  the  first  chapter 
we  consider  the  terms  not  purely  periodic.  By  a  purely  periodic  term  is  meant 
one  of  which  the  coefficient  of  the  sine  or  cosine  is  constant.  We  may,  therefore, 
define  the  terms  to  be  first  considered  as  constant  and  secular,  two  classes  which 
need  not  be  considered  separately. 

§  54.  The  arguments  on  which  the  planetary  and  lunar  factors  depend  are  all 
distinct  except  g',  which  is  common  to  both.  It  follows  that  no  constant  or  secular 
term  in  the  variations  of  the  elements  can  arise  by  the  multiplication  of  factors 
depending  on  any  other  variable  argument  than  g'.  In  all  cases  in  which  another 
argument  than  this  enters  into  either  factor,  the  results  will  be  periodic  in  form,  the 
coefficient,  however,  having,  in  the  general  case,  a  secular  variation.  Since  no 
terms  of  the  class  in  question  contain  /,  7r,  or  0,  they  give 

Dp.  =  o  Dte  =  o  Dty  =  o 

To  form  the  constant  and  secular  terms  we  begin  by  collecting  those  planetary 
factors  which  are  either  constant  or  depend  on  the  argument  g' .  We  shall  con- 
sider the  direct  and  indirect  actions  separately.  The  planetary  factors  for  the 
direct  action,  as  collected  from  §  42,  with  some  revision  of  the  numbers  there 
found,  are  shown  on  the  next  page. 
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Factors  for  Direct  Action. 
Action  of  Venus. 
\ozMK  =  +  5". 9045  +  o".44  cosg-'  —  o".n  sing-' 
%iosMC=  —  3   .4072  —  0  .30  cosg"'  4-  o  .07  sin g' 
iosMD  —  4-  o".33  sing-'  +  o".03  cosg-' 

Action  of  Mars. 
icPMK '=  +  o'r.0468  —  o".02o  cosg*'  —  o".o24  sing-' 
\\o*MC=—  o  .10064-0  .028  cos  g'  4-  o  .029  sin  g'  (18) 

iosMD=  +  o".oio  sing*'  —  o".oo8  cosg' 

Action  of  Jupiter. 
io3MF  =  4-  o".09i3  —  o".oo2  cosg-'  —  o".032  sing-' 
%io3MC=  —  2   .13484-0  .004  cos g'  4-  o  .062  sing-' 
iosMD  =  4-  o".oo5  sing-'  —  o".030  cos  g' 

Action  of  Saturn. 
io*MK=  4- b".ooi3  ±io3MC  =  —  o".i040  iolMD  =  o 

The  corresponding  factors  for  the  indirect  action  have  been  combined  for  the 
five  disturbing  planets,  Venus  to  Uranus.  From  the  combined  values  of  G,  J, 
and  /,  reached  in  §  44,  we  find,  including  Uranus,  but  omitting  Mercury: 

iozm2G  =  +  o"-459  +  o".36  cosg-'  +  o".o6  sing-' 
ioV/=  4  o  -153  +  0  .12  cosg-' +0  .02  sing-' 
io3m2/=  —  o  .03  sing-' 

§  55.  Lunar  Factors.  If,  for  brevity,  we  put  F  for  any  one  of  the  three  lunar 
factors,  say 

F-t-+  F'=P*-3?  F"  =  2ft  (19) 

the  terms  of  the  fundamental  equations  (42)  or  (57)  corresponding  to  each  T^will  be: 

dF        dF 
m-DJ9;   a^'F+e.-^+v^^F, 

n  dF         dF 

in  -  Dj*%  5    «iD'F+  e2  Te  +  7z  ^  ■  F2 

From  the  tabular  values  of  the  functions  of  the  coordinates  and  their  derivatives 
in  Table  XL,  p.  112,  noting  that  symbolically,  D'  =D-\-2,  we  have  the  following 
values  of  the  terms  of  these  functions  which  are  independent  of  the  lunar  arguments 

F=  |2  —  rj2  =  —  .013  96  —  .OOO  933  COSg-'  —  .OOO  06  COS  2g-' 

F'  =  p2  —  3^2  =  .990  74  -f  .000  264  cosg-' 
F"  =  2f?7  =  —  .001  123  sing'  —  .000  06  sin  2g-' 
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D'F  =  D'  (£3  —  if)  =  —  .080  02  —  .005  288  cosg-'  —  .000  38  cos  2g' 
D'  F'  =  D'  (p2  —  3^2)  =  1.9770  4-  .001  239  cosg-'  +  .000  04  cos  ig' 
D' F"  =  2D'^rj  =  —  .006  809  sing-'  —  .000  39  sin  2g' 

dF     d(?-v2) 

-Qi  =  -A-^ —  =  +  -1108  +  -°°4  519  cos<r' 

dF'      d(P*-3r) 


de  "  de 


=  +  .1705  +  .001  109  cosg-' 


dF"      2d%v  „  .       , 

-      =  —= —  =  +  .006  220  sin g' 
de  de  ° 

dF       d(P-v2) 

■^  =        dy        =  +  .0154  +  .000  287  cos  g' 

dF'      2^ -3D  ,     •       , 

-^-  =  -^— ^ •  =  -  -5375  -  -ooo  161  cosg-' 

dF"       2d£v 


dy  dy 


=  +  .000  469  sing-' 


The  factors  a,-,  e,-,  etc.,  are  derived  in  §  14,  and  found  in  (26).    From  the  preceding 
scheme  we  find  by  using  the  preceding  values  and  their  derivatives  in  (20) 

Fy  =  —  o.  1641  —  .010  92  cos  g-'  —  .000  77  cos  2g- ' 
F2=  —  2. 1 194  —  .086  40  cosg-'  4-  .000  01  cos  2g*' 
F3  =  —  0.0859  —  -001  °3  cos  g-' 

Fx'  =  +  4.0086  4-  .002  49  cosg-'  4-  .000  08  cos  2g-' 

F2'  =  —  3.3142  —  .021  36  cosg-'  (20) 

F3'  =  4-  3.0093  —  .000  90  cos g-' 

F"  =  —  .013  89  sin  g'  —  .000  79  sin  2g*' 

F2"  =  —  .  1 18  94  sin  g-'  4-  .000  01  sin  2g" ' 

F3"=  —  .002  64  sing-' 

§  56.  Secular  motions  of  I,  it,  and  6.     The  function  MH,&s  defined  in  §  20,  may 
now  be  written 

MH=  MKF-  \MCXF>  4-  MDXF" 

and  introducing  the  linear  functions  of  its  derivatives  which  we  have  just  formed 
we  have  from  (42) 

Z>J0  =  -  MKF,  4-  IMC^  -  MDF(' 

Bn(7r0  =  -  MKF2  +  \MCFJ  -  MDF2"  (21) 

AA  =  "  MKF*  +  \MCFi  -  MZ)F3" 

of  all  which  factors   we  have  just  given  the  numerical  values.     For  the  indirect 
action  the  second  members  are 

n?GFi+mLJF!  -  mVF,"  . . .  (i=  1,  2,  3)  (22) 


Direct  Action  of 

IO3£>ntl0 

Venus 

12.66 

Mars 

O.4I 

Jupiter 
Saturn 

-  8-54 

O.42 

Uranus 

—     O.OI 

Sum 

—  22.04 

Indirect 

+    °-54 

Total 

—  21.W 
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Performing  the  multiplications  we  find  the  following  secular  motions  of  /0)  tto>  and 
0O  arising  from  the  terms  of  direct  and  indirect  action  under  consideration. 

+  23.846  -  9.747 

+    °-433  —    °-3°° 

4    7.269  —    6.416 

+    0.346  —   0.318 

-f-    0.007  —   0.006 

4-  31.901  —  16.786 

—    1-495  +    0.422 

-f  30.406  —  16.364 

Taking  the  Julian  century  as  unit  of  time  n  —  8400.  The  centennial  motions 
arising  from  the  factors  here  employed  are  therefore : 

Centennial  motion  of  /0  =  —  i8o".6,  of  ir0  =  +  255.41,  of  0O  =  —  137.46.       (23) 
From  the  vanishing  of  Dta,  D(e,  and  Dty  we  have 

Bn  —  const.  6VX  =  const.  &0l  =  const. 

the  constants  being  functions  of  the  arbitrary  constants  of  integration,  determined 
at  the  end  of  this  chapter. 

§  57.    Terms  arising  from  the  secular  variation  of  the  earth's  eccentricity. 

Both  the  direct  and  indirect  actions  contain,  in  rigor,  terms  of  this  class.  They 
enter  into  the  direct  action  because  the  direct  action  of  the  planet  on  the  Moon  varies 
with  the  variation  of  the  orbit  of  the  earth  around  the  Sun.  But  the  effect  of  this 
variation  is  found  to  be  so  slight  that  it  will  be  left  out  of  consideration  in  the 
present  work.  We  therefore  begin  with  the  indirect  action.  The  terms  of  the 
coefficients  G,  f9  and  Jy  on  which  the  action  depends,  have  been  developed  in 
Chapter  V,  §  44. 

Our  fundamental  quantity  for  the  indirect  action  is  H'  of  §  25,  of  which  the 
only  terms  required  are 

H'  -  -  G(P  -  v2)  -  J(P2  -  3D  +  iJ*>  =  -  GF-  JF'  +  IF"  (24) 

The  terms  of   G,  /,  and  /required  for  the  present  purpose  are 

G  =  GXM  I  =  I£e'  J  =  JxAe' 

Gly  fiy  and^  being  found  in  §  44  and 

Ae'  =  -  8".595  T-  o".o26oT2  =  -  8".595  ^(i  +  .00302  T) 

The  secular  terms  of  these  coefficients  thus  become 

G  =  (—  o".5358  4-  iQ".2Qcosg"'  +  i".83  cos  2g')T(i  +  .003027") 

J  =  (+  o".  1080  +  6". 44  cos  g'  4-  o'/.32  cos  2g')  T(i  +  .00302  T)  (25) 

/=(—  25". 45  sing-'  —  i//.84sin  2g')T(i  4-  .003027") 
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Using  these  values  in  (56)  we  find 

D  ,a  =  D  ,e  =  D  n  —  o 

nt  nt  nt  I 

If  we  put  G',J',  and  /  tor  the  coefficients  of  T  in  (25)  we  shall  have  from  (20) 
and  (22)  the  following  computation  for  the  secular  accelerations  from  the  funda- 
mental equations  (57),  in  which  only  the  non-periodic  terms  are  to  be  used  : 

[/]  =  G'FX  +  J'F*  -  I'FX"  =  +  o".2467 

W  =  &F.  +  J'Fl  ~  **%"  =  -  1  -6378 
[ff]  -  G'F,  +  J'F>  -  FF>>  =  +  o  .3246 

Then,  postponing  the  terms  in  T2 

DJ  =  m*  [I]  T  Djt  -  m2  [»]  T  DJ  =  m^0]  T  (26) 

The  terms  in  T2  in  (25)  are  only  those  arising  from  the  term  of  e'  in  T2.  To  find 
the  complete  values  we  note  that  all  the  terms  of  [/],  [V],  and  [ff]  contain  e'  as  a 
factor,  and  may  therefore  be  expressed  in  the  form  e'k,  k  being  a  quantity  which, 
though  containing  minute  terms  in  e'2,  may  be  regarded  as  a  constant.     Then 

Z>  [/]  =  kDte>  =  [/]  ^f-=-  .002495  [/] 

and  the  actual  values  of  [/],  [V],  and  [0]  may  be  written  in  the  form 

P]  =  Mot1  —  .00250  T)(i  +  .00302  r)=  [/]0(i  +  .000S2T) 

[/0]>  etc.,  being  the  values  computed  above.  Multiplying  by  T  we  find  that  the 
terms  of  DJ,  F>t7r,  and  Dt6  in  T2  are  found  from  those  in  T  by  multiplying  the 
latter  by  the  factor  -\-  .0005  2  T. 

Taking  the  Julian  century  as  the  unit  of  time,  m2n  =  46.998,  whence 

Dtl= +  11". 6oT+o".oo6oT2    Bt7r=-*j6ff.g8T-o,f.o^oT2    Z?f0=  + 15.25  T+o.oo>j9T2 

Then  by  integration 

s/=5".8o:r2  +  o".oo2or3  S7r=-38".49:r2-o".oi3:r3  hd  =  f.62T2  +  o".oo26Ts  (27) 

This  value  of  the  secular  acceleration  of  the  mean  longitude  is,  I  believe, 
markedly  smaller  than  any  heretofore  found.  Delaunay's  last  result  was  6".n, 
which,  reduced  to  the  now  adopted  value  of  the  secular  diminution  of  e',  would 
become  6".o2.  The  necessity  of  using  Delaunay's  development  of  the  parallax  in 
forming  the  Z>'s  of  some  of  the  coefficients  leads  to  some  uncertainty  in  the  present 
result.  But  my  rough  estimate  would  lead  to  the  conclusion  that  the  uncertainty 
should  be  less  than  one  per  cent,  of  the  whole  amount.  The  question  of  the  'pre- 
cision of  the  value  here  reached  I  must  leave  to  other  investigators.* 

*  As  this  work  is  going  through  the  press  the  author  notices  that  Brown's  value  found  in  Monthly  Notices  Royal 
Astronomical  Society,  vol.  lvii,  is  reduced  from  5//.9i  to  5//.8i  when  the  now  adopted  Dte?  is  used. 
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§  58.  We  have  next  to  consider  the  secular  variations  of  the  periodic  terms  in 
general.     Taking  any  set  of  such  terms  depending  on  any  argument  TV 

f 2  —  rf  =  if  cos  N  p2  —  3^  =  2<?  cos  N  i%t)  =  fct  sin  JV 

we  shall  have  the  terms  of  H'  in  (24) 

H'  =  {i".ot]2p— o"  .2i6q)T  cos  N+(— 38". 6>—  i2".^q)Tzosg'  cosN—  2$".$KiTsmg'  smN 

=  {i".o*j2p— o".2\6q)TcosN—  (10,"  .3P+6"  .$q +12"  .*jk^T  cos  (N—  g') 

-(i9".tf+6".w-i2".>]K^Tcos  {N+gf) 

Forming  the  partial  derivatives  of  these  terms  of  H'  as  to  /,  rr,  0,  a,  e,  and  y,  and 
carrying  them  into  the  fundamental  equations  (64)  and  (65)  by  the  processes  of 
§  §  22  and  23  we  shall  be  led  to 

D  ta=m2(—  I'^o72a^+o/,.2I6ay)^siniV'+?«2(I9'^3a^+6,^4a^+I2//.7a/c<)^sin(iV^— g') 

(28) 
+  ;tt2(iQ".3a^+6.4a$r—  1 2".  J  ate t)T sin  (JV+gf) 

with  similar  equations  for  e  and  y  formed  by  writing  e  and  g  respectively  for  a. 
Also,  we  shall  have 

Z?n/0=w2(i".o72Z,-o//.2i6Z,,)^cosiV2-w2(i9/,.3Z,+6'/.4Z,/+i2'/.7Z4)rcos(7r-^/) 

-m2(i9".3Z'  +6".4Z"-  12". >jLt)T  cos  (N+gf)  ^9' 

with  similar  equations  for  D^  tt0  and  D^  0O  formed  by  writing  P  and  R  respectively 
forZ 

§  59.  The  special  values  of  N  of  most  importance  in  the  present  connection  are 

N=o  N—g'  N=g 

on  which  depend,  respectively,  the  constant  term,  the  annual  equation,  the  equation 
of  the  center,  and  the  evection 

Case  I;  N=o. 

The  factors  for  Dnta,  D^e,  and  Dnly  all  vanish.  The  values  of  the  Z-coefficients 
are  found  in  the  first  line  of  Table  XLIX,  p.  147.  The  first  or  purely  secular  term 
of  (29)  has  already  been  computed.     The  remaining  terms  give 

Dtl<s  =  m2n{^".6L'  +  12" \9L")T  cos  g' 
nt7r0  =  m2n(s8  .6P'  +  12  .o,P")T  cos  gf 
Z>t00  =  m2n  (38  .6R'  +  1 2  .9R")  T  cos  g' 

Substituting  the  numerical  values  of  Z,  P,  R,  and  m2n  =  47.00; 

Dtl0=  +  1062" T cos g'  Pr0=  -  20.61" T cos g'  Pfi0=  +  82f'Tcosg' 

We  cite,  for  convenient  reference,  the  following  indefinite  integrals 

/1    .            t  r  1  / 

/  sin  Tttdt  =  — 5  sin  n^ cos  n/  I  t  cos  ntdt  =  -%  cos  n/  +  -  sin  Nt 

N2  N  J  N2  ^  N 
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The  unit  of  t  in  these  equations  being   100  years,  n   is  the   motion  of  g'  in  this 
period,  for  which  we  may  take  200  n,  or  n  =628. 
Integration  by  the  above  formulae  then  gives 

8l0  =  4-  1". 697"  sin g'  +  o".oo3  cosg' 

Stt0  =  —  4  .71  T  sin  g'  —  .008  cos  g'  (30) 

86Q= -i-  1   .327"  sing-'  +  .002  cosg-' 

Case  II;  N—g'\  the  annual  term. 

Here  also  the  variations  of  a,  e,  and  y  vanish,  so  that  only  those  of  /0,  7r0,  and 
60  are  affected.  Carrying  into  the  equations  (29)  the  numerical  values  of  the  lunar 
coefficients  for  the  Arg.  g'  we  find,  dropping  the  constant  terms,  which  have  been 
already  computed, 

D/0  =  tn*n T(o".oo6i  cosg'  —  o".o82  cos  2g')  =  o".2^Tcosg'  —  3".8o7'cos  2gf 
Dt7r0  =  m2nT(p  .0485  cos g'  +  o  .131  cos  2g')  =  2  .28Tcosgf  4-  3  .447^08  2g' 
Dt0o  =  m2nT{o".ooio  cosg'  -f  o".022  cos  2g)  =  o"-47  Tcosg'  +  1  .03 7" cos  2g' 

Then,  integrating,  and  dropping  insignificant  constant  coefficients 

8/0  =  +  o/,.ooo47  T'sing'  —  o". 00367" sin  2g' 
Bir0=  4-  0.0037  Tsing'  —0.0028  T sin  2g' 
80o=  4-  0.0008  T'sing'  —  0.0016 T'sin  2g' 

Case  III;  N=g. 

For  this  argument  I  have  used  the  following  preliminary  values  of  the  lunar 
coefficients,  differing  from  those  of  Tables  XLVIII  and  XLIX  by  amounts  here 
unimportant 

L'  =  —0.1197  Z"  =  —  0.1962  Li  =  —  0.2648 

jP'=4-5-4°3  P"  =  +  18.734  /> -  +  11.688 

R'  =  —  0.0028  R"  =  —  0.143 1  Rt  =  —  0.0560 

a/ =  —  0.03223  a^=— 0.11049  a*4  =— 0.069  70 

ep=  —  0.30045  e^  =  — 1.03340  e«4=  — 0.65066 

gp  =  4-  0.000  09  g£r=  4-  0.000  31  g/c4=  4-  0.000  10 

Carrying  these  values  into  the  equations  (28)  and  (29)  we  find,  for  the  terms  depend- 
ing on  the  argument  g  alone, 

Dp.  =  4-  o". 520  7"  sing  Dte  =  4-  4". 70 7" sin ^ 

Z>/0  =  4-  4".c>4  Tcos  g  Dtir0  =  -  82". 2  Tcos  g 

For  the  motion  of  g,  n  =8329. 
Integration  then  gives 

Sa=  —  o".ooo  o62  7'cosg  +  (74"  ■—  io10)  sing-  Be  =  —  o".oo567'cosg' 

8/0  =  4-  o".ooo  485  Ts'mg  8tt0  =  —  o'/.oo9  87  Ts'mg 
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We  drop  the  terms  with  constant  coefficients,  owing  to  their  minuteness,  and 
find,  with  n  =  84.00; 

hn  =  —  pi$a  =  +  o".  78  T  cos  g 
Then  by  integration 

hj=jhndt=  +  o".ooo  o^Tsmg 

This,  added  to  8/0>  gives  for  the  entire  term  in  hi 

o7=  +o".ooo  578  7"  sing-  (31) 

§  60.  In  order  to  determine  the  complete  expressions  for  the  coordinates  them- 
selves, the  terms  computed  in  the  present  section,  together  with  those  which  may 
be  found  in  a  similar  way  for  the  other  periodic  terms,  are  to  be  carried  into  the 
expression  for  the  Moon's  true  longitude  in  terms  of  the  elements.  I  have  not, 
however,  deemed  it  necessary  to  do  this  in  the  case  of  the  secular  variations  of 
the  periodic  terms,  because  these  can  be  most  readily  determined  by  varying  the 
value  of  e'  in  the  Delaunay  or  Brown  expressions  for  the  Moon's  longitude. 

I  have,  however,  computed  the  preceding  variations  of  some  terms  owing  to  the 
theoretical  interest  which  attaches  to  the  relations  implied  by  the  equality  of  the 
result  of  the  present  method  to  those  of  the  other  method.  The  two  methods 
correspond  to  the  two  methods  by  which  the  secular  acceleration  may  be  deter- 
mined. In  Action,  p.  191,  it  is  shown  that  the  secular  acceleration  of  /,  n,  and  6 
may  be  derived  from  the  secular  change  of  e'  by  determining  the  corresponding 
secular  changes  in  a,  e,  and  y.  This  theorem  has  been  discussed  and  extended  by 
Brown  in  his  paper  on  Transmitted  Motions  and  Indirect  Perturbations.11' 

By  this  method  the  secular  variations  in  question  appear  as  variations  of  n,  ttx,  and 
0lf  the  latter  being  functions  of  the  variables  a,  e,  and  y.  But,  in  the  present  theory, 
a,  e,  and  y  remain  constant  so  far  as  the  secular  change  of  e'  is  concerned,  and  the 
changes  are  thrown  wholly  upon  /0,  7r0,  and  0Q. 

There  is  therefore  a  seeming  contradiction  in  that  the  lunar  elements  a,  e,  and  y 
are  affected  by  a  secular  variation  in  one  theory,  while  in  the  other  they  are  prac- 
tically constant.  Referring  to  Brown's  paper  for  the  theory  of  the  subject  it  will  be 
instructive  to  show  the  relation  between  the  two  methods. 

In  what  I  have,  for  brevity,  called  the  Delaunay  solution  of  the  problem,  the 
Moon's  coordinates  appear  as  functions  of  the  lunar  elements,  introduced  as  arbi- 
trary constants,  and  of  the  Sun's  eccentricity,  which  is  regarded  as  a  quantity  given 
in  advance.  But,  when  the  action  of  the  planets  is  introduced,  the  solar  element 
e',  as  well  as  the  lunar  elements  a,  e,  and  y,  become  variable.  In  what  I  may  call 
method  A  of  treating  the  planetary  action,  which  was  that  adopted  in  Action, 
the  final  values  of  the  coordinates  as  affected  by  planetary  action  are  determined 
by  introducing  the  simultaneous  variations  of  all  four  elements  into  the  Delaunay 

*  Transactions  of  the  American  Mathematical  Society,  vol.  vi,  p.  332.  See  also,  Monthly  Notices,  Roval  Astro- 
nomical Society,  vol.  lvii. 
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expressions.  But  in  method  B,  adopted  in  the  present  work,  the  entire  variations 
have  been  thrown  upon  the  lunar  elements,  the  solar  elements  being  regarded  as 
constant.  In  the  case  of  the  periodic  perturbations  this  course  is  practically  a 
necessity,  owing  to  the  extreme  complexity  introduced  into  the  formulae  if  we  sup- 
pose the  coordinates  expressed  in  terms  of  the  value  of  e'  affected  by  periodic 
inequalities.  But  it  is  different  in  the  case  of  the  secular  motion  of  e'.  Here  it 
is  more  logical  to  consider  that  at  any  epoch  the  action  of  the  Sun  is  computed 
with  the  actual  eccentricity  at  that  epoch,  and  so  to  use  method  A. 

Not  having  done  this  in  the  present  work,  but  having  regarded  the  value  of  e'  at 
the  epoch  1850  as  a  fundamental  constant,  the  values  of  G,  J,  and  /,  though  func- 
tions of  e',  and  therefore  variable,  have  appeared  in  the  theory  as  constants. 

In  the  present  investigation  the  author  has  not,  for  want  of  time,  investigated  the 
modifications  which  would  be  made  in  the  problem  if  these  coefficients  were  taken 
as  affected  by  their  secular  variations.  One  reason  for  refraining  from  this  course 
was  that  the  determination  of  the  secular  acceleration  from  the  equations  given  in 
Action,  page  191,  require  a  much  more  extended  development  of  the  canonical 
elements  in  terms  of  e'  than  it  was  practicable  to  undertake  in  the  present  paper. 
The  question  is  therefore  left  to  others,  reference  being  made  to  Brown's  paper  on 
the  variation  of  given  and  arbitrary  constants.* 

A  comparison  of  the  secular  variation  of  the  coefficient  of  sin  g'  with  that  found 
by  Delaunay's  value  of  this  term  will,  however,  be  of  interest.  With  the  eccen- 
tricity of  1850  the  coefficient  of  this  annual  term  is  —670".  It  contains  e'  as  a 
factor,  the  portion  arising  from  higher  powers  of  this  element  being  unimportant  in 
the  present  case.     It  follows  that  the  secular  variation  of  the  coefficient  of  sin  g' 

in  Sv  is 

he' 
-670"—  =  +  i".&]T 

The  term  found  in  (30)  for  hi  is  i".6o.  T.     I  have  not  computed  hv  itself. 

The  two  methods  of  treating  the  effect  of  the  motion  of  the  ecliptic  are  related 
to  each  other  in  the  same  way  as  this  just  discussed.  Had  the  method  of  the 
present  paper  been  strictly  followed  throughout,  the  coordinates  of  the  Moon  would 
have  been  referred  to  a  fixed  ecliptic,  because  the  ecliptic  remains  fixed  when 
planetary  action  is  omitted.  But  it  was  seen  that  by  a  very  slight  and  easily  deter- 
mined change,  the  coordinates  could  be  referred  to  the  actually  moving  ecliptic,  and 
and  the  work  was  carried  on  accordingly.  In  concluding  the  work,  it  is  a  matter 
of  regret  to  the  author  that  he  did  not  investigate  the  question  whether  the  Moon's 
coordinates  could  not,  on  the  same  principle,  be  expressed  in  terms  of  a  varying 
solar  eccentricity,  ab  initio,  thus  simplifying  the  problem  in  conception  at  least. 
Owing,  however,  to  the  theoretical  interest  attaching  to  the  relation  between  the 
two  methods,  the  effect  of  the  motion  of  the  ecliptic  might  be  treated  by  both  methods. 

* L.  c,  vol.  iv,  p.  333. 
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§  61.  Adjustment  of  the  Arbitrary  Constants.  The  problem  before  us  may  be 
outlined  thus.  The  preliminary  solution  of  the  problem  of  three  bodies  leads  to 
expression  of  the  Moon's  coordinates  as  functions  of  six  arbitrary  constants,  through 
the  intermediary  of  three  other  functions  of  these  constants  /,  ir,  and  6.  The  solu- 
tion in  terms  of  the  six  elements  a,  e,  y,  /,  it,  0  takes  the  form: 

l=l0+tlt  7T  =  7r0  +  7T/  0  =  6Q  +  6xt  v  =  l  +  <f>  p=  i  +  <£  /3  =  <f> 

the  functions  <f>  being  of  a  form  not  necessary  to  specify  at  present.  As  already 
mentioned,  «,  wi9  and  6X  are  functions  of  a  (or  n),  e,  and  y.  The  solution  of  our 
problem  is  now  completed  by  adding  to  the  expressions  for  the  Moon's  coordi- 
nates 2=  v,  r,  and  /3,  the  quantities 

dv .         dv  -        dv  dv 

with  similar  forms  for  r  and  £,  which  we  need  not  write.     For  our  present  purpose 

it  will  be  necessary  and  sufficient  to  consider  the  following  terms  in  v,  the  true 

longitude. 

v  =  I  -\-  2e  sin  (/  —  ir) 

We  then  have 

dv      dv  dv 

dl  =  dl0==I  +  2ecos^      ^=-2^cos^ 

dv  dv  dir  dv      dv  dl       dv  dir 

de~  °       dir  de  da~  dl  da      dir  da 

Substituting  in  (32)  and  omitting  unimportant  terms 

Bv  =  —  \nt{\  +  2e  cos  g)8a  —  2e  cosgBir  +  (1  -f  2e  cos  g)8l0  -f-  2  sing-Be 

We  put 

%ao>  ^eoi  Bir0,  8/0, 

the  arbitrary  constants  to  be  added  to  the  perturbations  Sa,  Se,  Sir,  and  SI.  We  then 
have  the  following  perturbations  depending  on  the  purely  lunar  arguments 

Ba  =  Ba0  —  o".ooi6  sing-  Be  =  Se0  —  o".oi5o  cosg" 

81=  Bl0  —  ".02i2nt  -f  ".0059  sing-  Bit  =  Bir0  +  "  .o^i$nt  —  ".272  sing 

Substituting  in  the  derivatives  we  have  the  result  that  the  mean  sidereal  motion 
of  the  Moon  is 

nt{\  —  o".02i2  —  |80a) 

We  now  determine  S0a  by  the  condition  that  the  mean  motion  shall  be  repre- 
sented by  n.     Thus 

B0a  =  —  o".oi4i  BQn  =  o".02i2«  =  +  178"  (33) 


CONSTANT  AND  SECULAR  TERMS.  1 25 

Also,  the  coefficient  of  sin  g  in  the  expression  for  the  longitude  becomes 

2e  -f  o//.oo59  +  2  V 

We  now  determine  S0e  by  the  condition  that  the  expression  for  the  coefficient  shall 
remain  unchanged.     This  gives 

S0e  =  —  o".oo3 

The  longitudes,  perigee,  and  node  being  given  by  the  equations 

7T  =  7T0  +  77V?  6  =  0O  +  6lt 

the  introduction  of  the  perturbations  of  the  elements  will  give  rise  to  the  increments 

1       an  de  dy     '  l      dn  de  dy     ' 

The  effects  S0^  and  S0y  are  inappreciable.     Taking  only  80n  from  (33)  we  have 

Stt1  =  —  .014  8o80n  =  —  o".ooo  314?/  B0l  =  —  .001  oiS0«  =  —  n.ocx>  02 1« 

Taking  the  century  as  the  unit,  the  adjustment  gives 

&ir1  =  -2".64  S(91  =  -o'/.i8  and  8tt  =  -  2".6$T  80  =  -o".i8T 

Adding  thereto  the  secular  terms  of  ir0  and  6Q  already  found,  we  have  the  following 
results,  tor  the  entire  secular  effect  of  the  action  of  the  planets  on  it  and  0 

Direct  action  of  the  planets  Venus  to  Uranus 
Indirect  action  of  the  planets  Venus  to  Uranus 
Total  action  of  Mercury  {in  =  io-7) 
Adjustment  of  elements 
Sum 

This  motion  of  the  perigee,  greater  by  5"  than  that  found  by  Brown,  goes  to 
confirm  his  conclusion  that  the  gravitation  of  the  Earth  does  not  deviate  from 
Newton's  law  of  the  inverse  square. 

§  62.  As  the  reason  for  the  last  correction  may  not  be  quite  clear,  it  may  be  of 
interest  to  state  in  a  general  way  how  it  enters  into  the  theory.  The  action  of  the 
planets  on  the  Moon  is  found  on  the  supposition  of  what  we  may  call  an  undisturbed 
orbit  of  the  Moon,  meaning  thereby  an  orbit  in  which  the  action  of  the  Sun  is  com- 
pletely taken  account  of,  on  the  supposition  that  no  other  extraneous  action  enters. 
We  thus  have  a  certain  mean  motion  //  determined  from  observations,  and  a  certain 
undisturbed  mean  distance,  a,  determined  by  the  relation  a*n2  =  /a,  which  requires  a 
constant  &a  of  correction  to  the  mean  distance  computed  from  the  action  of  the 
Sun,  giving  rise  to  an  expression  for  the  constant  of  the  Moon's  radius  vector 
a  -f-  Aa1  =  al  completely  representing  the  action  of  the  Sun  on  the  supposition  of 
no  planetary  action. 


DtTZ 

DS 

+  267".97 

—  141". OO 

-      12    .56 

+      3  -54 

+    0  .45 

—     0  .21 

—       2    .64 

—     0  .18 

+  253    .22 

-  i37  -85 
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It  is  with  this  mean  distance  at  that  the  actions  of  the  planets,  both  direct  and 
indirect,  are  computed.  But,  as  a  matter  of  fact,  the  action  of  the  planet  modifies 
the  relation  between  at  and  n,  so  that  we  must  change  either  the  mean  motion  or 
the  mean  distance  according  to  what  values  of  the  elements  we  assume.  If  we 
take  the  arbitrary  constants  so  that  the  mean  motion  remains  unchanged,  then  the 
actual  mean  distance  will  require  a  constant  correction  on  account  of  the  action  of 
the  planets.  If  we  regard  the  mean  distance  as  an  invariable  quantity,  then  there 
will  be  a  correction  to  the  mean  motion. 

It  follows  by  either  method  that  when  we  compute  the  motion  of  the  perigee  and 
node  under  the  action  of  the  Sun  alone,  we  must  make  one  or  the  other  of  these 
modifications  produced  by  the  action  of  the  planet,  and  determine  the  effect  upon 
the  motion  of  ir  and  6.  If  we  regard  the  actually  observed  mean  motion  as  that 
due  to  the  Sun  alone  then  we  must  introduce  a  correction  to  the  mean  distance,  and 
determine  its  effect  upon  irx  and  $v  But  if,  which  is  the  more  natural  method,  we 
regard  the  mean  distance  of  the  Moon  as  the  given  actual  element,  then  we  must 
compute  that  part  of  the  motion  of  the  perigee  and  node  due  to  the  Sun  alone  with 
a  different  n  from  that  given  by  observation;  that  is,  with  a  value  found  by  sub- 
ducting the  planetary  effect  from  the  observed  value. 

We  may  therefore  regard  the  corrections  —  2" .64  and  —  o".i8  to  ttx  and  Bv  as 
reducing  ttx  and  0t  to  their  true  values  under  the  action  of  the  Sun  alone. 

§  63.  Secular  Variation  of  e.  If  we  require,  as  we  should,  that  the  coefficient 
of  sin  g  in  the  Moon's  true  longitude  should  be  represented  by  a  function  of  e  then 
the  expression  (31)  shows  that  this  element  will  be  affected  by  the  secular  variation 

he—  +  o" '.000297" 

This  being  less  than  o".oi  in  a  thousand  years,  is  of  no  practical  importance,  though 
of  theoretical  interest. 

It  may  also  be  remarked  in  the  present  connection  that  the  existence  of  this 
variation,  and  the  approximate  algebraic  expression  for  its  amount,  was  first  made 
known  by  Adams.* 

*  Monthly  Notices,  Royal  Astronomical  Society,  vol.  xix,  p.  207. 


CHAPTER  VIII. 

SPECIAL  PERIODIC  INEQUALITIES. 

§  64.  Reduction  to  the  moving  ecliptic.  Since  when  the  Sun  is  the  disturbing 
body  the  plane  of  the  ecliptic  remains  fixed,  the  inequalities  of  the  coordinates  so 
tar  reached  are  referred  to  the  ecliptic  of  any  date  regarded  as  fixed.  The  only 
way  in  which  they  are  affected  by  the  motion  of  the  ecliptic  is  through  the  secular 
variations  of  the  coordinates  of  the  planet  arising  from  that  motion.  The  effects  of 
these  are  supposed  to  be  too  small  to  need  consideration  at  present.  It  is,  however, 
necessary  to  refer  the  elements  to  the  moving  ecliptic.  I  have  shown  in  §  4  how 
this  may  be  done  by  the  simple  device  of  adding  to  the  perturbative  function  the 
terms 

AR  =  2z  {fDtocx  -  qDtyx)  +  2  (qy  -  fx)  D^  (33) 

and  then  integrating  the  portions  of  the  differential  equations  thus  arising.  In  this 
expression  ft  and  q  are  the  coefficients  expressing  the  speed  of  rotation  of  the 
ecliptic  around  the  axes  of  y  and  x  respectively,  and  are  found  by  putting 

II,  the  longitude  of  the  ascending  node  of  the  moving  on  the  fixed  ecliptic; 

k,  the  speed  of  rotation. 
Then 

ft  =  K  sin  II  q  =  k  cos  II  (34) 

It  is  to  be  noted  that  k  is  here  used  as  the  speed  of  rotation,  and  not  as  the  actual 
angle  rotated  through.  It  is,  therefore,  of  dimension  T~x  and  the  expression  for 
AR  is  of  dimensions  JL2T~2y  which,  by  introducing  the  dimensions  of  mass,  become 
identical  with  the  dimensions  of  Pas  hitherto  used. 

The  partial  derivatives  of  AR  as  to  the  lunar  elements  are  to  be  taken  only  as  they 
enter  through  x,  y,  and  z,  so  that  the  Dt  of  the  Moon's  coordinates,  the  latter  being 
called  for  this  purpose  xl9  yXj  and  zly  are  to  be  regarded  as  numerically  given 
quantities. 

To  form  the  partial  derivatives  of  x,  y,  and  z  we  use  the  developments  of  these 
coordinates  in  terms  of  the  lunar  elements  already  given,  substituting  in  x,  y,  and  z 
the  values  of  £,  17,  and  £.  But  in  this  part  of  the  work  it  will  be  convenient  to  refer 
the  coordinates  x  and  y  to  a  general  fixed  X-axis,  instead  of  the  mean  Sun,  as  here- 
tofore. When  this  is  done  the  expressions  for  the  ratios  of  the  coordinates  to  a 
take  the  torm 

£  =  2/£cosJV  77  =  2£sin^  ^^siniT'  (35) 
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where  N  and  JV'  are  of  the  general  form 

JV=  il  +  />  +  it0  +jl'  +j\ir'         JV'  =  i'l  +  if*  +  i3'0  +f?  -\-j\'ir' 
the  indices  satisfying  the  conditions 

t+  h  +  h  +J+J\  =  °  ?  +  *\'  +  if  +f  +j\f  =  i 

Informing  the  D's  of  these  expressions  we  put  n,  n',  the  ratios  of  the  motion  of 
the  arguments  JV  or  JV'  to  n,  that  of  the  Moon.     We  then  have 

DfCx  =  —  an'Zkn  sin  JV  Dtyx  —  anZkn  cos  JV  Zf(zl  =  anLcn'  cos  JV' 

The  values  (34)  of  p  and  q  then  give 

j>Dtxl  —  qDtyl  =  —  anicLkw  cos  (JV  —  IT)  (36) 

qy  —  px  =  aiclksin  (JV—  II)  (37) 

Our  next  step  is  to  form  the  derivatives  of  z  and  qy—fix  as  to  the  lunar  elements. 
The  partial  derivatives  as  to  z  are  found  from  the  last  equation  (35) 

Dz  =  alD'cs\nN'  ^  -  ffS^lin N1  p  =  a2^sinJV'  (38) 

dz  dz  dz 

-jr-j  =  cfei'c  cos  JV'  ~—  =  azdxfc  cos  JV'  ^7.  =  aLiJc  cos  JV'  (39) 

By  differentiating  (37)  on  the  same  system  we  have 

D(qy  -fx)  =  UKlD'k  sin  (JV-  II) 
fc^  =  ^|Sin(^-n)  (4o) 

d(9y8~*X)  =  <"**h*  cos  (JV-U)  (4I) 

d(qy  —fx) 


3d 


=  aicLiJi  cos  (JV—  II) 


We  next  have  to  form  the  products  of  (36)  by  the  derivatives  (38)  and  (39)  and 
of  Dtzx  by  (40)  and  (41),  and   form  their  several  sums.     We  thus  find  that  the 
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combination  of  an)7  term  ot  argument  iVwith  any  term  of  argument  N'  gives  rise 
to  the  following  terms  in  the  partial  derivatives  as  to  e  and  /: 

d^=a2nK  {  n'c^  -nkp\  sin  (JV  +  N' -  II)  +  ahiK  \n'c~e  +  nk^\  sin  (N  -  JV'  -  II) 

-Qj-*JuKck{m'  -  z'n}  {cos  (JV  +  JV'-  II)  +  cos  (N -  JV'-  II)}  (42) 

The  derivatives  as  to  log  a  and  y  are  formed  from  the  first  of  these  equations  by 
simple  substitution.  Those  as  to  77  and  0  are  formed  from  the  last  equation  by 
writing  ix  and  i2  f°r  h  and  i\  and  %  '2  for  *". 

The  derivatives  thus  formed  being  substituted  in  the  fundamental  equations  the 
integration  of  the  latter  will  give  the  inequalities  of  the  elements.  It  will  be  con- 
venient to  use  the  following  formulae  of  substitution.  We  first  put,  in  the  combina- 
tion of  any  term  of  argument  JV  with  any  term  of  argument  JV' : 

k  =  n'cD'k  +  nkD'c         kj  =  n'cD'k  -  nkD' c 


.           .   dk         ,dc  dk          7dc 

k  —  n'c  ■=-  4-  nk  5-  k  '  =  n'c  ■= n«r- 

*            de           de  e              de           de 

.           .   dk           de  .  ,         .   dk         ,dc 

k„  =  n'c  = — \-  nk-^-  kj  =  n'c  = nk  ■=- 

y             dy            dy  y               dy            dy 

kx  =  (in'  —  i'n)ck         kn  =  (^n'  —  t\'n)ck  ke  =  (i2n'  —  i2'n)ck 


(43) 


The  quantities  ka,  k'a,  etc.,  will  then  be  the  coefficients  of  the  constant  factor 
a2nK  in  the  expressions  for  the  derivatives  of  the  elements.  Substituting  AJR  for 
Px  in  the  differential  equations  (27),  p.  18,  the  latter  will  reduce  to  the  form 

Dp.  =  (alkl  +  a2kn  +  a3ke)K  {cos  (N  +  JV'  -  II)  +  cos  (JV-  JV'  -  II)} 
Dte  =  (efo  +  e2k„  +  e3ke)K  {cos  (7T  +  JV'  -U)  +  cos  (JV-  JV'  -  II)}  (44) 

DH  =  (7A  +  %K  +  7A)"  {cos  (JV  +  JV'  -  U)  +  cos  (7T-  JV'  -  n)} 
-  Z>/0  =  (axka  +  ^  +  txky)*sm  (JV-  JV'-  II)  +  (<*£/+  ^/+  7l£/)*  sin  (7^  +  JV'-  n) 

-  Z>,tt0  -  (a2ka  +  ^  +  72^v) k sin  (7^-  JV'-  n)  +  {ajkj  +  *£'+  7^/)«8in  (iV^+  JV'-  U) 

-  Dp,  =  (a5ka  +  e3ke  +  73^v)^  sin  (JV-  JV'-  II)  +  (a3£a'+  <V*/+  7^T')«  sin  (JT+  iV'-  II) 

By  integrating  these  equations  we  shall  have,  in  the  case  of  each  argument,  a 
divisor  which  we  may  call  n,  equal  to  the  motion  of  the  argument  in  the  unit  of 
time.  The  quotient  k  -5-  N  expresses  the  angular  motion  of  the  ecliptic  during  the 
time  required  for  the  argument  to  move  through  the  unit  radian. 

In  the  above  differential  equations  we  substitute  for  a„  eiy  and  y„  their  numerical 
values  and  write,  for  brevity, 

C,  =  2.023^  —  0.017^  —  0.0229^ 

Cw  —  -  0.030I^a  -  19.153^  -  0.020/£y  (45) 

C;  =  0.0075^  +  o.oo26£e  -  S-57°ky 


(46) 


130  ACTION  OF  THE  PLANETS  ON  THE  MOON. 

with  similar  expressions  for  the  accented  quantities,  and 

Ca  =  2.023^  -  0.0301^  +  0.0075^ 

Ce  =  —  O.Ol68^  —  19.153^  -f  0.0026£„ 

Cy  =  —  0.0229^  —  0.0200^  —  5.570^ 
We  also  put  for  brevity 

A  =  JV-  N'  -  n  A'  =  JV  +  JV'  -U 

The  values  of  n  and  n',  the  coefficients  of  the  time  in  A  and  A  respectively  take 

the  form 

N  =  (n  —  n')n  s'  =  (n  +  n')  n 

and  the  differential  variations  become 

Dp.  =  CaK  (cos  A  +  cos  A') 
Dte  =  Cjc  (cos  A  +  cos  A') 
D*i  =  CyK (cos  A  +  cos  A') 

We  shall  then  have  by  integration 


—  Df%  =  Cjc  sin  A  +  C(k  sin  A' 

—  DprQ  =  C„k  sin  A  +  C'vk  sin  A' 

—  Z^#0  =  6V  sin  A  +  C//c  sin  A' 


(47) 


8a  =  -  Csin  A  -^ — ;  Ca  sin  A' 

N      °  N'       a 

/C  K 

he  =  -  C  sin  A  +  — ;  C  sin  ^4' 

K  fC 

07  =  -  C  sin  A  -\ — -.  Cv  sin  A' 

'        N      y  N'      Y 


o7,  =  -  C.cosA  +  — .  67  cos  A' 

S7r°  =  N  C*  C°S  A  +  N~'  ^  C°S  A' 
K  K 

^0  =  Z  co  cos  ^  +  ^7  Q  cos  ^4' 


(48) 


The  largest  terms  which  enter  into  the  theory  are  shown  in  Table  XLItf,  for 
Arg.  JV,  and  Table  XLI£  for  Arg.  JV'.  The  coefficients  of  the  principal  terms  of 
each  have  been  derived  from  the  numbers  given  in  Part  III. 


TABLE  XLIa. 
Coefficients  for  Forming^— qy\  Arg.  JV. 


No. 

1      h  h   Ji    J* 

n 

k 

D'k 

dk\de 

dk\dy 

nk 

1 

1      0    0      0      0 

+1.00000 

+•9955 

+•9925 

-0.0588 

+•9955 

+.995  5 

2 

2—10      0      0 

+I.99I  55 

+.0275 

+.0275 

+0.4980 

.0000 

+.054  7 

3 

0      1    0      0      0 

+0.008  45 

—.0820 

-.0815 

—1-4934 

.0000 

—.00069 

4 

—1      2000 

—0.983  1 

+.0004 

+.0004 

+0.0142 

.0000 

—.0004 

5 

2  —1    0  —1      1 

+  1.9168 

+.0002 

+.0001 

+O.0038 

.0000 

+.0003 

6 

0      10      1  —1 

+0.083  2 

—.0004 

.0000 

—O.0070 

.0000 

.0000 

7 

—10200 

—1.0080 

+.0020 

+.0020 

+0.0002 

+.0980 

—.0020 

8 

—1      0020 

—0.8504 

—.0083 

—.0081 

+0.0052 

+.0072 

+.0071 
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TABLE  XLIJ. 

Coefficients  for  £;  Arg.  JV'. 
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No. 

/        7T      0     /'      7r' 

n' 

£ 

D'c 

dc/de 

dcjdy 

n'c 

1 
2 
3 

4 

0  1  —1  00 

1  0  —1  00 

2  —1  —1  00 
1  0  1  —2  0 

0.012  5 
1.00402 

1.995  56 
0.846  4 

—.0072 
+.0895 
+  .OO247 
+.003  3 

—.0068 
+.0893 
+.0025 
+.0098 

—•131 
—.0050 
+.045 
.000 

—0.165 
+1.989 
+0.055 
+0.068 

—.OOOI 

+.0899 

+.0050 
+.0028 

It  should  be  added  that  the  coefficients  of  the  smaller  terms  show  only  the  order 
of  magnitude  in  each  case,  and  not  the  precise  numerical  value.  The  latter  will  be 
required  only  in  the  case  of  terms  found  to  be  sensible. 

The  theorem  that  all  the  inequalities  have,  as  a  coefficient,  the  motion  of  the 
ecliptic  during  nearly  one-sixth  the  period  of  the  argument  will  enable  us  to  limit 
the  combinations  of  the  arguments  to  be  considered. 

In  the  case  of  any  argument  JV  ±  JV'  containing  the  Moon's  mean  longitude, 
one-sixth  the  period  will  never  materially  exceed  5  days,  for  which  we  have 


N 


=  o".oo64 


In  none  of  the  terms  of  this  class  is  there  a  factor  Cso  large  as  to  bring  the  coefficient 
up  to  o."o5.  It  follows  that  all  the  combinations  N  =±=  JV'  which  contain  the  Moon's 
mean  longitude  may  be  omitted. 

Of  the  terms  which  remain  none  can  have  a  period  several  times  greater  than 
that  of  the  node,  for  which  the  ratio  k  :  n  =  i".5.  It  follows  that  no  combinations 
of  arguments  giving  products  of  coefficients  less  than  0.01  need  to  be  computed. 

Numbering  the  arguments  JV  as  in  the  first  column  of  the  tables,  these  two  rules 
will  be  found  to  leave  the  following  combinations  as  the  only  ones  to  be  considered: 


jvs  +  jv/  =  0 


jv2-jv/  =  0 


jv3  -  Ay  =  e        jv7  +  jv2'  =  0 
jv3  +  jv/  -  27T - 0  j\rx- jv/  =  2/'  - 0  jv8  +  jv/  =  2/' - 0 


Using  these  numbers  the  computation  of  the  formulae  (43)  gives  the  following 
values  of  the  coefficients  ka,  ke,  etc.,  for  the  argument  6. 


Arg. 

h 

K 

H 

ha. 

*. 

ky 

nx-n; 

+ 

.000358 

0 

+  0.0891 

+  O.I779 

—  0.0102 

+  I.972 

Nt-N/ 

+ 

1 

0 

—            1 

+       .0002 

+    .0050 

+  .003 

Nt-Nx> 

0 

0 

OOOO 

+    .0002 

.000 

n,  +  m 

+ 

1 

0 

+    .0002 

+       .OOO4 

+       OOOO 

+  -013 

n6+n; 

+ 

0 

0 
0 

—    .0002 

OOOO 

OOOO 

—    .001 

Sum 

.000359 

+  0.0889 

+  0.1785 

—  0.0050 

+ 1.987 
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It  will  be  remarked  that  the  only  accented  coefficients  are  those  of  the  last  two 
lines;  and  that,  as  the  combined  argument  6  —  II  is  the  only  one  included  in  sum- 
mation, the  accented  and  unaccented  ka,  etc.,  may  all  be  combined. 

For  these  numbers  we  derive  by  (45)  and  (46) 

Ct  =  4-  0.3157  Cn  =  +  0.0506  C9  =  -  11.067 

Ca  =  +  0.001393         Ct=  +  0.000187         ^=-°-4952 
We  have  from  the  adopted  elements  of  motion  of  the  ecliptic: 
/c  =  o".47i4  n=  i7s°30f  +  of.S9(t-  1850) 

The  following  are  then  the  results  for  the  argument  6: 

5  -  -  I,r'S96 

8l0  =  -  (/'.441  cos  (0  -  II)         8tt0  =  -  o".oi  cos  (0  -  II)         B0Q  =  +  i5"-45  cos  (0  -  II) 

8a  =  -  o,/.ooi945  sin  (0  -II)     Be  =  o".ooo  By  =  4-  o".69i  sin  (0  -  II)  v^y 

To  these  expressions  for  S/0,  oV0,  and  B0O  are  to  be  added  the  respective  increments 

fSndt  fBir^t  and         f^di 

arising  from  substituting  the  values  of  8^(=  —  §#Sa),  Se(  =  o),  and  By  in  the  ana- 
lytic expressions  for  n,  7rx,  and  $v 

The  value  of  Sa  gives  the  inequality  of  n 

Bn  =  —  piBa  =  o". 00292;/  sin  (0  —  II) 

This  adds  to  the  mean  longitude  the  inequality 

81  =  —  o". 002921/  cos  (0  —  II) 

where  v  is  the  ratio  n\{0x  —  Z^H)  =  —  248.7. 

The  complete  inequality  of  the  mean  longitude  thus  takes  the  coefficient  o".285. 
We  have  from  §  27,  (74) 

Btt1  =  (.0228a  —  .0043387)7/ 

The  substitution  of  the  preceding  values  of  8a  and  8y  gives  the  increments 

Btt1  =  —  .00304  sin  (0  —  II)  and         Bit  =— o".  J 6  cos  (0 —H) 

We  find,  in  the  same  way,  the  increment 

80=  +o".ncos(0-II) 

The  inequalities  of  /,  7r,  and  0  now  become 

81=  4.  o".28s  cos  (0  -  n)    Btt  =  -  o".77  cos  (6  —  II)    80  =  4-  i$".$6  cos  ((9  -  II)     (50) 

The  coefficients  of  the  arguments  2ir  —  6  and  2/'  —  0  seem  so  small  that  we  leave 
them  out  of  consideration. 
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§  65.  Inequalities  arising  from  the  coefficients  E  and  F. 

These  inequalities  have  been  considered  separately  on  account  of  their  minute- 
ness, and  on  their  depending  on  arguments  different  from  those  of  the  other  in- 
equalities. Some  special  values  of  the  coefficients  E  and  F 'for  Venus  are  given  in 
tabular  form  in  Table  XII.  In  these  expressions  the  axis  of  X  passes  through  the 
mean  Sun,  as  in  the  case  of  the  inequalities  depending  on  the  mean  longitudes. 
But,  on  essaying  the  computation  of  the  principal  inequalities  arising  from  E  and 
F,  it  was  found  that  a  fixed  axis  of  X  would  be  more  convenient  to  use.  The  ex- 
pressions were  therefore  transformed  so  as  to  refer  them  to  the  Sun's  perigee  as  the 
initial  axis.  From  the  form  of  the  expressions  the  equations  of  the  transformation 
for  x  and  y  are  readily  found  to  be 

x'  =  x  cos g'  —  y  sing-'  y'  =  x  sing*'  +  y  cosg' 

where  the  accents  refer  to  the  fixed  solar  perigee.     It  follows  that  if 

E=  acosX  +  5  sin  A  F=  a'  cos  A  +  b'  sin  N 

be  any  pair  of  the  terms  E  and  ^depending  on  the  argument  A,  the  correspond- 
ing transformed  terms,  which  we  represent  by  E'  and  F',  will  be 

E'  =  ±(a  +  b')  cos  {X+g')  4-  \{a  -  b')  cos  (X-gf) 

+  ±(b  -  a')  sm{X+g>)  +  }(*  +  «')  sin  (X-gf) 

F>  -  \{a>  -  b)  cos  {X  +  g')  +  \{a*  +  b)  cos  (X-g') 

+  l(b>  +  a)  sm(N+g')+\{b'  -  a)  sm{X-g>) 

The  transformed  expressions  thus  arising  are  shown  subsequently  in  Table  XLII. 
As  a  check  against  any  large  accidental  error  in  the  development  of  the  coeffi- 
cients, their  approximate  values,  neglecting  the  small  eccentricities  of  Venus  and 
the  Earth,  were  also  computed  by  analytic  development  as  follows :  Taking  the 
mean  radius  vector  of  the  Earth  as  the  unit  of  distance,  and  putting  a  for  the  corre- 
sponding numerical  expression  for  the  radius  vector  of  Venus,  the  Laplace-Gauss 
form  of  development  will  give 

A-5  =  J23  «  cos  iL 

L  being  the  difference  of  the  heliocentric  longitudes  of  Venus  and  of  the  Earth 
which  we  represent  for  the  present  by  /  and  V  respectively. 

The  expressions  for  the  rectangular  geocentric  coordinates  of  Venus  will  then 
be,  when  powers  of  the  eccentricities  and  inclination  are  dropped  in  the  development 

X  =  —  cos  /'-fa  cos  /         Y  =  —  sin  /'  +  a  sin  /         Z  =  a  sin  /  sin  (/  —  0y) 

where  /  is  the  inclination  of  the  orbit  of  Venus,  and  0V  the  longitude  of  its  node, 
reckoned  from  an  arbitrary  fixed  origin.  Forming  the  product  of  the  several  fac- 
tors which  form  E  and  F,  noting  that  the  summation  changes  from  positive  to 
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negative,  changing  and  transforming  the  indices  so  as  to  reduce  the  summation  to 
its  simplest  form,  the  values  of  E  and  F  take  the  following  general  form : 

sin  I, 


-  2  {{ab^  -  a2b^)  sin  (iL  +  $r)  +  (ab^  -  a2b^)  sin  (iL  -  ll'  +  BY)} 
^{-(ab^ -ofb^)  cos  (iL  +  By)  +  (ab^ -a2  b^)  cos  (iL  -  2l' +  By)} 


F. 


0.'  =  l(abf+v  _  aft  0M)  sin  / 


4 
sin  /. 

4 
If  we  put,  for  brevity 

fit  =  |(a©Y<+,)  -  aV)  sin  7 

we  shall  have 

E  =  2/8.  sin  {t'L  +  B)  +  2/3/  sin  (iL  -  2/'  +  By) 

Z^=  -  2/3.  cos  (#X  +  0T)  +  2/8/  cos  (i£  -  2/'  +  0V) 

The  numerical  values  of  the  coefficients  £(i)  may  be  taken  from  any  one  of  various 
publications.  In  Astronomical  Papers  of  the  American  Efthemeris,  Vol.  V,  Pt. 
IV,  p.  343,  are  found  values  of  c5{i)=a2b{i)  for  Venus  and  the  Earth,  as  follows: 


l  =      0 

c6«= 44.88 

43 

1 
.64 

2 
40.61 

3 
36-52 

3 

4 
[.99 

these  we  find: 

i  =  —  2 

—  1 

0 

4-  1 

4-2 

ia6^=  15.10 

KV»- 10.15 

15-53 
10.91 

15.10 
11.22 

14.05 
10.91 

12.64 
10.15 

p.  +  sinf=    4.95 
/8/-r-sin/=    3.88 

4.62 
4.62 

3.88 
4-95 

3-H 

4.92 

2.51 
4.64 

We  thus  have  the  following  general  expressions  for  E  and  F,  the  axis  of  JTy  in  the 

ecliptic,  being  arbitrary. 

We  use 

sin  /=  .0592 


Then 


F=  4-  .293  sin  (—  2Z  -I-  0V)  +  .229  sin 
+  .273  sin  (—  Z  +  Bv)  4-  .273  sin 
-f  .229  sin  0y  +  .293  sin 

+  .186  sin  (Z  -f  By)  +  .291  sin 
4-  .148  sin  (2Z  4-  Bv)      4-  .274  sin 

F=  —  .293  cos  (— 2Z  4-  0V)  +  .229  cos 

—  .273  cos  (—  Z  +  0V)  +  .273  cos 

—  .229  cos  dy  +  .293  cos 

—  .186  cos  (Z  +  By)       4-  '291  cos 

—  .148  cos  (2Z  -f  Bv)     4-  .274  cos 


-2L-  2V  4-  By) 

-L-2l'     +    By) 

~     2l'+     By) 

_  L     -     2l'     +  By) 

2L  -  2/'  4.  Bv) 

-2L-     2l'     +     By) 

-  L  -   2l>    4-  0y) 

-  2/'  +  By) 

L  -  2l>  4  0T) 

2Z  -  2/'  +  By) 


Measuring  6y  from  the  solar  perigee,  in  longitude  279°.5,  we  have 

0V  =  1550.4  l'=g'  4-180° 
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The  results  both  of  this  computation  and  of  the  analytic  development  are  shown 
in  tabular  form  as  follows: 

TABLE   XLII. 

E  AND    F  FOR    THE    ACTION    OF   VENUS. 


Arg.                                            E 

Arg.                                                F 

^g' 

COS 

sin 

Li    g' 

COS 

sin 

Num. 

Anal. 

Num. 

Anal. 

Num. 

Anal. 

Num. 

Anal. 

0      0 

O        I 

0  2 

1  —2 
I    —I 
I        0 
I         I 

1  2 

2  —2 
2   —I 
2        O 
2        I 
2        2 

+.088 
+.007 
+.124 
+.120 
+.OI2 
+.183 
+.OIO 

+.113 

+.112 
+.OIO 
+.174 
+.OIO 
+.O96 

+.095 

.OOO 
+.008 

+.259 
—.252 
—.006 
+.078 
+.014 
+•237 
—.236 
—.002 
+.129 
+.OI4 
+.198 

.OOO 

0       0 

0     I 

0  2 

1  —2 
I    —I 
I        O 
I         I 

1  2 

2  —2 
2   —I 
2        0 
2        I 
2        2 

+.197 
+.014 

-.255 
—.252 
+.020 
+.398 
+.010 

—.239 
—.236 
+.022 

+.382 

+.006 
—.200 

+.208 

-.266 
—.264 

+•417 

.000 

—.005 
+.116 

—•113 
+.011 
—.034 
—.008 
+.104 
—.104 
—.008 
-.058 
—.008 
+.087 

.OOO 

+.122 
—.121 

+.122 
+.121 

+.266 
—.264 

+.078 

+.191 

—.036 

+.114 
+.114 

+.248 
—.249 

+.132 

—.248 
—.249 

+.114 
—.114 

—.OOO 

+.183 

+401 

+.095 

+.208 

—.208 

+.095 

The  largest  terms  arising  from  E  and  F  are  those  whose  arguments  are  inde- 
pendent of  the  mean  longitude  of  the  Moon,  Sun,  and  Earth.  These  arise  from  the 
constant  terms  of  E  and  F,  which  are,  when  referred  to  the  solar  perigee 


E=  +  .088 


F=  +  .197 


The  computation  of  the  inequalities  arising  from  this  pair  of  terms  will  be  yet 

further  simplified  by  taking  the  node  of  Venus  as  the  axis  of  A.     By  transforming 

to  this  axis  we  shall  have 

E=.oo2  F=  —  .216 

We  may  regard  this  value  of  E  as  evanescent,  thus  confining  the  terms  we  have 
to  determine  to  the  expression 

2F11K 

From  the  expressions  for  £,  77,  and  £  we  find  the  largest  terms  of  the  products 
and  their  derivatives  to  be : 

1%C,=  —  .0895  sin  0  —  .0039  sin  (2/'  —  6)  +  .0006  sin  (27r  —  6) 
2Z>'££=  —  .1786     "    —.0135  "  +.0012         " 

2d& 


de 
zd£n 

dy 


■  .0137      "     +  .0006 
=  —  1.988      '<     —  .   089 


+  .0218 
+  -OI4 


136  ACTION  OF  THE  PLANETS  ON  THE  MOON. 

2rj%  =  +  .0895  COS  0  4-  .OO39  cos  (2^'—  0)  —  .OO06  COS  (27T  —  0) 

iD'rt=  +  .1786     "     +.0135  "  —.0012  " 

2-W-  =  +  .0137     "     —.0006  "  —.0218  " 

2-^=4-1.988      "      +.089  "  -.014  " 

The  resulting  terms  of  H,  heretofore  omitted,  are 

Hm  2E&  +  2Frt 

Taking  the  node  of  Venus  as  origin,  we  have,  as  shown  on  p.   135,  the  following 
terms  of  E  and  F 

F  =  .285  sin  2/'  F=  —  .216  +  .285  cos  2/' 

With  these  numbers  we  find  for  argument  6 

dH 

H  =  —  .0182  cos  0  D'H  =  —  .0348  cos  0  -~~  =  —  .0032  cos  0 

dH  .  dH     dH  dH  0      . 

-By  =  -  -4°3  cos  0  _«._.0  w=  +  .0182  sin  0 

These  derivatives  are  to  be  substituted  in  the  fundamental  equations  (41)  and  (42), 
§  21,  and  each  equation  integrated.     For  the  latter  process  the  factor  of  integration  is 

n 

jr  —  24»-8 

The  product  of  this  into  M  for  Venus  (§  17)  is  —  i".o55 
We  thus  have  the  following  results: 

DJo  ==  -f  .061M cos  0  ^ir,  =  —  .070J/COS  0  Z>n<0o  =  —  2.24J/COS  0 

Bl0  =  -  o".o64  sin  0  Stt0  =  +  ".074  sin  0  S0O  =  +  2".36  sin  0 

Z?nea  =  +  .oooi36J/sin  0  Dnte=  4-  .000047 M  sin  0  Dnty  =  —  .1014^  sin  0       ' 

8a  =  4-  o". 000144  cos  0  &?  =  4-  ".000050  cos  0  By  =  —  o".io7  cos  0 

To  find  the  complete  inequalities  in  /,  n,  and  6  we  must  add  the  respective  quantities 

JBndt  fB^dt,  f80ldi 

of  which  the  expressions  in  terms   of  Sn,  $e,  and  Sy  are  formed  by  §  27,  Eq.  74. 
We  thus  have,  dropping  unimportant  terms, 

Bn  =  —  £ nBa  =  —  o".ooo2i6«  cos  0  Bir^  =  — 0.0148^  —  0.0043^87  =  4-  o". 00046;/  cos  0 

B0l  =  4-  .00388//  4-  . 000667/87  =  —  .00007 in  cos  0 
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The  completed  values  of  hi,  hir,  and  §0  thus  become 

81  =  +  o".o54  sin  0  +  8l0  =  —  o".oio  sin  0 

8tt  =  —  0.115  sin  0  +  8tt0  =  —  o".04i  sin  0  (52) 

80  =  +  0.018  sin  0  +  80o    =  +  2". 38  sin  0 

in  all  which  expressions  0  is  reckoned  from  the  ascending  node  of  Venus. 

The  coefficients  of  the  term  in  2tt  —  0  are,  for  By  and  80,  less  than  one  hundredth 
those  for  0,  and  the  integrating  factor  v  is  less  than  0.3  as  great.  The  coefficients 
in  2/'  —  0  are  but  a  fraction  of  those  in  0,  and  the  integrating  divisor  is  nearly  40 
times  as  great.  We  therefore  conclude  that  the  inequalities  depending  on  these 
arguments  are  inappreciable. 

§  66.  Action  of  Mars  and  Jupiter.  In  Mars  the  product  M  sin  /is  about  .08 
that  for  Venus.     I  have  therefore  not  computed  the  terms. 

In  the  case  of  Jupiter  the  largest  quantities  which  enter  into  the  constant  part 

of  F  are 

ah 

^-=1.26  YZ  =  \a*  sin/  sin/ =0.0231 

Hence 

anF  =  1.26  x  .0231a3  =  -f  .000103 

The  product  io3 MF  is,  approximately, 

For  Venus     —  o".92  For  Jupiter     +  o".i7o 

The  inequalities  depending  on  0  are  proportional  to  this  product.  We  conclude 
that  the  inequalities  arising  from  the  action  of  Jupiter  may  be  derived  from  those 
of  Venus  by  multiplying  the  coefficients  by  —  0.185.  We  thus  have,  from  the 
action  of  Jupiter, 

80  =  -  o".43  sin  {0  -  0,)  Sy=+  0.020  cos  (0  -  0})  (53) 

where  03  is  the  longitude  of  the  ascending  node  of  Jupiter  on  the  ecliptic.  The 
inequalities  of  the  other  elements  are  unimportant. 

§  67.   Combination  of  terms  depending  on  the  longitude  of  the  Moon's  Node. 

The  inequalities  (49),  (50),  (51),  (52),  and  (53),  all  depending  on  the  same  argument 

0,  may  now  be  combined.     We  shall  do  this  for  the  two  epochs,  1800  and  1900. 

The  value  of  II  which  I  have  derived  in  Elements  and  Constants,  p.  186,  there 

called  L1 ',  is 

n  =  i73°29'.7  +  54'.4/  (from  1850) 

Taking  approximate  values  of  the  nodes  of  Jupiter  and  Saturn,  and  this  value  of  II, 

we  have 

1800  1900 

n        i7302'  1 730  57' 
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We  take  the  nodes  of  Venus  and  Jupiter  as  constant,  using  the  values  for  1850 

0v  =  75°-3  ^  =  98°-9 

Carrying  these  values  into  the  inequalities  of  the  elements  in  question  and  combin- 
ing them,  we  find: 

81  =  +  o".029  sin  0  —  0^.27 1  cos  0 
Btt  =  —  o.  10  sin  0      -f  0.80  cos  0 
80  =  +  2.55  sin  0      —  17.33  cos  0  • '  '  (f°r  1800) 
80  =  +  2.31  sin 0       —  17.34  cos  0 "'  (^or  I9°°) 
8y  =  —  o".ii4  cos  0  —  0.769  sin  0  •  •  •  (for  1800) 
fry  =  —  0.103  cos  0     —  0.770  sin  0  •  •  •  (for  1900) 

§68.   Special  computation  of  the  Hansenian   Venus-term  of  long  period. 
The  tollowing  are  the  planetary  and  lunar  arguments  whose  differences  make 

up  the  argument 

i8v—  i6g'  —  g 
of  the  term  in  question. 


Planetary 

Lunar 

(0 

iSv  —  isy 

g~2g' 

(2) 

18       —  17 

g~    g' 

(3) 

18      -  16 

g 

(4) 

18       -15 

g+    g' 

The  coefficients  haJ,  kaJ,  etc.,  are  computed  by  §§  22  and  23.  The  planetary 
coefficients  MK,  MC,  and  MD  are  found  in  Table  X.  The  lunar  coefficients  ap, 
etc.,  are  given  in  the  next  chapter,  Tables  XLVIII  and  XLIX.  For  the  argument 
g  —  g'  we  change  the  signs  of  a,  e,  g  and  k,  as  given  for  the  argument  —  g-\-g'< 

I  have  not  computed  the  coefficients  for  the  argument  £*  —  2g'  believing  their 
effect  to  be  insensible.  Their  characteristic  is  ee'2  =  .000050,  and,  in  the  principal 
term  of  77,  this  is  in  Brown's  theory  multiplied  by  a  factor  of  the  order  of  magnitude 
.04.  The  largest  planetary  coefficient  being  0.5  -f-  io3,  the  value  of  ha  will  be  of 
the  order  of  magnitude  1"  -5-  io9,  which  would  result  in  a  term  in  SI  of  the  order  of 
magnitude  o".o2.  Actually,  the  computation  shows  that  the  combinations  (2)  and 
(4)  are  also  much  smaller  than  (3). 

We  have  now  all  the  data  for  computing  the  coefficients  haJ,  ^M',  etc.,  from 
the  formulae  of  §  22.     The  results  are: 


hj  =  —".5597    -io6 

/'a,/   =+"-4880       -IO6 

KJ  =  -  -0052  -Io3 

^e,/=+      -0047     H-IO3 

hlc'  =  —    .00081  -*-  io3 

hj  =  -    .00094  -r-  io3 

K,c=  +      -084        H-IO3 

*«,.'-+  -095    -iq3 

The  coefficients  for  y  and  6  are  much  smaller,  and  are  omitted.     The  coefficients 
we  have  given  correspond  to  the  argument 

JV-  Ni  =  g  +  i6g'  -  i8v  a  A 
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of  which  the  annual  motion  is 

n  =  -  4747".8 
giving 

v=-  3649 

We  therefore  have  the  following  inequalities  in  /    77,  and  e 

Bl0  =  —  o//.oo3  sin  A  -f  o".oo3  cos  A 
8tt  —  4-  o  .31  sin  A  —  o  .35  cos  A 
Be  =  —  o  .019  sin  yl  —  o  .017  cos  A 

The  term  of  S/0  is  so  minute  as  to  be  unimportant.      For  the  term  in  the  mean 
longitude  arising  from  Bn  we  have 

log  f  i/2  =  7.3005 
which  gives 

8/  =  -  n".i8cos^4  +  9"-75  sin  A  =  i4".83  sin  (A  —  48°55'.2) 

It  will  be  convenient  to  use  the  negative  of  this  argument  in  order  that  its  motion 
may  be  positive.     We  shall  therefore  write 

81=  i4,,.83  sin  (i8v  —  i6gf  —  g  +  228°55'.2) 

where  v  is  the  mean  longitude  of  Venus  measured  from  the  earth's  perihelion. 

It  will  be  of  interest  to  compare  this  result  with  those  reached  by  other  investi- 
gators.    The  following  are  arranged  in  the  order  of  time.     Putting 

Z,  the  mean  long,  of  Venus  — that  of  Earth 

M=  18L  +  2g'  —  g 

and  reducing  all  results  to  the  mass  i-f- 408,000  of  Venus,  there  has  been  found,  for 
the  direct  action,  by 

Hansen*  U=  15". 34  sin  (Af+  2290 .2) 

Delaunayf  =  16  .34  sin  (M  +  228  .5) 

Newcombt  =  14  -8o  sin  (M  -f  229  .5) 

Radau§  =  14  .14  sin  (M  +  229  .0) 

Newcomb  (above)     =  14  .83  sin  (M+  228  .9) 

To  judge  the  precision  of  this  value  we  have  to  estimate  the  error  to  which  the 
development  by  mechanical  quadratures  is  liable.  The  circle  being  divided  into 
60  parts,  any  coefficient  which  we  have  taken  as  A18  is  really  the  sum  of  an  infinite 
series  of  which  the  first  two  terms  are  Al8±  A&.  We  have  dropped  all  the  terms 
after  the  first.     From  the  progression  of  the  coefficients  it  would  seem  that  the 

*  Tables  de  la  Lutie,  p.  9.  t  Conn,  des  Temps,  1862,  App.,  p.  58. 

X  Action  of  Planets,  p.  286,  §  Inegalitis  Planitaires,  p.  113. 
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ratio  A{  :  Ai+1  is  approximately  1 :  1.26,  whence  the  ratio  A18  :  A&  would  be  about 
250.  The  error  of  the  computed  term  may  therefore  well  be  =t  o".o6.  It  has 
been  only  as  this  work  is  in  press  that  the  author  has  looked  into  the  possible  effect 
of  the  slow  convergence  ;  and  while  it  seems  likely  that  the  error  entering  through 
the  coefficients  IT  and  C  will  not  exceed  that  just  stated,  the  same  may  not  be  true 
of  the  coefficient  D. 

A  quantitative  estimate  of  the  correction  may  be  made  in  various  ways;  but 
the  author  is  unable  to  enter  upon  the  subject  in  the  present  work. 

It  is  also  to  be  noted  that  the  term  as  above  computed  contains  the  effect,  what- 
ever it  may  be,  of  the  mutual  perturbations  of  Venus  and  the  Earth.  A  separate 
computation  has  been  made  of  the  fundamental  numbers  due  to  these  perturbations, 
but  as  the  final  result  of  the  coefficients  amounts  to  only  a  fraction  of  a  second,  the 
computation  has  not  been  completed.  The  effect  being  included  in  the  computed 
term,  a  knowledge  of  its  amount  is  necessary  to  compare  the  result  with  that  reached 
by  the  ordinary  method  of  development. 

The  change  in  the  term  as  computed  is  too  minute  to  account  for  the  observed 
variation  of  long  period  in  the  Moon's  mean  motion.  As  the  period  of  this  varia- 
tion seems  to  be  nearly  the  same  as  that  of  the  inequality  under  consideration,  the 
question  naturally  arises  whether  the  effect  of  the  indirect  action  may  be  appreciable. 
This  being  the  most  important  question  in  the  lunar  theory,  a  computation  of  the 
principal  part  of  the  indirect  term  has  been  made.  The  result  being  altogether  un- 
important, it  seems  unnecessary  to  do  more  than  present  such  a  brief  statement  of 
the  method  as  will  enable  the  subject  to  be  taken  up  by  another  in  case  the  author's 
conclusion  is  not  well  founded.  The  required  perturbations  of  the  Earth  by  Venus 
are  most  easily  computed  for  the  case  in  question  by  using,  instead  of  the  Lagrangian 
brackets,  the  corresponding  functions  of  the  coordinates.  The  formulae  necessary 
for  the  purpose  are  found  in  Moulton's  Celestial  Mechanics,  p.  291.  The  eccen- 
tricities have  been  dropped  as  unnecessary,  and  attention  was  confined  to  the  longi- 
tude elements.  The  terms  dependent  upon  the  action  of  the  planet  on  the  Sun  are 
also  dropped,  being  appreciable  only  in  terms  depending  on  small  multiples  of  mean 

a'z 
longitude.     The   development  of  -3-  used  in  the  computation  is  that  in  Action, 

pp.  248-251.     The  result  for  the  indirect  action  is 

Bl=  +  o".044  cos  A  —  o".036  sin  A. 
This,  being  added  to  the  terms  already  found,  gives  for  the  entire  term 

8/=  i4".77  sin  (i8v  -  i6g'  -g  +  2280  54') 
which  is  the  definitive  result  of  the  present  investigation. 


RADAU'S  TERMS.  141 

§  69.  The  Radau  terms  of  long  period.  Radau  has  computed  certain  addi- 
tional terms  of  long  period  due  to  the  action  of  Venus,  with  the  following  results, 
the  arguments  being  reduced  to  those  adopted  in  the  present  work: 

8v=  +0".  140  sin  (2ir-\-g  —  20V  4-  190-'  4-  171  °)  Per.  =  34y.8 

+  o  .110  sin  (g  —  26V  4-  29^-'  4-  620)  127.2 

4-0  .056  sin  (g  —  2 iv  +  2ig)  8.35 

+  o  .019  sin  (ir,  +  g  —  23V  4-  2^g'  4-  295  °)  55 . 

-f  o  .016  sin  (it  +  g—  15V  -I-  ng'  -f  2190)  71. 

—  o  .012  sin  (27T  —  g  +  24V  —  26gf  4-  1590)  58. 

4-  o  .012  sin  (g—  23V  4-  24^-'  +  140)  7.6 

+  0  .008  sin  (tt  —  0+g—  23V  4-  2^g'\+  1010)  28.2 

+  0  .004  sin  (20—  ^4-  23V—  24^+  183 °)  42. 

4-  o  .003  sin  (7r  —g+  2iv  —  2ig'  +  2880)  148. 

The  first  three  of  these  terms  are  the  only  ones  that  need  be  considered  for  the 
practical  applications  of  the  lunar  theory.  The  third  might  also  be  omitted,  but  is 
easily  computed  in  connection  with  the  first. 

For  all  the  terms  except  the  second  the  planetary  coefficients  A,  B,  C,  and  D 
may  be  derived  with  all  necessary  precision  from  the  special  values  of  these  coef- 
ficients given  in  Table  VII,  by  the  following  process.     Putting 

L  =  v-g> 

let  the  value  of  the  planetary  arguments  for  which  we  desire  the  coefficients  be 

N-hL  +  kg* 

Recalling  that  the  720  special  values  of  each  coefficient,  say  A,  are  arranged  in 
12  systems  of  60  indices  each,  the  special  value  of  N  corresponding  to  theyth  sys- 
tem and  the  index  i  will  be 

JVtJ  =  6°  x  /&/4-300  x  kj 

We  may  mark  each  special  value  of  A  in  the  same  way.  The  values  of  the 
coefficients  Ac  and  As  will  then  be  given  by  the  equations 

360^  =  2  Aij  cos  JVitj 

36oAt  =  2  Aitj  sin  Nu 

The  terms  of  A  for  the  special  argument  iVwill  then  be 

A=  Ac  cos  JV+  At  sin  N 

In  most  cases  the  computation  may  be  simplified,  as  in  the  usual  method  of 
executing  periodic  developments,  by  adding  together  in  advance  the  special  values  of 
A  which  are  to  be  multiplied  by  the  same  sine  or  the  same  cosine.    Another  method 
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may  be  used  in  computing  these  terms  by  the  developments  found  in  Action, 
Chapter  III,  §  18.  Some  modification  is,  however,  necessary  owing  to  the  circum- 
stance that  in  that  work  the  rectangular  coordinates  are  reckoned  from  a  fixed  axis 
passing  through  the  earth's  perihelion  or  the  solar  perigee,  while  in  the  present 
case  the  axes  pass  through  the  mean  sun.  It  is  therefore  necessary  to  use  the  ex- 
pressions for  the  geocentric  coordinates  of  Venus  referred  to  this  moving  axis,  a 
development  which  may  readily  be  made  from  the  special  values  already  given 
for  the  coordinates  of  Venus  and  the  sun.  It  is  necessary  to  transform  the  table 
so  that  the  arguments  shall  be  the  mean  anomaly  of  Venus  instead  of  its  mean 
longitude  because  the  development  for  A-5  which  are  tabulated  on  p.  25  of 
Action  have  the  mean  anomaly  of  Venus  as  an  argument. 

I  have  applied  the  method  of  development  from  special  values  to  the  first  term 
with  the  following  results: 

Planetary  Coefficients  for  Arg.  20V  —  2ig' . 

Ac  =  +  -03562  A,  —  4  .00694 

Bc=-  .02999  B,  =  -  .00583 

Ce—  —  .00563  Ct  ■—  —  .00112 

Dc  =  +  .00634  B.  =  ~  -03254 

Kc  -  +  .03280  K,  =  +  .00638 

Ce  =  —  .00282  Ct  —  —  .00056 

The  lunar  portion  of  the  argument  is  equivalent  2D  —  g,  of  which  the  indices  in 

Table  XL  are  (—  1,  o,  2,  —  2).     From  the  numbers  in  this  table  we  find  for  the 

direct  action 

81  =0". 11  sin  (g+  27r  —  20V  +  19^  +  io°) 

7r  being  measured  from  the  earth's  perihelion. 

This  coefficient  is  less  than  that  found  by  Radau  ;  but  the  lunar  argument  is  one 
to  which  the  present  method  is  not  well  adapted  and  a  redetermination  is  desirable. 

None  of  the  other  Radau  terms  are  completely  computed  in  the  present  work. 
Such  computations  as  I  have  made  seem  to  indicate  even  smaller  coefficients  than 
those  found  by  Radau. 


CHAPTER  IX. 

PERIODIC  INEQUALITIES  IN  GENERAL. 

§  70.  For  convenience  we  mention  the  formulae  derived  in  Part  I,  giving 
them  the  special  form  adopted  in  the  actual  numerical  work.  We  recall  that  the 
combination  of  any  lunar  argument  N  with  a  planetary  argument  JV4  gives  rise  to 
two  arguments  G,  iV-j-iV^  and  N  —  N±.  For  each  argument  there  are  two  terms 
in  the  Dnl  of  each  of  the  elements,  one  a  cosine  term;  the  other  a  sine  term.  We 
represent  the  coefficients  of  these  terms  for  the  element  a  by 

ka,o  K»  *«,•'» and  K» 

with  a  similar  notation  for  the  remaining  elements, 

e>  7,  4'  wv  and  °o 

except  that  the  coefficients  for  the  angular  elements  have  the  negative  sign. 

The  expressions  of  these  coefficients  for  the  direct  action  are  given  in  extenso  in 
Part  I  by  the  equations  (46),  (47),  (48),  (50),  and  (51).  For  the  indirect  action  the 
coefficients  are  given  in  (64)  and  (65),  but  we  may  use  the  equations  for  direct 
action  by  making  the  substitution  indicated  in  §  25  {66),  which  gives  the  expres- 
sions for  the  sum  of  the  two  actions. 

For  convenience  in  computation  the  coefficients  are  so  used  as  to  give  the  result 
in  terms  of  o".ooi  as  the  unit.  The  numerical  values  of  the  planetary  coefficients 
practically  used  for  the  purely  periodic  inequalities  are  these 

KJ  =  io*{MKe  -  m*Ge)         CJ  =  io\(%MCc  +  *»/J         De'  -  io\MDe  +  m*/e) 

with  corresponding  values  of  Ks',  C/,  and  D/. 

Since  each  combination  of  a  lunar  with  a  planetary  argument  gives  rise  to  two 
combined  arguments,  one  equal  to  their  sum  the  other  equal  to  their  difference, 
the  coefficients  relating  to  the  latter  are  distinguished  by  accents. 

The  numerical  values  of  the  planetary  coefficients,  as  derived  from  the  numbers 
of  Part  II,  and  just  defined,  are  shown  in  the  following  tables. 

M3 


i44 


ACTION  OF  THE  PLANETS  ON  THE  MOON. 


Values  of  the  Planetaty  K'-Coefficients^  Combining  Direct  and  Indirect  Action. 

TABLE  XLIII. 
Action  of  Venus. 


Arg. 
v,   g' 

K! 

c: 

A' 

'*: 

c.' 

A' 

1—2 
I    —    I 
I          0 

—  0.6 1 
+25.04 
+  2.44 

—  0.37 
—10.73 

—  0.52 

—  0.02 
+35.66 
+  2.31 

—0.1 1 
+0.03 
—0.02 

.00 
—.01 
+.03 

—  0.46 

—  0.05 

—  0.04 

2  —  4 
2  —  3 
2   —   2 
2—1 

-  0.68 
+  6.53 
—29.33 

—  349 

—  0.02 
- 1.74 
+  8.77 
+  0.50 

+  0.61 
+20.01 

-52.76 
—  329 

—0.06 

+1.21 
+0.25 
—0.02 

-.06 

-47 
—.12 
+.03 

—  0.12 

—  4-33 

—  0.27 

—  0.08 

3  -6 
3-5 
3  —  4 
3  —  3 

—  0.31 

—  0.04 
+  10.08 
+  4-64 

+  0.02 
+  0.15 

—  3-25 

—  1.99 

+  0.28 

+  6.54 
+12.11 
—12.92 

—0.24 
—0.61 

+2.25 
+0.19 

+.02 
+.15 
-.69 
—•03 

—  0.22 

—  5.29 

—  2.69 

—  0.16 

4-6 
4-5 
4  —  4 

+  0.61 
+  0.68 
+  7-1 1 

—  0.20 
+  0.03 

-  2.38 

+  0.85 

—  2.19 

—  9.72 

+0.53 
+0.05 
—0.02 

—.19 

.00 

+.01 

—  0.76 
+  0.40 
+  0.08 

5  -8 
5-7 
5  -6 

5-5 

+  0.12 
—  0.43 
+  0.82 
+  8.40 

—  0.04 
+  0.16 

—  0.23 

—  2.43 

+  0.71 
-  0.88 
— 1.36 

—  7-39 

+0.17 
—0.36 
+0.09 

-.05 

+.12 
-.06 

—  1.04 
+  0.78 
+  0.37 

6-9 
6-8 
6-  7 
6-6 

+  0.02 
+  0.18 
+  1.19 
+  7.32 

—  0.01 

—  0.06 

-  0.28 

-  1.86 

—  0.02 

—  0.16 

—  0.1 1 

—  6.64 

+0.03 

+0.14 

+0.24 

0.00 

—.01 

-.05 

-.06 

.00 

+  0.03 

+  0.12 

+  0.21 

0.00 

7-9 

7-8 
7-7 

+  0.18 
+  1.13 
+  6.25 

—  0.05 

—  0.24 

—  1.42 

—  0.16 

—  0.1 1 

—  5-79 

+0.12 

+0.22 

0.00 

—.04 

-.05 

.00 

+  0.1 1 

+  0.21 

0.00 

8-13 

—  0.0045 

+  0.003 

—  1.289 

+0.0661 

—.022 

—15.92 

Note. —  The  units  in  these  tables  are  o".ooi, 
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TABLE   XLIV. 
Action  of  Mars. 


Arg. 
M>    g' 

k: 

c: 

A' 

k: 

c: 

A' 

I   —I 
I       o 

-  0.78 
+  0.18 

+0.13 
—0.31 

+  2.34 
+  0.32 

— O.OI 

+0.08 

+.01 
+.01 

— ox>5 

—0.27 

2   —2 
2   —I 

—n.70 
—  0.45 

+3-97 
+0.38 

+17.04 
-11.08 

+0.34 
—0.63 

—.01 

+.24 

+0.26 
+8.80 

3  —3 
3  -2 

+ 1.38 
+  0.81 

-0.43 
—0.25 

—  0.95 

—  2.44 

+0.16 
+0.89 

—.02 
-.27 

+0.15 
+2.69 

4  —4 
4  —3 
4  —2 

+  0.66 
+ 1.86 
—  0.12 

—0.17 
—0.60 
+0.01 

—  0.20 

—  2.94 

—  0.50 

+0.22 

+1.84 
+0.59 

—.04 

-.64 
-.25 

+0.21 
+3.05 
-4.90 

5  -4 
5  -3 

—  0.52 
+  0.04 

+0.18 
—0.02 

+  0.34 
—  0.19 

-0.68 
-0.47 

+.21 
+.15 

-0.48 
—1-73 

6  -5 
6  -4 
6  -3 

—  0.22 
+  0.04 
+  0.15 

+0.07 
—0.02 
—0.05 

—  0.03 

—  O.I  I 

+  0.69 

-0.33 
-0.74 
-0.08 

+.09 
+.25 
+.05 

—0.06 

—1.34 
+0.50 

IS  -9 
15  -8 

-f  O.I  I 

+  0.04 

—0.02 
—0.02 

—  0.13 

—  1.55 

-0.15 

0.00 

+.04 
+.01 

—0.25 
—0.70 

TABLE   XLV. 
Action  of  Jupiter. 


Arg. 
J1    g' 

k: 

c: 

A' 

k: 

c; 

A' 

+  1    -2 

+  1    -I 
+  1        0 

—  4.25 
-41.87 
+ 1.45 

+  072 
+12.87 
+  0.21 

+  4.20 
+61.07 
+  2.08 

—0.72 
—1.53 
+1.35 

+o.'i9 
+0.28 
—0.12 

—  043 

—  1.67 

—21.72 

+2  —3 
+2   —2 
+2   -I 
+2        0 

+  2.01 
+30.81 
+  7.86 
—  0.21 

—  0.41 

-  8.39 

-  2.88 

—  0.04 

— 1.98 

—17.37 
—12.22 
+  0.53 

—0.20 
+0.38 
+3.26 
—0.14 

+0.02 
—0.06 
—0.94 
—0.01 

+   O.IO 

+  0.35 
+  5.29 
+  0.17 

+3  -3 
+3  -2 
+3  -1 

+  4.53 
-  0.15 
+  0.24 

—  0.63 
+  0.06 

-  0.08 

—10.71 
+  0.18 
—  0.40 

—040 

—5-93 
-0.97 

+0.08 
+1.67 
+0.38 

—  0.39 

—  3.69 

—  1.67 

TABLE   XLVI. 
Action  of  Saturn. 


Arg. 
Si    g' 

k: 

c> 

d; 

k: 

c; 

D' 

c 

I  —I 

1  0 

2  —2 
2   —I 

—246 
+0.01 

+1.33 
+0.66 

+0.83 
+0.03 

—0.33 
—0.23 

+348 
—2.64 

-1.57 
—0.94 

—0.03 
+0.01 

0.00 
+0.02 

+0.01 

—0.01 

0.00 
—0.01 

—0.03 
—0.50 

0.00 
+0.0S 
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§  71.  The  lunar  coefficients  fall  into  two  classes,  one  determining  the  elements 
a,  e,  and  y  and  called,  for  brevity,  the  a-coefficients;  the  other  determining  /,  tt, 
and  9,  and  called  the  ^-coefficients.  Those  of  the  first  class  are  computed  by 
the  formulae  of  §  20  and  §  22  ;  those  of  the  second  class  by  the  formulae  of  §  23, 
Eq.  (50).     In  the  computation  we  write  k  for  k4. 

The  a-coefficients  are  the  nine  products  of  the  factors  a,  e,  and  g  defined  in  §  22, 
Eq.  43,  into  p,  q,  and  k. 

From  §  22,  (46)  to  (48),  it  will  be  seen  that  by  using  the  planetary  factors  in  the 
form  just  given  and  taking  the  a-coefficients 

a/,  aq,  \ak,  etc. 

the  coefficients  of  the  terms  of  Dnt(a,  e,  and  y)  will  each  be  the  sum  of  three  prod- 
ucts of  two  lactors  each.  But  the  quantities  we  actually  compute  are  the  values 
of  2§e  and  2§y.     We  therefore  double  the  coefficients  for  he  and  By,  using 

2e^,  2eq,  ek ;  2gfi,  2gq  and  gk 

We  have  also  multiplied  the  inequalities  of  ir  and  6  by  the  factors  2e  and  2y, 
required  to  reduce  them  to  inequalities  of  the  actual  longitude  and  latitude.  To  do 
this  we  take  for  the  nine  Z-coefficients 

Z',  Z",  |Z4;   2eP\  2eP",  ePt;   27/?',  277?",  yJ?4 

Each  of  the  coefficients  to  form  a  term  of  DJW  2eDntTr0  or  2yDnl60  will  then  be 
the  sum  of  three  products  formed  by  taking  one  factor  from  one  of  the  Tables  XLIII 
to  XL VI,  and  the  other  from  Table  XLIX,  the  product  D'L^  being  divided  by  2. 

TABLE   XLVII. 
Data  for  a-coEFFiciENTs. 


Arg. 

g  g'  *  v 

Arg. 

i     i' 

i" 

a 

e 

g 

0000 

O 

0     0 

0 

0.0000 

00.0000 

00.0000 

OIOO 

€ 

0     0 

0 

0.0000 

00.0000 

00.0000 

I  —I    0     0 

t-t 

1  —1 

0 

+2.0529 

+19.137 

—00.0029 

IOOO 

g 

1  —1 

0 

+2.0529 

+19.137 

—00.0029 

I      I    0     0 

g+t 

1  —1 

0 

+2.0529 

+19.137 

—00.0029 

2000 

2g 

2  —2 

0 

+4.106 

+38.274 

—00.0058 

—2   —O     2   —2 

2T>—2g 

0     2 

0 

—0.0602 

—38.307 

—00.0400 

—  I        O     2   —2 

2T>—g 

1      1 

0 

+1.9927 

—19.170 

—00.0429 

0       0     2   —2 

2D 

2     0 

0 

+4.0456 

—00.0336 

—00.0458 

I02   —2 

2D+£ 

3  —1 

0 

+6.098 

+19.103 

—00.0487 

0—I2   —2 

2D—  g 

2        0 

0 

+4.046 

—00.0336 

—00.0458 

OI2   —2 

2D+/ 

2        O 

0 

+4.046 

—00.0336 

—00.0458 

—  I020 

2A—  g 

I         I 

—2 

+1.978 

—19-175 

+11.0971 

0        0     2        0 

2k 

2       O 

—2 

+4.0306 

—00.0388 

+11.0942 

I020 

2k+g 

3  —I 

—2 

+6.083 

+19.098 

+11.0913 

0       0     0        2 

2A' 

O       O 

—2 

+0.015 

—  0.005 

+11.140 
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TABLE  XLVIII. 
Lunar  a-coEFFiciENTs  for  a,  ey  and  y. 


Arg 

uments. 

2$ 

y22ik 

y2zk 

J/2& 

aq 

ep 

tq 

gp 

g? 

g>g' 

Xk 

.      - 

/,    *,      0,    £•' 

0 

O 

0 

0 

OOO 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

I 

0 

0 

0 

+  1    —I        0 

0 

—0.032  09 

—.11147 

—0.034  81 

—0.299  1 

—1.039 1 

—0.3246 

+.00005 

+.00016 

+.OOOO5 

2 

O 

0 

0+2  —2        O 

O 

—0.00s  13 

+.001 97 

—0.004  99 

—0.047  84 

+0.018  37 

—0.046  50 

+.00001 

0 

+.000  01 

—  I 

I 

0 

O— I   +1        O 

+  1 

+0.000 13 

—.00073 

+0.00008 

+0.001  24 

—0.006  79 

+0.000  77 

0 

0 

0 

I 

I 

0 

0+1  -1      0 

+  1 

— 0.001  39 

+.00056 

—0.001 38 

—0.012  92 

+0.005  26 

—0.012  82 

0 

0 

0 

—  I 

O 

2 

O+I    +1    —2 

0 

—0.000  04 

—.00032 

+0.000 10 

+0.000  38 

+0.003 17 

—0.00096 

—.00022 

—.001  78 

+.00056 

O 

O 

2 

0+2        O  —2 

0 

—0.000  77 

+.024 10 

—0.00077 

+0.000  01 

—0.000  23 

+0.000  01 

—.002 11 

+.06634 

—.002  II 

I 

O 

2 

O 

+3  -1  -2 

0 

—0.00006 

+.00199 

—0.00006 

—0.000  19 

+0.00630 

—0.000 19 

—.00011 

+.00366 

—.000  11 

—2 

O 

2   - 

-2 

O  +2        O 

—2 

—0.000  235 

—.000  054 

—0.000  216 

—0.149  20 

—0.034  28 

—0.13790 

—.00016 

—.00004 

—.000  14 

—  I 

0 

2   - 

-2 

+  1    +1        0 

—2 

—0.16243 

-.018  53 

—0.16295 

+1.562  6 

+0.1783 

+1.5675 

+.003  50 

+.00040 

+.00351 

O 

O 

2   - 

-2 

+2O0 

—2 

+  1.9949 

—.028  26 

+1.99470 

—0.016  56 

+0.000  23 

—0.016  56 

—.022  58 

+.00032 

—.022  58 

I 

0 

2   - 

-2 

+3  +1       O 

—2 

+0.1660 

—.001 28 

+0.1660 

+0.519  98 

—0.00401 

+0.51998 

—.001 32 

+.00001 

—.001 32 

0 

I 

2   - 

-2 

+2       0        0 

—  I 

—0.006  43 

+.00006 

—0.00641 

+0.000  05 

35  -*- 108 

+0.000  05 

+.cx)07 

687-T-109 

+.00007 

O  ■ 

—  I 

2   - 

-2 

2        0       0 

—3 

+0.006  51 

—.00012 

+0.006  35 

—0.000  05 

708  -=-  IO9.  J 

—0.000  05 

—.00(  >  07 

137-T-108 

—.00007 

O 

0 

O 

2 

0       0—2 

+2 

+297 -J- IO7 

— 63-5-107 

— 297-Hio7 

— 99-r-io7 

+  21-5- IO7 

+99-J-107 

+.022  06 

—.00468 

—.02206 

TABLE  XLIX. 

Lunar  Z.-coefficients  for  /,  it,  and  6. 


Arguments. 


g,  g'  *,  * 


0  —I 

1  —I 
-I       o 

0  o 

1  o 
-2  —I 
-2        I 


2  —2 

2  —2 

2  —2 

2  —2 

2  —2 

2  —2 

2  —2 

2  —2 

O  2 

O  2 

O  —2 

2  —2 

2  —2 


/,  7T,  e9g> 


o 

+1 

+2 

—  I 

O 

+  1 
+  1 
+2 

+3 
o 

+1 
+2 
+3 
+4 
+1 
+2 
+3 
+  1 
2 

3 

—I 
o 

+  1 


o 
—I 

—2 

+  1 

O 

—  I 

+  1 


O  —2 
—  I  —2 
+2+0 


+  1 
O 

—  I 

—  I 

+  1 

o 
—I 

+1 

o 
—I 


+  1   -2 

O   —2 

—  I    —2 


O 
O 
O 

4 
+  1 
+1 
o 
o 
o 

—2 
—2 
—2 
—2 
—2 

—  I 

—  I 

—  I 

-3 
—3 
—3 

+2 
+2 
+2 


—0.082 
—0.123 
— 0.010 
—0.000 
—0.005 
—0.005 
—0.000 

—0.000 

—0.000 
+0.013 
—0.302 

+1.992 

+0.102 
+0.005 
—0.003 
—0.009 
—0.00 1 

+0.001 

+0.009 

+0.002 

—0.000 
+0.005 
—0.000 
—0.000 
+0.000 


04 
05 

OS 

32 

454 

59 

09 

99 
16 
67 
23 
22 
62 
12 
614 


+2. 
— O. 
+0 
— O. 

+0 

+0 

+0. 

+0 

+0. 
+0 

— o, 
— o 
— o 
— o. 
— o. 


22     +0, 

58  +a 
810;— o. 
43    —Ok 

27  '— o. 

II    1—0. 

6s   — o. 


37 

019 

IOI 


— o. 
+0 
— o 


00431 
.19914 

.00248 
,003  16 
.001 241 
.00242 

000  II 

01775 

00105 
00684 

.070  22 

.07697 
00234 
OOO  II 
OOO  172 
.OOO94 
.OOOOI 

003  176 

004  14 
OOO  15 
OOOO7 
.OOI  69 
000  9S 
.000130 
.000006 


—0.27S  07 

—0.019  74 
+0.002  44 
—0.014  128 
—0.010  86 
+0.000  38 
—0.00203 
—0.000  32 
+0.023  5i 
—0.612  74 

+3.984  14 
+0.205  24 
+0.010  24 
—0.007  273 
—0.018  40 
—0.003  16 
+0.003  661 
+0.018  66 
+0.004  54 
—0.000  22 
—0.0 1 1  29 
+0.00000 
—0.000  207 
+0.000  224 


ieP' 


—0.1 16  35 
+0.595  03 
+0.077  07 
o 
—0.004  743 
+0.02651 


+O.000  02 


—0.208  75 
+3. 1 17  20 
+0.208  00 
—1.02738 
—0.1 14  62 
+0.015  98 
+0.000  02 
+0.006  73 
—0.009  992 
—0.000  02 
—0.008  927 


—0.000  23 


+0.000  915 
—0.002  797 


leP' 


— 0.181 96 
+2.056  09 
+0.057  30 
+0.006  73 
—0.001 172 
—0.000  39 
+0.024  25 
+0.003 15 
—0.008  24 
—0.06908 
+0.36088 
+0.022  69 
+0.007  90 


+0.01 5  462 
+0.000  01 
—0.004  64 


+0.000  04 


eP> 


+0.640  4 
+0.072  8 


—O.006  S3 
+0.027  o 


+0.000  02 


—0.275  19 

+3-1 17  4 
+0.298  I 
—1.0273 
—0.1 14  6 
+0.015  785 


+0.0063 

MHO  I 

—O.OOO  02 
—0.0088 


+0.000  22 


—O.0O2  766  +0.002  976 

—0.000  042—0.002  966 


2yR 


.003  85 
.002  46 
.00001 


—.000073 


+.00433 


+.00004 
00500 
+.045  17 
+.00180 
+.00001 
.000003 


+.000002 


.04875 


2TR" 


+.135  12 
—.012  85 


+.000  041 


+.OI4  50 
—.I37OO 
—.OO49O 
+.OOOOI 

—.001  36 
—.010  28 


.000  003 


+.00885 


r*t 


.00250 
.00004 


—.OOO  12 


+.OO378 


+.00004 
—.005  03 
+.045  14 

+.001  75 
+.000  01 
—.000002 


+.000001 


+.04880 
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§  72.  From  these  two  tables  the  four  coefficients  for  each  element  are  formed  by 
the  following  computation,  an  adaptation  of  (46)  to  (51) 

The  inequalities  of  e  have  received  the  factor  2,  and  those  of  tt  the  factor  ie  in 
order  to  transform  them  into  the  principal  terms  of  the  true  longitude  without 
further  multiplication. 

Two  other  points  which  may  be  recalled  are  these:  (1)  We  use  k  instead  of  k4 
in  the  formulae;  (2)  it  is  to  be  recalled  that  Ce'  and  Cj  contain  only  ^C,  as  that 
symbol  is  used  in  Part  I. 

Element  a 
*i  =  K.'*P  -  C,'*g  a2=-  Kl*p  +  CJag 

K  c  -  W**  +  ai  K :  =  W*k  -  ax 

**.-  *,  +  \D,'*k  hj  =  a2-  \DJzk 

Element  e 
cx  =  2Ktfep  —  2  C/eq  e2  =  —  2/CJep  +  2  C/eq 

2//e>  c  -  DJek  -f  ex  2he<  *  =  DJek  —  et 

*K  s=e2+  D*tk  2/ie>  /  =  e2  -  B/ek 

Element  y 
7i  =  2K/g?  ~  2  C*'%q  72  =  -  2Ke 'gj>  +  2  CJgq 

**»  0  -  DJgk  +  7l  2hy> :  =  DJgk  -  7l 

**» .  -  72  +  z>.'g*  2^Y>  /  =  72  -  njgk 

Element  l0 
\  =  KJL'-CJL"  \  =  KJL'-CJL" 

\  c  =  \-  \DJLA  hK  I  -  \  +  iZ>/ A 

/., , = iz>c'z4 + \         *<  / = \d:l,  -  \ 

Element  tt0 
w1  =  2KJeP'  -  2  CJeP"  ir2  =  2KJeP'  -  2  CJeP" 

2e/in,e  =  w,  -  DJePi  %ekmJ  =  trx  +  DJeP, 

2eh„tt  -  DJeP,  +  tt2  2eh„J  =  DJeP,  -  tt2 

Element  0O 
Bx  =  2Kc'yP'  -2Ce'yJR"  62  =  2K/yjR'  -  2Cs'yP" 

*VK  c=0x-  DJyR,  2**,,  J  =  ex  +  DJyR, 

27/V .  =  DJyR,  +  62  2yhe> :  =  BJyR,  -  62 

In  the  exceptional  cases  when  one  of  the  constituent  factors  of  either  class, 
planetary  or  lunar,  is  a  constant,  there  will  be  a  merging  of  the  accented  and  unac- 
cented arguments  and  terms. 
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For  the  case  N  =  o,  a,  e  and  g  all  vanish,  and  we  have 

D  ,a  =  D  fe  =  D  ,7  =  o  k  =  o 

nt  nt  nt  ' 

while  (49)  of  §  23  may  be  written 

-  DJ%  =  (2Kc'L0>  -2Cc'L0")  cos  JVt  +  {%K!L>  -  2C/L>')  sin  N, 

We  have,  therefore,  in  this  case,  only  to  double  the  values  of  the  Z-coefficients 
for  argument  o. 

In  the  combination  of  a  constant  planetary  factor  (7V4  =  o)~with  a  periodic  lunar 
factor  we  may  use,  instead  of  (46) 

/iaiS  =  -2K0'a?  +  2C0faq 


Then 


Sot.  =  —  vha  s  cos  JV 


with  similar  equations  for  e  and  y,  formed  by  writing  e  and  g  for  a.     We  also  have, 
instead  of  (51) 

^iC  =2/<yz'- 2  cyz" 

Then 

Bl0  =  —  vhlCj  sin  JV 

with  similar  equations  for  rr  and  6. 

As  neither  D  nor  /  has  a  constant  term,  there  are  only  cosine-terms  of  this  class 
in  a,  e,  and  y,  and  only  sine-terms  in  /,  tt,  and  0. 

From  these  coefficients  for  the  Dnt  of  the  elements  we  have  those  for  the  ele- 
ments themselves  by  multiplication  by  the  integrating  factor  v.     The  motion  of  the 

lunar  argument  is 

in  +  t'irl  4-  i"6x  +  jn'  ==  n 

and  that  of  the  planetary  argument 

k'n'  4-  kni  =  n4 
We  compute 

n  1 


n  4-  n4      n  4-  n4 
n  1 


v  = 


n  —  Ni      n  —  n4 
Then  the  coefficients  which  we  compute  are 


*.  —  **.,. 

ac  =  -vK,, 

<  =  v'KJ 

««'  =  ~v'haJ 

2es  =  2vketC 

2ec  =  —  2vkes 

2e,'  =  2v'/tec' 

2eJ  =  -  lifhj 

27,=  2v/lyc 

27c  =  —  *vhyit 

27/=  2v'h^J 

27/  =  -2v'hyJ 

2£7TS  =  —  1/  X  2£AV|, 
2<?7TC  =  4-  1;  X   2^, 

with  similar  forms  for  6  when  required. 
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The  inequalities  of  the  elements  are  then 

81  =  lc  cos  (IV +  JV4)  +  /.  sin  (IV  +  JV4)  +  IJ  cos  (JV-  JV,)  +  //  sin  (JV-  JVt) 


6V  ==  irc 

n 

+  *". 

«« 

+  ».' 

<« 

+  7T/ 

Bd  =  ee 

C( 

-he, 

(i 

+V 

<« 

+  «.' 

A  similar  computation  was  made  for  y  and  0;  but  the  results  were  unimportant  in 
all  but  one  of  the  arguments. 

§  73.  The  motions  of  the  arguments  from  which  the  integrating  factors  v  or  v 
are  to  be  computed  are  the  following.  The  sidereal  motion  for  a  Julian  year  is 
given  in  revolutions  for  the  lunar,  and  in  seconds  for  the  planetary  arguments. 
Then  follows  the  ratio  of  each  to  the  mean  motion  of  the  Moon. 

Motions  of  Arguments. 

Mot.  in  365s. 25  n 

g">  gx=  i3r-255  523  0.9915452 

/;    n=  13  .368  513  1. 

7r;  tt1=  O  .112  990  0.0084518 

6 ;  6l  =  —  o  .053  765  —  0.004  0218 

Venus  2106  641". 38  0.121  5913 

Earth  1295  977  .43  0.074  8013 

Mars  689  050  .9  0.039  7707 

Jupiter  109  256  .6  0.006  3061 

Saturn  43  996  .2  0.002  5394 

The  elemental  inequalities  computed  from  these  formulae  are  shown  in  tabular 
form  on  the  following  pages.  On  making  the  computation  it  was  found  that  the 
coefficients  for  a  were  so  minute  that  no  terms  in  the  parallax  would  need  to  be 
considered,  and  only  in  some  exceptional  cases,  generally  terms  of  long  period,  did 
the  inequality  of  y  affect  the  longitude.  The  coefficients  for  these  elements  are 
therefore  omitted  in  the  tables  of  longitude  elements.  The  given  coefficients  are 
those  for  the  mean  longitude,  8/,  280,  ^87r.  It  must  be  remembered  that  the  accented 
e'  and  7/  do  not  refer  to  solar  elements,  but  designate  only  the  coefficients  depending 
upon  the  differences  between  the  lunar  and  the  planetary  arguments,  while  the 
unaccented  coefficients  depend  upon  their  sum. 

It  was  also  found  that  the  inequalities  of  y  and  6  were  insensible  in  nearly  all 
cases.  The  few  terms  of  these  elements  found  to  be  sensible  are  therefore  given 
separately. 

§  74.  Terms  with  purely  Lunar  Arguments.  We  here  make  a  single  com- 
putation for  the  combined  action  of  all  the  planets.  To  include  the  effect  of  the 
indirect  action?  we  have  only  to  modify  the  values  of  MK^  etc.,  as  indicated  in  (66). 


INEQUALITIES  OF  ELEMENTS.  151 

Then,  from  the  values  of  the  constant  term  already  given  for  the  four  principal  dis- 
turbing planets  in  §54  we  find 

io*2MK0  =  4-  6".o7o  io^MC0  =  -  $".>]6 

-  io3m2G0  =  -  0.459  ioW/0  =  +  0.153 

io3/i7  =  4-  5.61 1  io3C0'  =  —  2.727 

For  the  terms  in  question  we  now  have,  for  each  lunar  argument 

K,s  =  -  n//.22a/-5".45a^ 
Kt,  =  -n'/.22e/-5".45e^ 
and 

hhc  =  +  n".22L'  4-5'/.45Z" 

/^c  =  4-ii".22/5'4-5',-45^" 

the  terms  in  y  and  6  being  omitted  as  unimportant. 

The  inequalities  of  /0,  e,  and  tv  may  now  be  computed  as  in  §§  26  and  27.     The 
most  condensed  formulae  of  computation  are 

io3/  =  -  v2(i6".8aj>  4-  8".2a?)  -  v{n"  .2L'  4-  S^L") 
itfeir,  -  -  v(ii".2eP'  +  S^eP") 
io3*c  =  4-  p(ii".2ep  4-  5-4e?) 

The  elemental  inequalities  then  are 

hi  =  I  sin  N  ehir  =  eirm  sin  N  Be  =  e  cos  JV 

8  t  e 

The  results  of  this  computation  for  the  only  terms  which  I  have  found  to  give 
any  appreciable  result  are,  in  units  of  o".ooi; 


Arg. 

103/. 

IOJ<?c 

icPen, 

g 

3-8 

-      9.O 

-     9.0 

2D  —  zg 

+    "-5 

+    H.O 

—  i3-6 

2D  —  2g 

4-    8.2 

4-  21.6 

-21.5 

2D 

—  22.0 

—    0.1 

-    0.9 

zX! 

4-    0.4 

4-    2.0 

4-    2.0 

The  only  corrections  of  the  true  longitude  to  be  considered  are  the  following 
to  the  evection  and  variation. 

hv  =  4-  o/;.036  sin  {2D  —  g)  4-  o".02i  sin  2D. 

§  75.  Elemental  Inequalities.  The  miscellaneous  inequalities  of  the  mean 
longitude,  the  eccentricity  and  the  perigee,  as  given  by  the  preceding  formulae  and 
data,  are  tabulated  in  the  following  pages. 

It  may  be  repeated  that  the  mean  longitudes,  v,  m,  j,  and  s,  are  measured  from 
the  solar  perigee, 
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Periodic  Elemental  Inequalities  in  Units  of  o."ooi. 
Terms  Independent  of  the  Lunar  Arguments.     (JV=  o.) 


Action  of  Venus. 

Action  of  Mars. 

Arg. 

V 

—  14 

/ 

c 

2ent 

tenc 

Arg. 

V 

I 

h 

2  en 

2  en 

c 

V 

+     8.22 

—    I 

+    6 

0 

M 

+  25.1 

—  30 

—     1 

+  4 

—   0 

V-^ 

+  21.37 

-831 

+  I 

+208 

0 

M— g 

-  28.6 

—  11 

+     1 

+  7 

O 

V—  2g 

—  3S-70 

+  56 

—    I 

0 

—  i 

2U—g 

+2II.0 

+308 

-181 

-48 

+49 

2V—2g' 

+    IO.69 

+324 

+    5 

—107 

—  1 

2TA—2g? 

—    14.27 

—200 

0 

+60 

0 

2V—3gf 

+   53-25 

-314 

+  90 

+114 

-24 

3M— 2g' 

—  33-o 

+  29 

—  31 

—  9 

+10 

2V—4g' 

-   17.85 

+    3 

—    4 

+    3 

0 

3M-3^ 

-    9-5 

+  14 

0 

—  4 

0 

3V— 3^ 

+      7.12 

—  51 

+     1 

+  13 

0 

4M—  2g 

+  105.5 

+    2 

+  95 

—  3 

—24 

3V-4^ 

+    15.25 

—173 

+  36 

+  54 

—12 

4M— 3^ 

—  15.3 

+  32 

—  35 

—10 

+  10 

3V— 5^ 

-108.3 

-48 

+  54 

+  30 

—21 

5M-3^ 

—  39.1 

+  23 

—  20 

—  1 

-  6 

5V-8iT 

+  105 

-  15 

+  18 

+     4 

-  6 

l5M-8^ 

-540.5 

+  39 

+  22 

—  9 

—  2 

8V-13/ 

+310.4 

+  16 

+246 

-    5 

-74 

Action  of  Saturn. 

Action  of  Jupiter. 

Arg. 

V 

I. 

K 

2e7Zs 

2  en 
c 

Arg. 

V 

• 

/ 

c 

2  en 

8 

2  en 

c 

S 

+  39.4 

+  48 

+  16 

—    4 

0 

J 

+1586 

+171 

+  41 

+     41 

-57 

S-£' 

- 13.8 

—  40 

0 

+  11 

0 

J-g 

—  14.6 

—652 

+ 13 

+  2IO 

—  7 

2S— ^ 

—  14.3 
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§  76.  Reduction  to  inequalities  of  true  longitude  and  collection  of  results. 

To  complete  the  work  it  is  necessary  to  transform  the  elemental  inequalities  into 
inequalities  of  the  coordinates.  As  already  remarked,  the  parallax  appears  to 
contain  no  sensible  terms  arising  from  the  action  of  the  planets;  only  inequalities 
of  longitude  and  latitude  are  therefore  considered.  In  the  case  of  terms  of  very 
long  period  the  transformation  to  true  longitude  is  unnecessary,  because  these  terms 
can  best  be  used  and  compared  as  elemental  inequalities.  A  precise  classification 
can  not,  however,  be  made  between  the  terms  which  are  to  be  transformed  and  those 
which  are  not.  What  has  actually  been  done  is  to  retain  as  elemental  inequalities 
those  depending  on  the  longitude  of  the  Moon's  node,  because  though  they  may 
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ultimately  be  transformed  for  use  into  the  inequalities  of  the  coordinates,  they  are 
to  be  combined  with  terms  arising  from  the  compression  of  the  Earth  having  the 
same  argument.  The  two  Venus-terms  of  very  long  period  have  not  been  trans- 
formed because,  as  already  remarked,  they  can  be  most  conveniently  applied  to  the 
elements.  To  transform  the  other  terms  put  hv,  the  perturbations  in  longitude  in 
orbit.     Then 

v  =  I  -\-  2e  sin  g  -f-  ^e2  sin  ig 

8v  —  81  +  2&e  sin  g  +  \e8e  sin  2g  +  2e8g  cos  g  -f  | e28g  cos  2g 
Substituting 
81  ==  /  cos  G  +  I,  sin  G  8tt=  ire  cos  G  -\-  irs  sin  G  8e  =  ec  cos  G  -f  eg  sin  G 

8l—8iT==8g=gt  cos  G -\-  Gs  sin  G 
we  shall  have 

8v  =  81  -f  2et  sin  G  sin  g  -f  2<?c  cos  (9  sin  £ 

-f  2£§;  cos  G  cos  £•  -f  2<?g-f  sin  G  cos  g* 
+  \eeH  sin  £  sin  2£-  -f-  ^eee  cos  (9  sin  2g 

+  f  ^c  cos  ^  cos  2g  +  f e^",  sm  ^  cos  2£" 
-  **-  K  ~  ege)  cos(G  +  g)  +  (ec  +  eg,)  sin  (G  +  g) 
+  («.  +  ^J  cos  ((9  -£■)  -  (ec  -  egs)  sin  (£  - g) 
-  \<e,  -  <?gc)  cos  (G  +  2g)  +  H*0  +  *£-,)  sin  (£  +  2^) 
+  Hes  +  *&)  cos  (G  ~  2S)  ~  Kec  ~  eg.)  sin  (G  -  2g) 
In  nearly  or  quite  all  cases  we  may  drop  terms  of  the  second  order  in  e  and  use 

8v  =  /  cos  G  +  I,  sin  G  +  \e{lc  -  ttc)  -  e,]  cos  (G  +  g)  +  [*(/,  -  *-,)  +  *J  sin  (G  +  £) 

+  M'.  ~  *.)  +  <]  cos  {G-g)+  [</,  -  irg)  -  ee]  sin  (£  -*) 

The  subsequent  processes  are  so  simple  and  familiar  as  to  scarcely  need  statement. 
All  terms  of  Sv  depending  on  the  same  argument  are  combined  into  two,  one 
depending  on  the  sine,  the  other  on  the  cosine  of  the  argument.  Their  values  are 
shown  for  each  argument  in  the  following  table.  The  two  terms  are  then  combined 
into  a  monomial  satisfying  the  equation 

vg  sin  G  -f  vc  cos  G  =  8v  sin  ( G  +  A) 

Terms  of  which  the  coefficient  hv  was  less  than  o".oo3,  have  generally,  but  not 
always,  been  dropped.  It  will  be  seen  that  even  exceeding  this  limit  there  are 
more  than  150  periodic  inequalities.  These  are  so  arranged  that  any  one  argument 
can,  it  is  hoped,  readily  be  found  on  a  system  which  will  be  evident  by  a  little 
examination. 

The  constituents  of  the  arguments,  including  77,  are  all  measured  from  the 
Earth's  perihelion  (V  =  990.5).  The  secular  variations  of  the  coefficients  of  the 
periodic  terms  are  omitted,  because  they  can  better  be  derived  by  varying  the 
eccentricity  of  the  Earth's  orbit  in  the  expressions  for  the  inequalities  due  to  the 
Sun's  action. 
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Action  of  Mars. 
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Action  of  Jupiter. 
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§  77.  Inequalities  of  the  elements  which  have  not  been  reduced  to  inequali- 
ties of  the  longitude. 

Mean  longitude. 

l=l0  +  nt  +$".8oT2+  o//.oo2o7,3+  i4"-77  sin  (i8v  -  i6g'  —  g  +  228°54') 
4-  0^.247  sin  (8v  —  i^g'  +  86°. 4)  4-  o".030  sin  0  —  o".273  cos  0 

Longitude' of  Perigee. 

^  =  7^  +  7^4-  253,'.22r-38//.49r2-o".oi3r3  +  o".47  sin  (i8v  -  i6g'  —  g+  228°.s) 
-  o".67  sin  (8v  —  l^g' +  86°. 4)  —  o".io  sin  0  4-  o".8o  cos  0 

Longitude  of  Node. 

e^d^  +  Bj-  i37".85  T+  f.62  T2  4-  o".oo26Tz  4-  2"-55  sin  0  -  i7"-33  cos  0  (1800) 

4-  2" . 31  sin  0  —  17". 36  cos  0  (1900) 

Sin  y2  Inclination. 
Sy=—  o".n5  cos  6  —  o".769  sin  0  (1800) 

—  o".io4  cos  0  —  o".77o  sin  0  (1900) 

Hence: 

Inclination. 

BI=  —  o'/.230  cos  0  —  i"-539  sin  0  (1800) 

—  o/'^oS  cos  0  —  i".54i  sin  0  (1900) 

It  may  be  found  advisable,  in  the  construction  of  new  lunar  tables,  to  include 
also  the  term 

g/  =  o" .256  sin  (27T  —  2J) 

in  the  mean  longitude.  The  effect  of  including  this  term  in  the  preceding  trans- 
formations is  that  the  Jovian  evection,  and  the  coefficient  of  the  term  of  argument 
27T  —  2J  —  g,  have  each  received  the  increment  -{-  o".oi4.  Hence,  if  the  term 
were  included  in  the  mean  longitude,  the  coefficient  of  the  Jovian  evection  would 
be  —  i".i54,  and  of  the  other  term  named  —  o".oo4. 

§  78.  Remarks  on  the  Possibility  of  Unknown  Terms  of  Long  Period.  In  his 
Researches  on  the  Motion  of  the  Moon,  published  in  1878,*  the  author  found  that 
the  representation  of  the  Moon's  mean  longitude  during  the  period  from  1650  to 
1875  showed  a  discrepancy  between  existing  theory  and  observation  which  might 
be  represented  by  a  term  having  a  period  of  two  or  three  centuries,  and  a  coefficient 
of  about  15".  This  coefficient  may  be  somewhat  reduced  by  the  introduction  of 
the  improved  values  of  the  terms  of  short  period  now  available,  but  it  does  not 
seem  likely  that  the  deviation  can  be  brought  below  10".  One  hypothesis  on 
which  the  discrepancy  might  be  explained  is  that  of  minute  fluctuations  in  the 

*  Washington  Observations  for  /8yj,  App.  II,  p.  268.  See  also  Monthly  Notices,  Royal  Astronomical  Society, 
vol.  lxiii,  March,  1903,  p.  316. 
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Earth's  diurnal  rotation,  which  might  be  produced  by  the  motion  of  solids  and  fluids 
on  its  surface.  Observations  of  transits  of  Mercury  leave  scarcely  more  than  a 
possibility  of  changes  in  the  measure  of  time  having  the  magnitude  required  to 
explain  the  deviation.  The  observed  phenomena,  therefore,  point  very  strongly 
to  the  inference  that  there  must  be  some  term  of  long  period  still  undiscovered 
in  the  actual  mean  motion  of  the  Moon.  The  preceding  researches  seem  to 
remove  the  possibility  that  there  can  be  any  undiscovered  term  in  the  action  of  the 
planets.  It  is  true  that  there  are  two  possible  classes  of  inequality  which  are  not 
considered  in  the  present  work.  One  of  these  has  the  solar  parallax  as  a  factor, 
and  may  arise  from  two  sources;  one  the  development  of  the  potential  to  terms  of 
higher  order  than  the  principal  ones;  the  other  to  the  parallactic  terms  in  the 
Moon's  coordinates.  The  author  had  intended  to  carry  the  development  of  J?  and 
£lp  one  step  further,  so  as  to  include  these  terms.  But,  on  examining  the  periods 
of  the  inequalities  that  might  thus  arise,  none  were  found  that  could  lead  to  any 
important  term. 

Yet  another  class  of  terms  comprises  those  of  the  second  order  arising  from  the 
action  of  the  planets  being  modified  by  their  mutual  perturbations.  An  examina- 
tion which  I  believe  to  be  exhaustive  was  therefore  made  for  terms  of  long  period 
of  this  class.  None  have  been  found,  and  the  writer  believes  that  none  can  exist 
more  important  than  one  of  o".oi8  computed  by  Radau.  This  term  has  the  argu- 
ment 5>S—  2 J  of  the  great  inequality  between  Jupiter  and  Saturn.  In  this  connec- 
tion it  may  be  again  remarked  that,  in  determining  the  action  of  Venus  in  the 
present  work,  the  mutual  perturbations  of  Venus  and  the  Earth  have  been  taken 
account  of.  But  no  change  is  thus  produced  except  in  the  Hansenian  term  of  long 
period.  0 
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